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ADVERTISEMENT TO THE THIRD EDITION. 



Since the Second Edition of this work was issued a new 
Edition of Wood^s Algebra has been called for, in which was 
inserted a collection of all the best questions and problems 
to be found in the Cambridge Examination Papers of the 
preceding four years. It became necessary, therefore, to adapt 
the (hmpanion to this altered state of the Algebra; and, 
accordingly, a Bupplemmt of 74 pages was printed, and 
appended to all the Copies then remaining in the hands of 
the publisher. It was also published separately at a low 
price, (and may still be had) to complete the copies of the 
Companion previously purchased. 

This Supplement is now incorporated into the present 
Edition; and a Airther addition is made of the Equations 
and Algebraical Problems, proposed at the Examinations in 
St John's College during the last two years, 1858 and 1859, 
for the SoltUians of which the Author is mainly indebted to 
the Rev. J. R. Lunn, Fellow and Sadlerian Lecturer of that 
College. 

This work, it is to be observed, ia more than a mere Key 
for Schoolmaaters and Private TtUora* Its chief use should 
be, to teach Students the best and neatest modes of working, 
as well as the application of numerous artifices known to the 
practised analyst, but not readily occurring to the minds of 
beginners. With this view every Solution is given at fiill 
length, and in the exact form suited to a Cambridge Ex- 
amination. 

It is also to be noticed, that each Example, or Problem, 
is here enunciated at the head of its Solution; so that the 
book, though a fitting Companion to Wood, is not inseparable 
from it, but may be used, as a Booh of Exercises^ with any 
other treatise on Algebra. 

T. L. 

MoBTOv RacPTOBT, near Alfbbtov. 
Ma/rck If i860. 
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INTRODUCTION. 



[K.B. The Articles and Examples referred to by namber are those in 

Wood's Algebra,] 

VULGAR FRACTIONS. 
Ex. 12. Which is greater \/-=, or a/-? 

Now 7^=2-4 &c, and !^^2'6 &c.; 

Ex. 23. Reduce ^.l^^."!^,"^ > 

4jx4i-l 

Fraction «4j+^iL, 

.1 SO 

-4J + 




=4i4 



lSxlS-9 ' 
SO 



160' 



-4^ 
Ex. 30. -T multiplied by 3 signifies ~ taken three times^ that is^ 

3 3 

-+-+-. What does - multiplied by -r signify ? 
3 3 3 V 4 

1 



2 FRACTIONS. 

" Multiplication of one number by another is the taking as 
many of one number as there are units in the other. Thus to 
multiply 1 2 by 7 is to take as many twelves as there are units 
in 7} or to take 12 as many times as you must take 1 to make 7* 
Thus, what is done with 1 to make 7> is done with 12 to make 
7 times 12. For example, 

7 is 1+1+1+1+1+1+1, 
7 times 12 is 12+12+12+12+12+12+12. 

When the same thing is done with two fractions, the result is still 
called multiplication. There is this difference, that whereas a 
whole number is made by adding 1 to Itself a number of times, a 
fraction is made by dividing 1 into a number of equal parts, and 
adding one of these parts to itself a number of times." I)e Mor- 
gan's Arithmetic, Art. 118. 

2 S 
Hence to multiply (in this sense) ^ by •r-i what is done with 1 

3 .2 3 . 
to make -- , the same must be done with - . But, to make -r , 1 is 

4 3 4 

divided into 4 equal ports, and 3 of them are taken. Therefore, to 

2 3 2 

make - multiplied by -, ~ must be divided into 4 equal parts, and 

3 of them must be taken. Now •= is the same as —- , or — - + ■— ; 

3 12 12 12 

2 2 
+— + -- , (dividing it into 4 equal parts,) and three of these parts 

are together —, or -; "^* ^^ -x-- — = -. 

Ex. 32. An article which cost 3s. 6d. is sold for 3s. ]0^; 
what is that per cent, profit ? 

The actual profit is 4^; •*. the profit per cent., that is, for 
100£'s worth of the article, will be as many times 4^ as 3s. 6d. 
is contained in £lOO, 

or £100-3*. 6rf.x4W, that is £lOOx^, or £^, or £l04. 

42 84 * 

Ex. 35. A shilling weighs 3dwts. 15grs. of which 3 parts 
out of 40 are alloy, and the rest pure silver. How much per 
cent, is there of alloy, and what weight of pure silver? 

(1) Since 3 parts out of 40 are alloy, 

37 • are pure silver ; 



FRACTIONS- 3 

dwti, grt. 

.-. the weight of pure sHver-Xi of $ . 15^ ^ ' , 

40 40 

dwtiL grii 

= 3 . S^. 

40 
(2) There is one part of alloy for every —- parts ; 



/. the number of parts of alloy out of 100 parts will be the 

40 . 
number of times -^ is contained in 1 00^ that is, 

s 

the alloy per cenU^^ = -^=7i. 

Ex. 39. Divide - into two parts, so that one .is greater than 

o 

4 
the other by — r . 

1 ^3. 3 ,1^4.2 

gof-,s-,and-of-is-; 

.-. one partis-^-, or ^^; 

andtheotherisl^l,orj^^. 



DECIMAL FRACTIONS. 

Ex. 16. Find — correct to 7 places of decimals; and 

i "^^ 

/5-04 ^ 

1 /^ 1 

(1) Since -== !z =-j3, extract the square root of 3 

V3 V3>^V3 ^ 
to 7 places of decimals, and take the 3rd part of the root 

5*04 0*42 

(2) Since g;^ «• o^qoI* (^^^^^ST num. and denom. by 12), 

*20 , , . , . 
= -Y"> (multiplying by 1000), 

.'. root required = ^420 «20*49. 



4 FRACTIONS. 

Ex. 19. Express the following in a decimal of 4 places : — 

4=:^-0-008, .♦. ixi=(WX)2666 ... 

^5= ^=-0-00032, .% ix|,=0000064 

^=^y==0-0000128, .-. ixl =0-000001 8... 

Also sl;r=0-0l673, 
239' 

.'. Ans. =l6x{0-20006-O00266}-0-0l673, 

=l6x01974-0-0l673, 

«S-1584-001673, 

=3-1416. 

Ex. 20. Express a degree {69^ miles) in metres, 32 metres 
being equal to 35 yards nearly. 

69^ miles -1760x69^ yards, 

.1760x69i^3g 

35 ' 

S52x69ix32 _ 
= =-2 metres, 

7 

782848 
= ' =1 1 1 835-42857 metres. 

Ex. 21. The true length of a year is 365*24224 days. Find 
what the error amounts to by the common reckoning in 4 cen- 
turies. 

Assuming every fourth year to be leap year, the common year 
will average 365^ days, or 365'25 days ; 

,-. error per year -365 '25 -365*24224, 

« 0-00776 days; 

and error in 400 years =0*00776x400, 

s3-104 days. 



FRACTIONS. 5 

But in 4 centuries 3 intercalary days are omitted; 
.'. error required —0*1 04 days. 

Ex. 22. A square inch plate of metal of 0*05 inches thickness 
is drawn into a wire of uniform thickness 50 feet long; find the 
thickness of the wire. 

The quantity of metal employed in cubic inches = the surface 

in square inches x the thickness in linear inches, 

=1x0-05 =0*05. 
And the thickness or section of ) number of cubic inches of metal 



tion of ) 
;hes J "" 



the wire in square inches / length of wire in inches ' 

0-05 

«7?^=0-0000833 

600 

Ex. 27* Two distances are measured in inches, and are known 
to be correct within a quarter of a hundredth of an inch each 
way, being 11*87 and 9'95' How far can their product be de- 
pended upon for accuracy ? 

The product of the two given numbers is 118*1065. But 
1 1*87 may be any thing between 11 '87+7 ®^t^ » 

and 1 1 *87- -r of 1 00 inclusive, 

4 

1 r87+00025, and 1 1*87-0*0025 

1 1*8725, and 1 1'8675. 

Similarly, 

9-95 9-9525, and 9-9475. 

So that the correct product may be as great as 11*8725x9*9525, 
or may be as small as 1 1*8675 x9'9475, 

the former of which gives 118*16105625, 

and the latter... 118'05195625. 

Therefore the product of the given numbers may not be cor- 
rect beyond the integral part. 



1—3 



ALGEBRA. 



multiplication; 

Ex. 34. Find the coefficient of «* in the product of j^+px+q 
and x^-aa^+bx'-'cx+d. 

Whole quantity in the product involving x* 

s= jp*. ha^—px . ««■+ qx\ 
^bx*-apa^+qx*^(b-ap+q)x\ 
«•• coefficient required « 5 -ap+g. 

Ex. 38. Simplify 

Ans. =«[l{(a:+l)(«+2)+(x-l)(4r-2)}+|(*«l)(4:+l)] , 
x' 2 2a?* 2- 



rx' 2 20?* 21 



Sx" . 



Ex. 39. Prove that ia-b)(x^a){x^b)+(b'-c)(x--b)(x-c)+ 
(«-c)(jr-fl) is equal to (a-5)(*-c)(a-c). 



(c-fl) 



>» 



Product =(fl-6){j:'-(fl+6)a?+aJ}' 
+ (5 - c){a!*- (b + c)a? + ^c?} 
+(c-fl){a?*- (c+a)^+ac} 

f(a*-6")a?+(a-i)fl5 
(V-c«)ir+(i-c)6c 
(c^-a*)x + (c-a)ac, 

-(a-b)ab+(b''C)bc+(c-a)ac, 
=(a-5)(6-c)(a-c). 



GREATEST COMMON MEASURE, 7 

Ex. 40. Find the difference between a{h + c)*+ h{a + c)*+ c^a-^-hy 
and (tf+6Xa-c)(6-c)+(a-6)(a-c)(6+c)-(a-5)(6-c)(a+c). 

1 st quantity = a5*+ 6a*+ ac*+ cfl'+ 6c'+ c6*+ 6a5c. 
2nd quantity={o*+(6-c)fl-5c}(6~c) 

+ (a— i)(fl6 +flc— 6c— c'-flft+flc- 6c +c"), 
=fl*6-fl*c+fl6'+flc*-2a6c-6*c+6c'+2a'c-4fl6c+26*c, 
aBa6'+6a*+ac*+Cfl'-f6c*+c6*-6aic, 
•*. Diff. req. =:12a5c. 



GREATEST COMMON MEASURE. 
Ex. 22^ Find the G.C.M. of a*+ 26'+ (a +26)^06 and a»-6* 

36'+ 36 7^6 
sja+jb\ a'+ajab-bjab-b' \aja-b,jb 



a*+ajab 



^bsj^-b' 

^bj^--b' 


.-. G.C.M.=^+^, 
Or, as follows, 

1st quantity =fl*+fl,ya6+26<ya6+26*, 

--aJa(,Ja+Jb)+ZbJb{Ja+Jb), 

«(fl V^+ 26 JiXJ^+Jb). 

2nd quantity sza*+ a tjab-b Jab -b*, 

^aJa{Ja+Jb)-bJb{Ja'^Jb\ 

^(aj^'bjb){ja^jb). 

And, since aJa-\-^bJb and aja-bjb^ have no common 
factor ^eater than 1, .*. Ja-^-JB is the Greatest Common Mea- 
sure required. 



8 GREATEST COMMON MEASURE, 

Ex. 23. Find the G.C.M. of ^ + il^7*+l-ar-l and 






3 6 



** llJf 7—7 . I • « 1 



11* I 11* 11 

11 / r 1 / ^1 



liar y — - 



*c lid? i 

® 6 

/ 



Sx' — « ^Jf +1 



i2j?,yx+T-6i?-6 

123r^^HhT-6j?-6 



1 J 

••• «-hVJ?+1 is the G. CM. required. 

Ex. 25. Find the G. C. M. of flV+fl»-.2fl6a!»+6V+flW-2a*6 
and 2a'^*-5aV+Sfl'-26V+5a'6V-3fl'^'. 

1st quantity =«»(a»-2fl6+2;*)+a«(a«-2a6+5"), 

=(«-5)*(a?+a)(a!*-fljr+a») (l). 

2n d quantity = 2ar*(a*-. ^•) - 5a V(a«-6*) + 3a*(a*- &■), 
«(a«-5")(2«*-5aV+3aO, 
= (a'-i«){2«»(*»-fl-)-3a«(*'-fl-)}, 
«(a'-5')(^-«'X2*'-3a«), 
«(fl-6)(fl+6X«-fl)(a?+aX2a?*-3fl") (2). 

Now the only common factors in (1) and (2) are a-b, and 
x+a; therefore the G.C.M. required is (fl-A)(ar+a). 



GREATEST COMMON MEASURE. 9 

Ex. 26. Find the G.C.M. of 

and 3(y~4y*+5^-2)«»+7(^"-2y+l>-(sy-5y+^+l). 
1st quantity 

=(«-i)Cy'-'0{2y(«'+*+i)-4«'-«-^} (0- 

2nd quantity 
=3{j^0^'-23^+l)-20^--2^+l)}*«+7(y-l)'dr-3y0^-2y+l)-(5f*-2y+ 

= (*-1Xj^-1)'{%(*+1)-6j:+1} (2). 

Now the latter factors of (1) and (2) cannot be further de- 
veloped^ therefore the G.C.M. required is 

(«-l)(j^-l), or ay-a?-y+l. 

Ex. 27. Find the value of ^ which will make 

2(/+yV+(lly-2>+4 and 2(y»+yV+(ll/-2yK+(y+5y>+5y-'l 
have a Common Measure. 

2(y+yK+Clly-2)a?+4; 2(y'+5fV+(lly"-25fK+(j(«+5^)x+5j^-l (yor 

2(/-<-y)j^+(liy-gj^K+4j^J? ^ 

(/+^)*-^%-iy 2(/+j^>»+(ll^-2>r+4/2« 

^«+4 
yjr+4y (y+i^>+5y-l ly+1 

Hence, if y— 5a0, that is, ify^5y the proposed quantities have 
a Common Measure, viz. 5ar+4. 

Ex. 28. Find the G.C.M. of 6flj?*-6a6*-54a-21«'+2l6*+189, 
f)fla?»+60a-21«'-210, and 6fl6"-12a-2l6'+42. 



10 GREATEST COMMON MEASUBE. 

• 

l8t quantity «(6a-2iy-(6a-2l)i»-9(6a-21), 

-(6a-21)(«»-*'-9) (1). 

2nd quantity «(&i-2lX«*+10) (2). 

Srd quantity »(6a-21)(6"-2) (S). 

Hence, the latter factors in (1), (2), (S) having no Common 
Measure greater than 1, the G.C.M, required is 6/1—21. 

Ex. 29. Find the G.C.M. of 6aV+4a«*-10a4;y-Sa'a^-2jr'^ 
+5y, 10flV-2a**y-6ajpy*-5fljy+jry+sy, and -^aa^-Mbxy 
+2ai'ar*y-2a6j?+2ay+3a5y--5"xy+5y. 

Ist quantity ■»2fl«(Sa*a?+2«*)-^(3a*a?+2a:^-5y(2fl«-^), 
=(2fl«-y)(3fl'«+2«*-5y) (1). 

2nd quantity = 2fl«(5flj:-Sy) - (5<m? -3y*)y-(2fl«-y)«*y, 

« (2aa?-^)(5fld:-sy-«*y) (2). 

3rd quantity 

— 2aj:(2j?+&)+y(2j?+6)-2a«(Sa6y-y*y)+y(Saiy-6'«y), 
e-(2adf-y)(2x+5+3a6y-5*arjf) (3). 

Hence^ the latter factors in (1), (2) and (3) having no Com- 
mon Measure greater than 1, the G.C.M. required is 

-(2a«-y), that is, y-2(ue, 

Ex. 30. If x+a be the Greatest Common Measure of x'-hpx+q^ 
and j^+p'x+(/, shew that a~ y » 

Each of the quantities a^+px+q, and s^+p'x-k-^, is divisible 
by «+a without remainder; ,\ performing the division thus. 






(|i-fl)x+g 
{p-'a)x+(p-^a)a 

Rem'.s g-(p— /i)a=0. 
Sim^ 9'-(/>-«)a=0, 



LEAST COMMON MULTIPLE, 11 

or a^- — -. 

Ex. 31. Shew that j:*+gx+l, and a^+px^+qx-hl, have a com- 
mon factor of the form x+a, when (p-1)'— g(j!?--l)+l=0. 

Since one factor of a^+qx+1 is ar+fl, the other must be x+- , 

to make the last term 1^ 

1 
^ a 

Again^ a!^-^pa^+qx-hl—j!^-i-{p—l)ji^+x*+qx+l, and is divisible 
by x +a ; b ut x'-^-qx+l is divisible hy x+a; .*. also «"+(p-l)«*, or 

x^x+p—l) is divisible by «+<! ; that is, p— 1-a ; 

or (|i-l)*-^(p-l)+l«0. 

Another Method* By Note 1^ ^^/g.^ since each quantity is 
divisible by x+a, 

a*-qa+l=0, and a'+pfl'-^a+l—O; 

.\ by subtraction, fl'-(/>— l)a*«0, 

or a=p-l; 

••• (p-l)'-?(p-l)+l=0. 



LEAST COMMON MULTIPLE. 
Ex. 10. Find the Least Common Multiple of 

Sa?*-llJf+6, ^x*^7x+3y and 6jr'-7J?+2. 

3a?'-lla?+6=Sar(* - S)-2(ar - 3)=(Sa?-2)(iP - 3) (1). 

2af»-7x + S=2ar(d? - 3) - (x - S)=(2a?-l)(jr - 3) (2). 

6ar«-7a; + 2=3a?(2ar-l)-2(2ar-l)=(3a?-2X2a?-l) (3). 

Now of (1) and (2) a-S is the Greatest Common Measure; 
.'. the Least Common Multiple of (1) and (2) is 

(3dP-2)(2ar-l)(«-S) (4), 



12 . LEAST COMMON MULTIPLE. 

Again^ the Greatest Common Measure of (3) and (4) is 

(Sar-2)(2ar--l), 
.*. the Least Common Multiple required is 

Ex. 12. Find the Least Common Multiple of a^Ss'-^Sx-l^ 
a!*-«*-a?+l, d?*-2a!*+2j?-l, and a?*-2«*+2j:*-2j:+l 

a'-Sar'+Sx-l^Cir-iy (1). 

x'-«»-.a?+l=a:*(a?-l)-(«-l)=(^-lX«-l). 

==(«-l)«(x+l) (2). 

a:*-2a^+24?-l=«'(«'-2jp+l)-(«'-24?+l)=(«-l)«(«*-l), 

-(ir-iy(^+l) (3), 

a?*-2a!»+2j?»-2dr+l=«'(«"-2«+l)+ar'-2«+l=(ir-l)»(«»+l) (4). 

Now the Greatest Common Measure of (1) and (3) is («-l)*, 
.*. their Least Common Multiple is 

(4?-1)»(j:+1) (5). 

The Greatest Common Measure of (2) and (4) is («-l)", .•. their 
Least Common Multiple is 

(4r-l)»(j.+lXa:«+l) (6). 

The Greatest Common Measure of (5) and (6) is 

(ar-l)V+l), 
/. the Least Common Multiple required is 

(a?-l)'(j?+lX«'+l), 
=(a?*-2j?'+2«-lX«'+l), 
=«'-2x«+a?*-a;»+2j:-l. 

Ex. 13. Shew that if jr+c be the Greatest Common Measure 
of «■+««+ 6, and jr'+fl'ar+5', their Least Common Multiple will 
be «■+ (fl+fl -c)j?*+(flfl - c*> + (a-.c)(a'-c)c. 

The Least Common Multiple required 



PBACTIONS, 



u 






(a-'C)x-hb 



Since a*+ax+b is divisible 
by a+Cf the remainder 

5-(a-c)c=0, 

Also, b'-'{a''-c)css.Of since 
a?'+a'jp+i' is divisible hy x+c. 



b—(a-^c)c 
.*. Least Common Multiple 

«(jr+fl-c)(j:'+a'a?+6'), 
=a?'+(a+a'-c)a?'+{6'+(a-c)a^«+(fl-.c)6'. 



FRACTIONS. 



Ex.22. Reduce ^(^'^^y^^>-^(^^^X^^^^). 

3 1x2x3 



Ans. = -^^i — - < j:+2 



)• 



£x. 27. Reduce 



_ jg(j?+l) S 
3 2' 

_ g(ar+l) 
2~' 



1 1 

+• 



«"-l *"+l or^-l dT+l' 



Ans. := 



«"-l a:"+l ' 

=*"•+ 2. 



Ex. 28. Reduce 



a*+b'+ab 



A 



Since fl»-6'-(fl-6)(a«+6«+a6). 



Ans. a 



.i 



(«-^)(x*-.a*) (a-6)(«-a)' 



«*+a* 



i 



(a-6)(ar-a) (a-6)(ar-a)' 
(a-6)(«-a) * 



2 



14 FRACTIONS. 

Ex. 30. Reduce 

1 1 1 

(a-6Xtf-c)(ar+fl) " {a''b){b^c)(x+b) "*■ (a-c)(6-c)(j?+c) ' 

'" (a-6)(a-cX6-c)(;i;+a)(4?+6)(x+c) ' 

of which the Numerator 

=(6-c){a!*+(6+c)«+6c}-(a-c){«*+(a+c)a?+ac} 

={5-c-(a-c)+fl-6}««+(6*-c"-a«+c*+fl«-6")*+(6-c)6(? 

-(a-c)ac+(fl-J)fl5, 
= (a — &)a6 — (fl— c)ac + (6 - c)ic, 

= a(ai— flc— ic+c*)— 6(a6 — flc— Sc +0*), 
= (« - 5Xa6 - ac- 6c + c*), 

' "" (jp+aX*+^X*+^)' 
Ex. 31. Reduce 

OC.-;^ TT-;^ r + aC.7i rr, z+OO. 



. , a+d b+d , c+rf 

AnS. ssftC.T Fw V— flC.-5 TvTf x+flO. 



(a-.6X«-0 (fl-6X6-c)"^ "'(fl-cXA-c)' 

(a-6X&-cXa-c) * 

of which the Numerator 

= bc(ab — flc + 6rf— cd)'^ac(ab ^hc 'i-ad—cd) + ab{ac - 6c +a^— 6c?), 

s=ab'C'^c*-¥b'cd-bc^d'-a^bc+abc^^a*cd+ac^d-\'a*bc-ai^c+a*bd-ab*d, 

^b*cd-b<fd-a*cd+ac*d-^a'bd''ab% 

'-^d(b'c^b(:^-a*c-\-a<^+d'b''ab*). 

And the Denom'. -(a-6)(a6-6c-flc+c'), 

— fl*6-a6c-fl*c+flc*-a6'+6*c+a6c- 6c*, 
=6*c-6c*-a"c+ac"+a*6-a6", 
.*. Ans. « d. 
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Ex. S2. Reduce ^ (a«+ *•- O + ^ (6'4c'-a«) 






1 St fraction = f - + t i(«*+ 6*- c') = a + + t" + ^ - t * 

\a op ' a a 6 b 

3rd =(-+-)(a*+c'-5*)=fl+ + — +c . 

\a c/^ ^ a a c c 

And the sum =2fl+26+2c=2(a+6+c). 

Ex. 33. Reduce 

^-(b^cY y-(c-fly (?^{a--by 

1st fraction ^f^iC^Z^lJ^^ 

2nd... „ {6+(c-a)}{5~(c>fl)} 54-c-g 

((7+6+c)(a+6-c) a+6+c' 

3,^1 _ {c-f(fl-&)}{c-(a~6)} c + g->6 

(6+c+a)(6+c-a) a+6+<:' 

-, a+6+c , 
.'. Sum « — ; — =1. 
a+o+c 



Ex. 34. Reduce — — 



4?-l+— 



• 



1+ ' 



Ana, = 



4-* 
1 1 



1 4-«* 

jp— 1+ a:-l+ 

4— a?+jf 4 

4— J? 



44r-4+4— jr Sar • 



16 FBACTIOKS. 

Ex. 51. Reduce to lowest tenns 

Fraction- g'(^-0-«^(g^"O+*' fdivid^. bv A+rt 
"fl6(a-5)'+a"<a-5)' 

- ^ -^ or -.- '' 



Ex. 52. Reduce to lowest terms 

(c-<Og'+ 6{hc^bd)a^9(h*C'-Vd) 
{bc-'bd+c''-^cd)a+3ij>'c+bc'^b'd^bcd) ' 

Deftom'. *={5(<?-^+c(c-d)}a+s|A*(c-cl)+ic(c-rf)}» 

.'. Fraction =77 — r — htm— rr* dlvld^ by c^d, 

{b+c)a+3{b'-hbcy ^ 

_ a(a-¥3b)'{-3b(a+3b) 



Ex. 55. Reduce 



6+c 



«*(ar*-4)+2(«*-4)-3y*(ir*-4) ' 

(x*-4)(x^-i(*+l) ^ 
(a?*-4)(ir*-3j^*-t2)' 



INVOLUTION AND EVOLUTION. 17 

Ex. 4. Find the value of ^±?^ + ^ , when «= ^ . 

d?-2a w-2b' a+b 

Jg+2a x+2b 2«*-8fl5 

ar-2fl j:-26""«'-2(fl+6)a?+4a6' 

. Ans «??J:M-p 
• • /ins, e— j — - — — =aj, 

ar-4a6 
Ex. 5. Find the value of - — — -- — + ^ „ ^ . when x 



fl"+6 



2j?-a"+6*, .•. 2iijr»na''+ii&", 
.*. Value req*. sa — - — ri + — ; > 



a" 



na'-nb" >ia"-»6" ' 



INVOLUTION AND EVOLUTION. 

Ex.19. Prove that (.-g + ^....)V(l>g+g....y is 
equal to L 

By rule in Art. 142, 



Ist square = ^^ + 



«* «• 



3 3x4x5 



.••••• 



+ 



• v^Q« 



2"x3 



2nd square =l-j?*+ 7:+ 

^ 3x4 3x4x5x6 



+ -r 



JC* X* 



4 2x3x4 
.*. sum 



13x4 4 3 1 \3x4x5 2'x3"" 3x4x5x6 '"2^?3^)*^'^'*' 
=1+0+0+ 

=L 

2—3 



18 INVOLUTION AND EVOLUTION. 

Ex. 45. Find the square root (without the aid of the common 
rule)of4{(fl'-6«)crf+(c'--iP)flft}V{(a'-i')(c«-0-^4«M'- 

Proposed quantity 

={a*+2a»6»+6^}{c*+2c*<i«+c?}, 

/. square root required =»(a*+i")(c'+rf*). 

Ex. 47* Find the coefficient of «* in the square of (x+a) 
(x+b)(x+c). 

^{3i^+{a+b+c)x*+{ab+ac+bc)x+ abc}, 

and the coefficient of a^ in this product 

-abc{a+b+c)+(ab+ac+bcy+abc{a+b+c)^ 

=a"6'+ a V+ JV+ 4a&c(a +6 + c). 



Ex. 2. Shew that the sum of the cuhes of any three consecu- 
tive integers is divisible by three times the second of them. 

Let a— 1, fl, fl+1, be the S integers^ then 

(a-l)"+fl'+(a+l)»=a»-3a*+3tf-l+a'+fl"+3fl*+3a+l, 

^^30*+ 6a, 
^Sa(a*+2), which is divisible by 3a. 

Ex. 4. Prove that x*+px*+qa^+rx+s is a perfect square^ 
if /*=r', and q=^^+2j7. 

Assuming x*'{-pa^+qa^+rx+s to be a perfect square, let it be 
represented by {a^+ax+by. 

Then x^+pa^+qx'+rx+s, 
and x*+2ax^'^(a*+2b)x*+2abx+b\ are identical; 



8URDS. 
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q=a*+2h 






And ^=fl'+26, 
4 



Ex. 5. Find the relations subsisting between a, 6, c^ d, when 
aa^+bx'+cx-hd is a complete cube. 

Assuming aa^+bjc^+cx+d to be a complete cube^ let it be re- 
presented by (mx+ny. 

Then aj^+hx^+cx+d, 

and mV+37n'nj^+3mn*x+n*, are identical; 






&• 27»»V ot" a 



• • 



or ac*— df6*. 
Also b*^9m*n*^3m*c=3ac. 



£x. 6. Find the relations subsisting between a, ^^ c, (i, e^ 
when a4:*+&d?"+cx'+dj:+e is a complete 4th power. 

Assuming ajif*+b3i^+ca^-\-dx+e to be a complete 4th power^ let 
it be represented by {mx+n)\ 

Then ax^+bji^+ca^+dx+e, 
and mV+4m'na:'+6wi'«V+4»i«'j?+n*, are identical ; 

.'. 6(?=24otV, and ad^4!m^n\ 

••. bc^Gad (1) 

Also cd=24!m*n^, and &e=4mV, 

.*. cd='6be (2) 

And bd^l6m*n*:^l6ae (S). 



ftss4OT'« 

Js4mii' 



e=«*. 



SURDS. 



Ex.19. Simplify g3^=^V^j-^-j-^. 



Ans. = 



a6 ab 
b^c^b 

ab 
b 



b^c 






20 SU£DSt 

i(>/5-Pl) 
Ex. 33. Simplify 



i;^^^* 



Fraction =^4?L^ = y^^^. 



^ 2(5 ±^5) 5*^ 

"V 25-5 ~V en ' 



V*'^!'^/^- 



B... s,„p.,» ^^^;r . 



— i 4 I — i"~T i * 






Ex. 49. Simplify Ja'+'Ja^*+Jb'+'J^. 

Am. ^'Ja^+a^b'^-^Jb^+Jb^, 

^Ja\a^+b^)+Jb\J+b^ 
=N/a*+6*(a*+ 6*), 

Ex. 72. Find the square root of 



flUBDS. 21 

The proposed quantity properly arranged with fractional 
indices is 

.*. square root required 

Ex. 85. Reduce ^ ., — , 1== — • 

Multiplying Numerator and Denommator by ^100, the frac- 
tion becomes 

7512+73^375 8-H'5 ^ 9'5_n.5 ori 
78000-71 "20-1 19 ' 2- 

Ex. 87. Prove that J'^/^ + ^7^^.- is equal to 72. 

72W2+73 Q-^^-JS 



v72+7sV-2^-7r' 

and 72-78-V ~2^^jr' 



.•• Sum of fractions = 









Ex. 92. Simpbry . ^ — ; ,_ « 

>J8+Js+'J5-J5 

/— f- / 7= /- — 7= multiplying Num'. 

Fraction J+'/s+S-JS-i^S+JsJS-^S ^ ^j Denonf'. by the 

S+^-{5-j!i) Num'. 



22 SUBDS. 

4f-JlO+2j5 



_4(75+l)^(7g+l)7l0+275 



4 



=^/5+l-i>/80 +52^5, 

Ex. 93. Simplify fj^-^f""^ . 

2+V2+^^ 

2— v2+ /s 
Fraction « . '^ =:, multip*. num'. & denom'. by the num'. 

V 4- (2+^2) 
^ 2^2+7 2 

_ 2s/2-^-72 
2-^ » 

^ 2N/24-72.V2+^2V2V2-(2-i-^)^ 

4^^^2 ^ ' 

=N^+72.^-^-l. 
Ex.97. Simplify n/^^->^, 

fl'+2-.2Vr;^ 

Fraction ^(^/l^-^/ip)(^^2•^2^/W) 

fl*+4a'+4-.(4-4fl*) » 

J^/l+^-^/^0{a*+ (^1+?+ jrV)' } 

5a*+4a' ' 

5aV4fl« » 

5fl"+4 
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Ex. 100. Prove that 5*.|^^^| is equivalent to ^J%^^.^ 
and 5i{4^f to lyi^Ip. 

-|\/^^^^). from 0), 
Ex. 101. Find the value of f -— :) + ( — : ) , when «=a/ -^ . 

= —7== ; , and 7 = -r=== F= > 

^-1 Jn-l-Jn+l «+l Jn^+sJn+1 

.'. Value required = 



n-1 2» , -V 
= — xy*«(i»-1). 

Ex. 102. Find the value of — -- + — ^rr, when 

12ah 



24 8UBDS, 

Sum offraction8= ^^^^^^^^^^^^ , 
Igflft _ 12a&{a+6V(a4-6)'-H2a6} 

-^(a+6)'+12a6-(a+i). 

And {j;-(fl+ft)}*=«'-2(a+ft)ar+(a+6)«, _^___ 

=(a+&)*+12a6+4(fl+&)'-4(a+6y(a+6)"+12a6; 

.•. a:»-2(a+&)«+4a6=4(fl+J)Vl6a6-4(fl+&y(flf+6)Vl2a6. 

Hence An8.Bl« 

jj» J. jy "I - 

Ex. 103. Find the value of «, whenar=:-(a*+av«'+4), 

1+** ^ 

1+4?* 1+a* l-«i+ar ;pi+JL_i 



1 



y 



*+|+2-l 



(1). 



Bttt J.-— -.-^a*+4, and squaring these equals, 
2 2 

sf^cfx'^^a*^ and— -a-fl", or a'-f— =«• 



or X 



"Sow multiplying Numerator and Denominator of (l) by o, 
it becomes 



a 



yXA2a«-a \/ 



«•+«•+—-« 



0? 

2a 2a 



'^«*+«-a ^/4J?+4jp-2a V(2ar+l/-l-2a 

2a 

V(a«+1 +a^a*+4)»-l-2a * 
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Ex.104. «~.ri--^ f^-SnHn'-i)j;?Zi.z 

n»-S«+(n'-l)7^C4+2 

Fraction - ("'+ g»«+l)» -(>»V2»«+l)2+(«'-l).AiCi 
(»'-2«+l)»+(»»-2a+l)2+(«'-l),,^^?Z4 ' 

_ («+l)*(>»-2)+(»i*-iy^^ 

(»-iyn+2.{(«-iy«+2+(«+l)^^ ' 

_n+l /«-2 
"n-lV n+2' 

Ex.105. Simplify (^?Jtl±fs^\i 

An8.=fl ^ . "I* 

I 2«'+3+«74*'+3j 

/ 4j'+6-2j74P+3 li 
"l 4«*+12ai»+9-(4««+3«')/ ' 

\ 9^+9 ) ' 

Ex.106. Simplify V l+^^'l+y 

V i+^'-iT? 

Fraction ^i^^/(^^^^Kl+■V')- ^/(W)(l-»n 
s/(l+«')(l+/)+*y7(l-;c')(l-_5,') ' 

ay(l+j^)(l+y)+x^(l-;,^(l-y')-;t'j^7(l-a^)(l-y)_,y(iI^«)(JZ^^ 

{7(i+**xi+y)}*-{W(i-^(i-y')}' 

^(l+aV)-(t+ai'.yV(l-:t«Xl-vO 
l+«'+y+««y_a^y(l_««-y«+:t«y«) » 



2 



26 SURDS. 

(Uj:«y){2xyV(l-j:^)(l~y)} 

"" (i+x«y)(i+a:'+y-««y) i+«*+y-jr«y • 

Ex. 107. SimpUqr — — ^;^-^^— -^=== • 
Numerator 

--l-a+^/l+7-|(l-a+yiW)(l-a-VllV)(l^i-7u^^^ 
and Denominator » Numerator with a for 6, and & for a, 

.'. Fraction = ^ • 

Ex. 108. Find the value of /U ^-jtI » ^^^^ 



2 



n«-l _ 2«'-2 ^ Js-l+J^ Js 

4 



«1- 



12+6^3-2^3 ' 

s+Js ' 

3+^/S ^/^ Vs+1' 
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Ms" 



.•• Value required « iy ^ ^ . 

Ex. 109. Find the ▼»!«>« of y^^j^^. vl»ea 
~«V T *• 



=^/(¥-^/^0(-H^/^0• 

/2a 86 /2a ,\ 



2a ^ 26 
6 a 

and (l+aar)7l-6a? is the same as (l-aa)Jl+bx with -a for a^ 
and -5 for ^, that is, 

.% value required =1. 

Ex. 111. Find the value of ^"ZJ^^ , when 0?= nrr- 

Ja+x-Ja^x ^+' 

« + «-(«-«) XX 



28 



SUBDS. 



fib V 4A» ' 



6»+l 6'-l 26» 



Ex. 112. Find the value of aCuv-Jl-u'Jl-v^, when 2« 
■x+jT*, and iv-y+tf*. 



V "4 



-'^(.-O. 



Similarly, y^V=^LI(y_y-i), 
.*. Value required 

Ex 118. Find the value of ^£i!>^2, when 
Proposed fraction 

•••^-yle^)-i(^^^V!). 

/. Value required =:2a(l+«")-2ajr^i+a?«, 

.^.i(M«)-*..i(j-|). 



SIMPLE EQUATIONS, 29 

Ex. 115. If «=(^)'^> find the value of ^.^^(1^+^). 

.•.value required --.^j^.|(^^ +U=6; }' 

Am 



EQUATIONS. 

[So many Solutions of Equations are given in the Appendix to the Algebra, 

that a few only will be inserted here.] 

SIMPLE EQUATIONS OP ONE UNKNOWN 

QUANTITY. 

Ex. 72. If -Ja+x^-Ja+x^-rJi, find x. 

(a+x)Ja+x= T xjx, 

(a+d?)*= J**, 
h\a'\-x) = a*ar, 



t • J? ^- 



3—3 



30 SIMPLE EQUATIOKS 

Ex. 82. If I— , - •- c, find x. 

Jax+b « 

(7«-6)(l-i)— c, 

Ex. 85. If "l^/a+x^^Jx^+Sax+V, find 4r. 

Raising both sides to the Qnfi" power, 

(«+«)'= «'+8ai?+&', 
a*+2aj:= Sax + ft*, 
6ax^(i^-b\ 

• *• jf ^^ — ^ . 
Da 

Ex. 87. This is similar to Ex. 82. 
„ ▼/. l—ax /l-\-hx , u J 



y 



i^^^ l-2aar+aV 

aV»^-l, 

1 /2a~ 



OF ONE UNKNOWN QUANTITY, 31 

lix. 91. It -J r-.^^^'*; — 1 find J?. 

gjr' 63-62 
2 "'63+62' 

or 






Ex.92. If(^)=l+^, find*. 

■4-('i)". 



1+-^+ *^ 



a-a? ' (a -.«)•' 

c _ 4a' 
6~(a-«)" 

••• «-* = *2a^^, 

« 

lEx. 96. If a+& = ^''^^-:^^' , find or. 

(a + ft) X + (fl + h)Ji+a^=. 2aJT+P, 

X a—b* 



1 ^?Lt*V 4fl6 



-nP»-3 BQrATIO!f» 












.-- .-*»-l\ 












:•*/ •' ji vi-jy 






% 



<-xtra<.-tlng the tqiure root ^'-•-y-x'*"*."''; 

••• « = — a. 

K«. 137. If «+''(''+') +£±f^ £_. find *. 

(*^ 01 a a+ac-^cx 
» a-Uox'^a+ac-^' 

^ a*'^a*fl-aox^(a ^+a*c~acx-^<^x-2c'x^ 
(u^2cx){a+ac^cx) 



OP TWO UNKNOWN QUANTITIES. 33 

•. - = 7 — - — w— V. and a+af=»0, or x^-a. 

» (a-2cx)[a+aC'-cxy 

a 1+c 



c'8+2c' 

^y-y* .••y=2. izg'"^' -^^g («+*)• 



SIMPLE EQUATIONS OF TWO UNKNOWN 

QUANTITIES. 

^ ,i? Ti.^. ^-^ OSe^-O-OS ^„ 2-6+0-005y ,, ' 
Ex. 16. If 2-4*+0-S2y — = 0-8ar+ — q.^^ '"0)> 

0-043(4-0-1^0»07x^0»l 

O'S 0-6 ^ ^\ 

find 0^ and y. 

From (1)^ multiplying numerator and denominator of the first 
fraction by 2^ and of the second by 4, we have 

2*4j:+0'S2y-0-72«+0-l=0-8jp+10-4+0-02y, 

0-88«+0'3y=10'S, 

or 88a;+30y »1030 (S). 



32 SIMPLE EQUATIONS 

Ex. 98. If — - rr^ '^^^- Q— > ™^ '• 
For 7^^ ^^te y, and .-. /-I for i'-g, 

then ^ J^ '^^T-i» 

1 

.-. ^-2(a-l), 
or iy?^=2(a-l), 

Ex. 106. If ^/i^^•(J^)*+^A^•(Y^y=2;/i^^ find x. 

then Jl-^a.y-^Jl-a. - =2^1-fl", 

.-. ^l+a.y-2ii^l-a*.^+^l-a = 0, 
extracting the square root ^^l+a-y—Jl—amt o ; 

1+x __ ._ 1— a 

Ex. 127- If 7 (+ = — ;; — , find x. 

a+c{a-a) x a-^cx 

a+x a a+ac+cx 



X a—2cx a+(tc—cx' 

__ a^-¥a*c—acx-(a*-ha'c—acx—Za<^X'-Qc^j^) 
(a— 2cx)(a+flc - cx) 

gc'x(g+x) 
"" (a— 2cx)(a+ac— ex) ' 



OF TWO UNKNOWN QUANTITIES. 33 

*. - = 7 — - — w V, and fl+««0, or ors-a. 

X {a-Zcx^a-^-ac^cxy 

d'+a*c-acx-2acx'' 2ac*Jp+2c*«*-2cV, 

(S€^2c*)X'»a+ac, 

a 1+c 

• • x^^ • 



c*S+2c' 



Ex.128. If(5I:^y»?^?^^find*. 

\ x-bj X'-^b+a ' 

'x-b a-b 

^y-y* .••i^=2i fz6=^' .-. «=g(a+*). 



SIMPLE EQUATIONS OF TWO UNKNOWN 

QUANTITIES. 

T? ,/j Ti-o^ ./.«« 0S6«-0-05 ^„ 2-6+0005y ,, ■ 
Ex. 16. If2'4x+0'32y — =:0-8«+ — ^^^ '^ '-(l), 

0-04yf 0-1 ^007x^0-1 

0-3 0-6 ^ ^\ 

find X and ^. 

From (1)^ multiplying numerator and denominator of the first 
fraction by 2> and of the second by 4, we have 

2'4«+0-32^- 0-72j:+0-1 =0-8a?+10*4+0-02;y, 

0-88«+0*Sy=10'S, 

or 88«+80y »1080 (S). 
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SIMPLE EQUATIONS 

From (2) 0-08^ +02 -0-07* -01, 
0*07«-0'08;y=0*S, 

or 7x^8y=30 

A from (S) 704* +24qy» 8240, 
and from (4) 210«v-24qy => 900, 

•'• 914«»gi40, 
.% «-10. 
And 8^ = 7«-SO«70-SO=40, 



W; 



►". ^=5. 



Ex.22. If^^S+^/iiy = lO|, 

X y ^* 

Prom let 5{x-¥y)J^^^xjf, 
... 2nd S(x-¥y)Jx^^^xy, 

/f+^\f S2 5 S . 

^-8J=4, 

X 5 3 

/. substituting for y, 3 i^—rxS = ~« . - or, 

/2j:\f 4^ /2£Y 

V^y "25"Ur 
Abo 5,----x---=H. 



* find « and y • 



OP TWO UNKNOWN QUANTITIES. 35 

Ex. 23. If axy-c(bx+ay) (1)1 ^ , , 

11 ) I \ /^(r ™d * and y, 
and bxy = ciax-^by) C2)J 



5jry = c^ax-^hy) (2) 

Divide both by cxy, then 

a_5 a 
'c'y x' 

^ h a b 

and - = , 

c y X* 

a' ab o* 
c y X 

and — = .1 

c y X 



Similarly ;y=^.c. 

Ex. 27. If {a^-V){Sx^-5y)={4M-h)2ab (1),^ 

and a'j? 7+(a+&+c)6y = 6'ar+(a+26)a6 (2)J 

From (1) (a"-&")Sa:+(a'-6")5j^ = 8a'6 -2a&% 

(2) (a''-h^)Sx+3(a+h+c)hy = 3a'b+6ab*+^~, 

.\ (5a'-86'-Sa5-36c)j^ = 5a'ft-8a&«-~^, 

^ah[5a^Bb^^], 

^■^{Sa'-Sb^-^Sab^Sbc} ; 

ab 
^ a+b 
And .•. substituting in (I), (a*-5*)3jr+(a-6)5a6 = 8a*6-2a6% 
(a'-y)3ar = 8fl'&-2a&"-5fl'&+5a5», 
^3a'b+Sab'=^3ab((i-hh), 
ab 
fl-6 

Ex. 30. If J^!,+J^y=l(,.y-yJ^3l^.^ ^^^ ^ ^^^ ^ 

^x+y+j^x-y^'b, 
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Prom Irt, ^/^+7^=£(ar-2,y?I^, 



and i^/it+y+l/x^ = b, f 



*+y=^{6«+4*'^+67l^+i^ + fS}, 



.6:/i6?-^+^n 






SIMPLE EQUATIONS OF THREE UNKNOWN 

QUANTITIES. 

Ex. 6. If 4iX^5y+mz » 7^-1 ly +«5r = a+y+pz^S, find *, y, r. 

and ^x-Sy+mz^^S, 

••• 9y+(4p-w>»9 (1). 
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Again, 7«+75f+7p^=2X,| 
and 7«-ll^+«2=S, / 



l8ff+{7p-n)z^lSA ^gj 



But from (1) 18y+(8p-2m)5=.18 

xf=0. 
Hence 
and 



.'. xf=0.i 
18j^-18; .-. i(«l,> 



Ex. 14. If a?+^+xr«0 (l),\ 

(a+6>+(a+c)j^+(6+c>-0...(2), }^^^'^' 
ii&ar4-a(^+6czsl (^)* J 

From (1) (6+c)j:+(ft+c)y+(6+c)«=0,'i 
... (2) (a+i)«+(a+c)y+(6+c)««0j 

.'. (a-c)j?+(a-%«0, (4) 

Again, from (1) Jcjf+icy +6^-0,1^ 
... (S) abx+acy+hcz=^l,) 

••. (fli-6c)«+(ac-6c)y=l, 

or 6(a-(7)j:+c(a-6)y=l,'i 
from (4) c(a-c);c+c(a-6)^=0,J 

Also y- A'*** 



a-6*""'(a-6)(6-c)* 

. , 1 1 1 

Ana iT— «-5f- (a^bXb-c) " (a-cX6-c)" (a-6Xa-c) ' 



. find X, jfj and z. 



Ex. 15. If «-ay+a';Ef-a*=0...(l)/ 

dp— cy + (;•« — c"ssO. . . (8). 

Prom (1) and (2) (a-%-(fl!-5>+a'-5'«0, 

or ;y-(a+5)z+a'+aft+5'=0,) 
Similarly, from (2) and (8) ;y-(6+c)z+i'+6c+c'=0,J 

/, (a— c)jBr-(a*+fl6-6c-c*)«0, 
.% jercsa+c+^y or a'\r'b'\-c. 



30 SIMPLE EQUATIONS 

Ex. 82. If ,— , - — c, find jr. 

Jax-^b « 

I — - Jax—h 



(^fljp-6)^l~J»-c, 



Jax—b = — 



nc 



ax 



Ex. 85. If :;y5+7«*V*'+ 8«*+^> fi»id AT. 

Raising both sides to the 2fft^^ power, 

(a+apy=«*+8ac+ft", 



.% jp = 



6a 
Ex. 87. This is similar to Ex. 82. 

Ex. 90. If l=f?yi±p=l, find *. 



y 



h^^l-2ax+aV 

bx ^€iX 

2a 






OF ONE UNKNOWN QUANTITY. 31 

Ex.91. If- -•^-^T.'Z — , find Of, 

1-ar+j:* 6S 1-*' 

62 ^ (1- jr)(l-f x-f J?*) 1-j^ 

63 "(l+aj)(l-jr+ar»)"Uj!»» 

2j;' 63-62 
2 ■'63+62' 

or 



*'""125* •*• *""V 125"5 



Ex.92. If(?±|y=i+g, find*. 

'4-('i)'. 



4j? 4** 

1+ + 



c 4 4« 

4a 







(a-xy 




b 


4a' 
-(a-*)" 


a- 


-X- 


= *2«./* 



.•.«=fl|l=F2^-}. 



Tlx. 96. If a+i = ?f\/l+^ ^ find X. 

x+Jl+x' 

(a+b)x+(a+ h)Ji+x'== 2a Jul?, 

(a+b)x = {a-byjl+a^, 

Jl+x^ _a+b 
X "a^b' 

1 , /a+6V 



1 _fa+b\' 4ab 

a^\a^b) ^"{a-by 

_ a-b If /a /b\ 
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, l6a /Say ^ , 64fl' IOOa* 



3 



8a«fclOa ^ 2a 

.-. «= — ii — -Ofl, or ^—. 

o o 

Ex.42. If(«-^)-|(a+6)(l+D,find*. 

(*'-a6)'-|(a+i)(*»+«»), 
(j!»-a6)'-5(a+6)(«'-a6)=^(a+6)(a«+fl6). 



= ^.9(a+6)'; 

«2ai+a^ or ^(ft-fl); 
.% x=j2ahW, or a/|(^-«)- 
Ex. 59. If ^/?+l-^/?^= 87^ » find «. 

2j» ^ 

yui,=*'.{2-i+2V^}> 



= 2<»*-l+2jr* 



^/•4. 



OF ONE UNKNOWN QUANTITY. 41 

Ex.65. If ^-^'/^^^> ^a+i,findx. 

For a+- write p, then 

2«+,y2(l+«) =p-px, 

Jz(l+x)=p-(j>+2)x, 
g+2«=j>*-2p(p+2)«+(p+2)V. 
(p+2)V-2(p+l)'«-2-/»*, 

Vp+^y V+2^ V+2/ (p+2/ ' 

4'p*+12p+9 
(p+2/ ' 
. ._ 0>H-l)'*(2p+3) 

4—3 
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p*-2 



«=!, or 









«» 



Ex. 66. If (a+6ya'+6'+«»-(«-iy«'+*'-*'=<»*+5*. find «. 
(«'+i'+2a6)(aV6»+«0\_g(„._4.)/7^74i3r^_(^+j.). 

2(a*+ 67+4«6«»- 2(a'-6*)VCa'+ 67-ar«=(a'+i')*, 
(a*+6')'+4a6«'= 2(a'-i')7(a*+6')-**, 
(a*+6^*+8a6(a'+6»)V+l6a'6V=4(a*-57(a'+67-4(a*-J')'**. 

4**+8at«'=-Sa*-10o'6'+ 36*, 
4«*+8a6«'+4a*6*=Sa*-6a»6*+36*, 
2*»+2a6=*^(a»_6'), 

'=-=v/|(a'-6')-a6, 

76.25g.f)-6(^.g.2). 

For %^ write y^ then ^ + 78=/-5i^» 
.-. 6y-18^-25/+88 = 0, 

,-. ^-4 = 0, or 6y-^-22 = 0, 

,1 /IV 1 22 529 

1+23 



12 



OP ONE UNKNOWN QUANTITY. 
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a X . 
X a 

... j: = (2«t^).a. 



a X ^ 
X a 



Ex. 6S. If 7(6*+c*Xa*+*') = «(«?+*«), find x. 

= »M c*+26c.-+6".— J , 

a" c"-(«"-l)A»'a'^[c»-(n»-l)6»J {c»-(nM)i""}« ' 

(n'-l)(6*^26V+c^) 

b^Jn^—Uc 
.•. or- — ^, , .a. 



Ex. 70. If ij(a+xy-h!!/(a^*=^ S^a'-oj*, find x. 
Divide by 7(S^. then u(?r-*)ls.g=f)^ 

1 

for (^) write y, then y-Sy=-l, 



or 



a-x (s^Jsy 



a-¥x 



2 



5 > 
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Ex.71. If(!I^+_li=.4=,find.. 

27a+ 8«+ 40jf = 24jc* (27a+ 8ar)*, 
27a + 48 JT = 24ar^ (27a + Sx)\ 
9a+l6x = 8x'(27a+8«)*, 
for 9a write 6, aud for Sx write ^, then 

6+2j^ = 25^*(36+5^)*, 

126/-66»jr«y, 

y 2^ 12* 

^^2^-'W"l2^r6==48' 

^=i{^VI}-r2(^*^)=f(^^^^)*- 

Ex. 72. If a"5V-4(a5)». j:^ ^(a- by.x', find a?. 
a'5'. a:«"'-4(o6)*.«'" ""'^ (a - 6)% 
a%\x^--Mah)\.ab.x^^ (a-by, 
(aby.x « -4(a6)J.aft.«'*«+ 4a6 - (a-6)"+4fl4 = (a+f )* ; 
.-. ab.a^^zjab^{a^-b). 



'"=(7J"i^)' ^^ -(7^-;^) '• 






OP TWO OB KOBE UNKNOWN QUANTITIES. 45 

Ex. 73. If '"J^-\'^^*'CJ^+iP'>0> find*. 

« 1 tf-V « 1 a'-i" 



».».•» 






2 V+6' 2 a'+» 

4a'6* 



(a*- 67' 



« a*+ft' Sat (a±J)» rt*6 
••*^ o*-6' a'-6' l^^F a:,=6' 

••••-C^F'- 



QUADRATIC EQUATIONS OF TWO OR MORE 

UNKNOWN QUANTITIES. 

Ex. IS. If j?+^=5, and (^+y) («'+y) = 455, find x and y. 
-^ 2nd by 1 st («'+^') (a?*-a^+/) = 91> 

But from 1st j:*+^ = 25-2a?y, 

.•• (25-2a?y)*-(25-2ary)ary = 91, 
625- lOOary +4(ary)'-25x^+ 2(ar^)*= 91, 

6 (ary)*-125jfy = - 534, 
, ., 125 /125\* 15625 534 2809 
(^y-n6-'^Hl2 j ==a2f""r =(12?' 
125±53 ,^^ ^ 

Taking the latter value for ary, we have 

a:»+2jy+y=25,\ 
4ay=24,/ 
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and «+^» 5 J 
••. 2x-6y or 4, .% 4? ~ S, or 2. 
2y=:4, or 6, ••. y=g, <w 3. 

Ex. 18.. If Jax-\-Jby^'T{x-¥^)^a'\-h, find « and y. 

ax-\-by+2tJabxy^{a+h)% \ 
also 6a:+ 6y = 2a6 + 2i*, / 

.'. (a -6) X + 2 Jahxy ^a^—b^^ 

But ^=2(fl+5)-jr, 

=:(a-J)".(a+J-^)', 
^b{^a+h)x-x*} = (a-6)*{a+F]'-2(a+6)x+aj"}, 
{2(a+6)ar-«"} . {4a6+(a-6)«} « (a'-6')", 

ar*-2(a+6)ar+(a+6)«=(a+6)«-(a-5)«=4fl6^ 

And i--9,{a'{-byx^a+b^2j^b^{Ja^Jb)\ 

, ^*- 19- ^^ *^=y, (jr+j^)(-ar«x-^) = 3, and («+^+2)x 
(2-j:-j^)=7, find «, y, z. 

Divide Srd equation by 2nd, 

x+y+z 7 
x+y ""3* 

^ 7 

z _7-.i-l 



»+^ 8 3 
3 
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Substituting this value in Snd equation^ 

But y*aBj:ar=4jp, 
and d:+^=-j5=S, 

^=*2-l»l, or -8, 
.'. «-l, or 9. 

and y = 2^i-2, or -6. 

To save writing, put x for ^, and y for ^^, then 

^^^^=^1, and y^^= J, 

.-. ^=:«»f^^^, and ^^■^=j^l=x^^^^^, 



•'• J^-^Jy- 



16 



9(j^+j^y 



•'• (>/*+A^)*-g-, 



f- 4 



J^-^J^^-i (s). 



Hence^ «4=^^, and .•. *»^», and ^/jp=y, 
.-. from (3) j^4-^«|, 

. /-I 4 1 19 57 
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and ,=y-|- 1*1757}*. 

But X and y were written for t/x and Jy, therefore the values 
required are 

Ex. 43. If ja?'+yiy+Vy+^i;v=a (1))^, 

and x+^-\'3jb^=b (2)) 

From (I) */a?*(«*+j(*) + Ji^i («*+/)=«, 

(jr'+^')(aj*+^')*=a, 

ai+yi = a\ (S). 

From (2) since (ar*+y*)"=«+y+s!7a?^.{a*+^*}, 

and a?'+^'+2ary*=ft , 

.'. 2ar*y* =&*-«*, 

.-. ar*-2a?*y*+y''=2a'-ft*, 

2jr*=J*+72a'-6*, 
.-. ar=||6*+72a^-i*y, 

andj^=i{6*-N/2a*-6*y. 
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Ex. 44- If (*«+y)J-8|,1 

> find X and y. 

x--y>"7i"45' 
x« 

^""45y» 

45 4^ 45 «^ 4^ 

52V'*"52 W 

^ 97 ^.(9Ty 18769 
y "■ 52 'y \104/ ' (104)« ' 

. g*^ 97*137 234 9 
••y* 104 "'l04'"4» 

« 3 - 2x 

••• - = « J and V"-r • 
y 2' ^ S 

But «*-y=8|x7^« 65, multiplying 1st equation by 2nd, 




65x*« 81x65, 

2x 
A «*=81, and x-"k3. Also ^=:~siii2, 

Ex. 45. If (««-hy)(*+y) =15xy, ) 

(**4.yx^+y)«85xy,;fi"^*^«^*- 

Squaring Ist, (**+y)(x+y)*+2xy(x+^)»-225«»/, 
(»*+y)(«"+^")+2«y(**+^*)+2xy(x+j^)*=225x'y, 
,-. from 2nd, 85xy+2xy(x*+y)+2jcy(«+y)'«225«y> 

2(«*+^*) +2xy(x +y)*= 1 40xy, 



.4^ -,4 



(,+y).+f^.70 (1), 

x*+V* 85 
Now dividing the 2nd equatipn by the 1st, — ^Tk^* 

6 



60 
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.4 I ..4 



x^-k-y^ _ 85 



^y 



,-5(*+i^X 



. 85^ 



and substituting in (I), (j?+^)*+7z(«+^)=70. 



(*+j')'+ff('+y)+Q= 



7225^ 70225 



(30)' 



(30) 



S > 



.*. «+^ = 



265-85 
SO 

15jr^ 



6, OT -llf (2). 



•. From Ist, «"+if*=»-^, taking 1st value of j:+y, 






/15^Y^225/ 8iy 

V 12 / 144 ^ ^ 144 * 



15±9 ^ 1 



12 

and a+y-6y from (2) 
2a?+y = 6, 

^ = 2,1 
and 



A * = 4.J 



2" 
or 4?+y = 6, 

3^=12, 

3^ = 4,] 
and ••. a? = 2.j 



Ex. 48. If ^^+5^+v^=7^, 1 
From 1st, cubing, 2a?+S(^i+^+^jr-y)^j:'-/=«, 



«/""« — i «— 2x , - 



From 



fl»-2a?' 



2nd, similarly, i^x'^f.i/a^^y'^—f^l 

S»Jar 

.•.by(i).V*'-^/.^=^^, 



.'. t^^-hy^ 



a'-^x" 



»/-* 



{a-'^x)lja 



•(«), 
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,-. from 2nd, by (1) and (2), - — —-^^-^jj^-^sja*, 

S(a*-2**)+(fl-2jr)*= Sa(a-2«), 

2jf-a=±^,a, 
Also a-^^^xJSM^ .*, from (1), *'-y =- — 'v-^— = t ^ o% 

Ex. 49. If (b+x)x+atf-{x+uy-zJxy.Ja^.Jb^) , , 

. — I find X 

From 1st, hx-k-ay^^xy-^-t^-^Jxy.Ja-x.tJb-tf, 

A J{a-'X)y+J{b^y)x = ^y (1). 

From 2nd, ^(a-o?)^ -y-Jnx^ 

'*' \/(*-^)*=-\/«^> 

^■-5^ = «, •'. y=6-« ....(2). 

Also (a-a:)^=y-2y,y«x + iij?, 

^hx—ZtfJnXy from (2), 



•*• -A^^f {'s/«*V « + r(«-i')}» 
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OP ^._f |^*^^_(i_„)J, 

Ex. 50. If «*+y=«+-, 1 i. J J 

^2 I find X and ^. 

-r^(a.-.2)+6yV(jf-l)+y*-|-ar,J 

From Ist, «*-a?=--y, 

8a*-*ff-86+l 
4 ' 

Also a^-«=«o"~Q{^^+l*>/p}> writing p for 8a'-4a-86+l, 

a 1 1 ,- 
= 4" 8 =^8^^' 

. 1 o 1 1 1- 



jg{4af+2T2v'p}, 



OP TWO OR MORE UNKNOWN QUiJlTlTIES. 
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Ex. 51. If !lJ(a-»){*-b)+x^(a-y)(b-y) ] 

, , I find « and 

o2{6 V(«-«)(«-y) +a n/(*-6)(6-^)}, > y_ 

Square both sides of 1st equation and put 4ab for xy, then 

y (aa? + &x- fl6)+ «*(a6 -a^- ii^) s= 4{6*(ay-flf^ -ajt) + a'(6d:- jy +6y)}, 

(jt*-y">i6-(a+6)a?^(«-y) « 4<cy(6*-a«)-4fl6(6-a)(«+^), 

•'. 4?-y«4(fl-6), or «+^ = 4(a+6). 



^•-.2a?y +^«= l6(a- by A 
^xy sl6a5, J 

a? +y = ^Ja*— ab + 6', ' 

.-. x^2{a--b+ija*-ab+b^) 
^ = 2 {Ja^-ab+b'-a^l 



i+y-4ija*-ab+b\)^ 
f-^-4(a-6), J 



^-20 






= 2(aj:r.(6j^)- (1)1 

f /«x r "™ * and V* 

= a6 (2)j -^ 



Ex. 52. If ar"'a*+j^-6"'=2(<ia:)^. (6y)^ (1) 

xy 

From (2), y*=^a*b*x-% 



n m n n n 



m+M in-ii 



.-. from (1), a"a!^+a"6'*^jr"=2a*6Vfl"6*a? '=20 * 6"* » , 



m+n 



.'. « ■ «fl ' A»±{a'"-"^'"-ft"^}i, 



=6"{a « db(a'^-&'--)4}, 



5—3 
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And y = abar^f 



m— • 



=a6"***.{a * ±(a"-*-J»-*)J} i=s^ 



Ex, 56. If (o+^).•?^/I^5^«Q = /a_J^ !fjl^^+xjl^ 1 

«(2y-l)+J(ar'-l)=c, find « and y. j 



For — 7 write n, then 



a—h 

».y 



(«+lMl-*')7T=7-(«_l),(l_y)yiZp=(„_i)^yyjZp 

-(n+l)«'yyily, 

(«+i)yyi::7-(i,-i),7Iz?„o, 



n+l 



.-. From 2nd, a+c-2ay«, ^,^ 6^ ^y^-i ), 

(«+c)'-4a(«+c)5,«=6«_4ay, 
4a«3,»=(a+c)»-J», 



OP TWO OB MOKE UNKNOWN QUANTITIES. 
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1 AiT^E?. 

•^ 2 V flc 



Also '.' X and ^ are similarly involved in the equations, so 
that if X be put for tf and y for x^ the equations are not altered, 
provided a be put for b, and b for a, .*. we can say at once from 
the value of ^, that 



~2V 



(6 +c)'>-a» 
6c 



Ex. 57. If ~(*»-l)+^(2*»-l)«:^^(**+^4)+%+2/ 
^4 «^ d?* j:^ 

a^ 2^ 2jc^_1S3 J 2^ y^ 

y^ F" ^* ~ ^^ '^* or* "~a:^' 

Write X for «% and y for y , then 

from 1st, -(a?«-.l)+^(2a?«-l)=^(jr+j^) + 35^+2, 

y X X X 

4?*-^+2ary-^= 4^ (a+^) + sy + 2jy, 
(«'+/)-^ (a? + j()-+ ^y\x-^y)+ 4y^ 

«»+/=a?+^+2y, 

x'-y'-^x+y, .'. x-y^l (i). 

^ ^ , J?* 2a?" 2x 133 1 2 y« 
From 2nd, -,----«-^.-,---J, 

V 2fy -^V yJ x'^ SG'y^'^y'' 36y 

y y^x^d'y' 

ai" y 19 I ^ 8 19 
-5----#--» or x'-y'^^-^xy, 
y* X 6 y ^ b ^ 

.-. dividing by (1), «'+«^+/=-g-«^, 



find « 
and^. 



.-. (x^yy or l=-^«i(-3xy=^, 



56 QUADRATIC EQUATIONS 

1 25 
.'. xy6^ orx(«-l)«6, «*-*+! = ^# 

.-. X'^S, or -2, and^B2, or -3. 

But calling to mind that x and y were written for a?* and y\ 
the values required are 

fjf=27, or -8, 
l^» 8, or -27. * 

Ex.59. If^^^^'^+^yAfind^.andj,. 
y«jiiy+JMr,; 

y 

m+nt 
wi/(/M)+n(^-l) = 0, 

»if(f'+f+l) +n(^*+^+ <•+<+!) =0, and <-l=0, or ^=l...(l) 

ii/*+(wi+n)/*+(m+»)/'+(m+»)<+«- 0, 

n (t*+ p)+(»»+«)(< +^) +(w+«) =0, 

m*-2mn+5n* 

^ 1 —(»« + »)«*= ^m*- 2m» + 5n* 

< + J « --^^ '—^ = a, suppose, 

/•-fl^ = -l, .-. ^«|*,yZIi (2), 

From (1), a?=^=^w+», substituting in the Ist equation. 
From (2), and 2nd equation, 



y=^m+nt^ f^m + -(ai^S^), 
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and g=A /m-f- =a/ t»+ , — < 

Ex.64. If S0\/^^+40V xS"**^' 



and^. 



From and, S*V+8*V+^(Ai,«)»=g^-*'-y, 

^+ gjg « = gjg » writing « for (x*+y')*, 

/ 91 Y 8281 135 _ 116281 
* \432/ ~ (432)' ■•■ 216 ~ (4S2)' ' 



*^*216* 



-91±341 125 
*'• * 432~"2l6' '''~^' 

•••'V=S 0). 

From 1st, 30(«'+^')+40xy = 241v«^+5^'xj:*^^, 

30x -g + 40xy = 241 X g xx^y% 

25+48xy«24lJ:V* 
25 - «V = 48**y^(5-a?*y*), 
/. o-arV=0, and 5 +«'^* =« 48jc'j^*, 



58 
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From(l)Ay'-|g, 
and2a:*y*=10, 

and J?*— 5f*=san impos- 
sible quantity. 



»|lii/lV 1 5 



<96/ (96)' 48 
1 1 1*31 1 5 

Prom(l) *«+/«g, 
and 2i^^*=-, 



96 i 
(96/ ' 



• • 



**-^*=4. 



4 



6'J 



8 I 



.•.2ari=-=-, or ±1, .-.a?-*^, or*-, 



8 



27 



Ex. 65. If 

(«*+26ar»j(+a'5^")(yV26«y+aV) = 4(a»-5»)(6+c)X«j^)*, (1)1 

jr^+y = 2cay, , (2) J 

find X and y. 

Divide (1) by (xt^y, then 

^;r'+263^+^')(>+26*+^) =4(a»-6«)(J+c)', 



tfy+26«*+ --^ +26/+ 46»j;v+2a'6 — + ^ +2a*6^ +a* 

«4(a»-6*)(6+c)S 
a;y+26(a^+/)+46*jy +a« ^^ +^ +2a«6 Z'- +^^ +a* 

«4(a«-6»)(6+c)», 

dry+46cj'^ + 46'ar^+fl"f— +^J-2a*ay+2fl"6.2c+fl* 

^ =4(fl*-6')(6+c)», 

ory + (4^c+ 46*- ^a'^xy + 4a V+ 4a«6c+ fl* = 4a*6*+ 8a*6c + 4a V 

-46*-86"c-46V, 
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«•/+ (46c+ 46«-2fl»)a;y + 46 V+ 46*+ a*- ^a^'b^-^t^bc + 83f c = 0, 
a?y + (46c + 46»- 2o»>ry + (26c + 26*-ii»y = 0, 
*^+26c+26*-flr*= 0, 
.'. ary«sa"— 26c- 26*- p*, suppose. 

Then from (2), «^+^ = 2cp», 

jr*-2cpV+(cp«)*» c*p*-fy^, 

-p'{c^.P=yh 

.'• « = /J(p^ V c«fc^c*-|>*, where p*=fl'-26c-26'. 

^/p' 



.t /«« 



Ex 



* islc^tjc^—p^ 

.66. If a«-a?«-Saw, "(OL^ j . 

, f- /- /- V Tfind jf and v. 

{Ji-J^Xa-x)^3^x4-y) (2)j 

From (1), {a'\-xYa^x)^sJx.yJxy 

from (2), Uy-J'^X^'^)'=^^J^ip^-^y\ 

fl+* yjx 

••• y7^-«y=(«+*X«^+5') (3). 

.•. substituting m (S), -^/^ "T~ """T"^^ '^'""si"* 



(«-*)V" 



— s= (a— «)*+«*+ 2d:*, 

— a*+ad:+jt*, 
.-. «*-«*- 2fla?(a*-«^ = S(a*+a*+«*)', 

fl*- «*-2a**+2a«* = 3 («*+«*+ 2a V+aV+2fl'j:+ 2ac*), 

4fX*+ 4flj:"+ 9« V+ 8a'«+2a*= 0, 

4«»(«'+20+aV+2«')+4(M<«'+2a») = 0, 
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And y^ 



o«+2fl» 



Sa7-2 J^ 



and 4d:'+a'+4ax»0^ 



or 2j?+asO, /.4?« — -, 

2 



And ^i 



3« 



a 

2 



}• 



Ex. 67. If (l-**)*(l+J'')-(l+*0'O-*')=***Vi+?-O) 

ijy-^O-je'Xl-jf') (2) 

find X and y. 

From (1), (l-2«•+«0(l+/)-(l+2«•+*')(^-i^•)=***^/l+y» 

2y*-4«*+ 2«y = 4«*,/riy, 

y'(l+«*) = 2«'(l+7riy) (S). 

From (2), (i_4^«_J^, 






Substituting in (S), (i-y/ °^-^'/^» 

4y+4/= (i-y)'=i-2y+y, 
3/+6y=i, 

y'+2y+l=-, 



•••^■^S' ""'^"^^S- 
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Again, from (2) **+ , , .*=!, 



r 

— : — me 



n/27I=i-(>/3-1) 



Ex. IS. Given JJ+^+^^F-j^-g^, find the value of ^-|^ 

14 "S 4' 

DyAW. lyo, j^ = X4-3-4 ' 

z 

"7' 

« 7 
Ex. 14. Given a?-^ = 7«, and d:-jef = 4y, find the value of 

ff-Z 

7£r+y = ar = 4^ + «, 

or 2ar=y, .-. tf-z^z, 

*'* "^*5"7«+y'"9«~9' 
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z 



Ex. 15, Given *»+/=123;ff, and *«-y'=272, find the value 



••. 24P*« 150-8:, 

Also 2y-96j?, 
••• y- 48J8; 

-^= 75x48 «25xU4, 
A ^ = 5x12^0). 

Ex. 16. Given «ft-i(a+*)(p+g)+p9=0, (i)\ 

and C£f-|(c+iO(P+9)+M = 0, (2)f 

shew that fg-yy_ («-c)(a-rf)(6^c)(6-rf) 
\ 2 / (a+^-c-rf/ 

Subtracting (2) from (1), aft-cJ^i(fl+6-c-rf)(p+5)«0, 

^«**"' ctI=^' fro"* 0) and (2), 
.•• (fl+*-c-rf)p5f=aJ(c+rf)-.crf(a+}), 
••. (fl+A-<N-<0'(P^^?-4p^)=4(aA-<?(0"-4(a+i-c-^ 

(a+6-c-rf)'(^)=(fli-c£f/-(a+6-.(?-(0(a6c+aM-.acrf-6c(f), 

= (a^-crf)"-.(a«rf+6-c){(a-.df)6c+(6-c)arf}, 

+ arf(a- d)(J-c)+arf(6-c)«], 

-(a-£0(^-c)(fldf+Sc), 
« fl«i(i-c)-c«f (i-c) +(acrf-aSd)(&-.c) 

-"(a-£0(^-c)(ai+ic), 
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= (4-c){a*6-cd*+flcrf-.aM-(a-il)(arf+6c)}, 
«i(6-c){tf6(a-il)+crf(a-d)-.(arf+6c)(a-il)}, 
= (a-rf)(6-c){a6+crf-flc?-6c}, 
« (fl-d)(6-c){^(6-£0-<?(6-^)}. 
« (ii-d)(6-c)(a-c)(6-rf)» 



. /g^Y (a-c)(a>(l)(6-c)(ft-iO 
• \ 8 / (a+6-.c-uO" 



Ex. !?• If the same value of x satisfies both the eauations 
ax'+bjB+c^O, and aV4-6'j?+c'-0, what is the relation subsisting 
between a, 6, c, a\ b\ </? 

Since the two given equations hold for the same value of a, 

••. aaV+a'6«+a'c-0/ 
and aofjf-^aV 



> hold for the same value of x, 



••. X 



ab'^t^b • 



Again ac'a^+bc'x-^cc^mOf 
and a'cxWcx-^cd 



-0,1 



M-b'c 



.'. « 



ale— ad ' 









.-. (a6'-.a'6)(6c'-6'c)-(a'c-aO'» or (flc'-a'c)-. 

£x. 18. Find the relation subsisting between the coefficients 
in the equations a,j?+&,y«c,, a,a;+6^aCs, a^-k-b^^e^, that 
they may be satisfied by the same values of x and jr. 

//,«+i,y=c, (1)| 

<i,«+6^y"Cg (2)> hold together. 

HsX+ftjiysC) (3)1 
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From (1) and (2), afi^-^bfify^b^t) 

ajf^-k- bjb^ = bficj) 



■ 

Again from (1) and (2% aiO^-^-aJb^y^a^i ) 

••• («iV«i*i)if-fliCi-flsC„ 









Substituting the values of jp and y thus found in (3), we have 
aib^—ajbi Oib^'-ajfi 

or ai(6jC,-6/r,)+fl,(6,c,-6|C,)+fl,(JiCa-i^i) = 0, 

Ex. 19. Find the relations subsisting between the coefficients, 
when the equations 

are equivalent to no more than two distinct equations. And shew 
that in this case the values of x, y, s, assume the form O-r-O. 

ax+by+cz — 1 (1) 1 

a'x+b'y+i/z =1 (2) y 

a"«+6"y+c"j?=l (3)J 

From (1) and (2), (ii-fl')-+(6-A') -+c-c'= 0, 

Jo S 

... (2) and (8), («'-«") - +{b'-b") ^ + (/-</'= 0, 

But as J?, y, 5, by supposition, cannot be determined from the 
giveti equations, since tne three equations are equivalent to no 

X t/ 

more than twoy therefore the values of — ^ and - , are arbitrary. 

Hence, representing the two equations above by 

AX+BY+C^O, and ^'X+jB'F+C':=0, 
AB'X+BB'Y+WC^O, and A'BX+BBY'^BC=^0, 
.'. AB'X+B'C^^A'BX+BC'^ an ttfcn/icfl/ equation. 



n 
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.•. ABf^A'B, and B'C^BC, 
£_JB C a^a' 6--y c^e 

Also, obtaining the values of x, y, z from the given equa- 
tions, by the usual method, the relations subsisting between the 
coefficients, as here found, will make each equal to O-r-O. 

Ex.21. Find the value of ax*+%*+ca", when a«*«iv*«c«* 
• 1 1 1 1 jr » 

and -+- + -=a-i. 
X y z a 

Here xl^a^ylfb^zljc, 

« V C JBT* 

1 Vf 1 

1_ •/? 1 



.'. z=d. 



:/c 



Similarly, 3, = J. ^/^t^±^ , 
and x^J.-y^-^ffi^. 



Another Method. Apply the formula of Art. 195*. 
Ex. 22. Eliminate a, 6, c, from the equations 

6— S 
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4^ y* 2** 

Since -^^p^'^' 






h" 



... ^=.*-, or (5j -^5J , 
and ...©•=©-. 
Similarly, (5)""®^, 



and 



©■-(r. 



Another Method. Apply the formula of Art. 195*. 
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Prob. 28. A person^ being asked what o'clock it was, 
answered that it was between 5 and 6> and that the hour and 
minute hands were together. Required the time of day. 

When it was 5 ^o'clock the hour hand was 5 hours^ or 25 of 
the minute divisions, in advance of the minute hand; .*. if x be 
the number of minutes past 5, when the hour and minute hands 
are together, the minute hand travels over x of the minute divi- 
sions, while the hour hand travels over jp— 25. But the minute 
hand goes uniformly 12 times as fast as the hour hand, and will 
therefore travel over 12 times the space in the same time. Hence 
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1U=S00, 

300 ^. 

.% *-^ =27ni. l6r,s. 

Prob. 29. Find the time afler A o'clock, at which the hour 
and minute hands of a watch are distant d of the minute divisions 
from each other. 

Let orsthe number of minutes past h o'clock, 

then the minute hand goes over x of the minute divisions, while 
the hour hand goes over x^Sh^d, - or + according as the minute 
hand is in advance or behind the hour hand, 

.•. as before, 12(x''5h^d)=:x, 

ll« = 12(5A=prf), 

12 SOO 

Cor. Let h^5, and rfa 0, then «= fr ^25 =-=y , which agrees 

with the preceding problem. 

Prob. 35. A hare is 80 of its own leaps before a greyhound, 
and takes 8 leaps for every 2 taken by the greyhound, but the 
latter passes over as much ground in one leap as the former does 
in two. How many leaps will the hare have taken before it is 
caught ? 

Let the hare take 3x leaps after the greyhound starts. Then 
the latter takes 2x leaps in catching the hare. If each of the 
hare's leaps passes over a certain measure of ground, each leap of 
the greyhound passes over two of such measures, and his 2x leaps 
over 4fX of these measures. 

.*. 80+3a;s4dr, by the question; 

.\ x^BO, 

and 3x=240, number of leaps required. 

Prob. 38, A banker has two kinds of money, silver and 
gold ; and a pieces of silver, or 6 pieces of gold, make up the 
same sum s. A person comes, and wishes to be paid the sum s 
with c pieces of money : how many of each must tne banker give 
him? 
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Let X be the number of pieces of silver required, 
thenc-d?a gold 

and - = the value of one of the former, 

latter, 

« 8x sCc-^xS 
®°° T + jL = 'j the value of the whole, 

hx-^-ac^ax^ab, 



b 



(a''b)x=ac-ab, .*. «=a. 



a— 6* 



AT ac-ab , a— c 

Also C^XmC r-=D. — 7. 

a— a-6 

Prob. 51. When wax candles are half-a-crown a pound, a 
composition is invented of such a nature, that a candle made of 
it will burn two thirds as long as a wax candle one fourth as 
heavv again will burn. Supposing the two candles give an 
equally bright light, what must be charged per lb. for the compo- 
sition that it may be as cheap as wax ? 

Let X be the price required per lb« of the composition, in pence, 

t the time, in minutes, in which 1 lb. of the wax candle will 
bum, 

t 5t 

then <+-, or -j^time of burning l^lbs. of wax, 

2 5t 
A gX -pastime of burning 1 lb. of the composition candle, 

30 
.*. -7-=»co8t of wax per minute, in pence, 

X 

= cost of composition, 



2 bt 
.'. by the question, -— - — , 



2 5 
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Prob. 54. A and B engaged to reap equal quantities of 
wheat, and A began half an hour before B. They stopped at 12 
o'clock, and rested an hour, observing that just half the whole 
work was done. Jffs part was finished at 7 o'clock, and A's at a 
quarter before 10. Supposing them to have laboured uniformly, 
find the times at which tney commenced. 

Let dp = the number of hours before noon when A began, 

then «--« , B 

2 



Now since A and B reaped equal quantities in the whole day, and 
half the whole work was done by noon, 

A did as much in x hours before noon, as B did in 6 hours in 
the afternoon ; and again 

A did as much in 8f hours in the aflernoon, as B did in «-^ 
hours in the forenoon. 

If then a represent A's hourly work, and 6 Rs, 

ar=6^, (1)| 

and 8fxa = (*-i)}, (2)j 

.-. dividing (2) by (1), ^-^, 

^'-g -52^-2" > 

._£ J__105 1 841 
2"*"l6"" 2 ■*"l6" 16' 

... -.i*?-?.,i, 

.'. A began at ^ past 4; jB at 5 o'clock. 

Prob. 61. The mail-train upon a railway starts a certain 
time after a lugsage-train from me same terminus, and the time 
is so adjusted that, before arriving at the other terminus, the 
trains will exactly escape collision and no more. It happens, 
however, that from an accident to the engine the speed of the 
^^gg^^ train is suddenly reduced one-half after performing two- 
thirds of its journey, and a collision takes place a miles from the 
end of it. The proper speeds of the trains being 971 and n miles 
per hour, (9ii>ft) find the length of the railway, and the difference 
of the times of starting. 

Let or = length of the railway, in miles, 

^= difference of starting time, in hours, 
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•'• — =time in which the mail should perform its journey^ 



and -a luggage-train 

Again, stime by the mail before the collision^ 

•-- =time by luggage-train before the accident to the engine, 

oft 

and (9 — 0) -^3<Btime between the accident and the collision, 



• • 



m 3» dn 
and subtracting (2) from (1), 



a jp_ 2* 2a 
971 3n Sit H* 



X 2a a 

• __^ ^ ^^^ ^^ . 

** 3n n m* 



i'-i)- 



.•. j:«3(2 — j.a. 

••. Also v» = .«=S. (2 — I. a. 

'^ n m mn mn \ m) 

Frob. 64. A pack of p cards is distributed into n heans^ so 
that the number of pips on the lowest cards, together with the 
number of cards laid upon them^ is the same number m for each 
heap, and the number of cards remaining is found to be r; re- 
quired the number of pips on all the lowest cards. 

Let j;=the number of pips required ; then 

m;t a number of pips on the lowest cards + number of cards 
upon them, 

.*. mn~«r= number of cards laid upon the lowest; 

•*. mn-jr+ftsnumber of cards in all the heaps, 

=p-r, 
.'. «a=(m+l)»+r-p. 

Prob. 65. If a men or h boys can dig m acres in n days, 
find the number of boys whose assistance will be required to 
enable (a-/') men to dig (m+/i) acres in (n-p) days. 
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Let jp^the number of boys required; then 

since a men dig tit. acres in n days, 

a men dig — •.•••• I day, 
and 1 man digs — 1 day. 

mm 

Similarly, 1 boy digs -^ 1 day. 

Am 

.'. (a-p) — =work of {a^p) men in 1 day, 

and («-pXa-p)£ = (n-p) days. 

Also {n^p)x.—r= dpboys in (n— p) days. 

••• («-P)S*+(«-p)(«"P)~="»+Pi 
■sm+p-»i+-2+— £(n-p). 



a \ ii-p w/ 



Pbob. 66. Supposing the sum of 51 cards in a common pack 
to be lOn+a, (where a<lO), prove the value of the last card to 
be 10— a, the court-cards reckoning for 10, and the others for as 
much as is the number of pips upon each. Find also the value 
of n. 

Let a -the value of the last card. 
The sum of the values of all the cards 

=• 4(1+24 S+... 10) +4x8x10, 

« 4x55 +120 ^340, 

/. 10»+ii+ar*i340. 
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But a<10, and «<10> •'. 10»>520^ and <d40, 

•'• fi>S2, and <S4, •*. n»SS. 

Pros. 67* I^ ^ oxen in m weeks eat b acres of grass, and 
c oxen eat c^ acres in n utreek^, how many oxen will eat e acres 
in p weeks^ supposing the grass to grow uniformly ? 

Let d7«the number of oxen required, 

g s the grass upon one acre at first, 

h « the weekly growth of one acre, 
then a oxen eat b(g+tnh) in m weeks, 

.*. 1 ox eat8-(g+fnA), 

and 1 ox eats — (g-^mh) in 1 week (1). 

Similarly, from the 2nd supposition. 



1 ox eats — (g+fiA) in 1 week, (2). 

fwC 



and again, 1 ox eats — (£+ph) in 1 week, (8). 

.-. we have — (g+»iA)= — (g+nk)=^(g'¥ph), to eliminates and A. 
ma nc px 

1 St. nbcg + mnbck = madg + mnadh, 

.*. (nbc^mad)g^mn(ad^bc)k (4). 

Also pdxg+npdxh^nceg-k-npcekj 

.•. (^pdx-nce)g^np{ce-dx)h^ (5). 

pdx-nce ^p(ce—dx) 
nbc—mad m{ad^bc)* 

.'. pdx{mbc - mad— nbc + mad) « ce(mpad—mnad+ mfibc - nphc), 

pdsc{{m—n)bc] = ce{(jii -/?)«&?— (»-p)wiarf}, 

ifi-p lice n—p mae__e (m—p nc n-p ma^ 
m—n' pd m^n' pb p\m-^n . d m^n'bj' 
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Prob. 68. The distance between two places is a, and on the 
first day --th of the journey from one to the other is performed; 

on the 2nd day - th of the remainder ; then — th and - th of the 

remainders alternately on succeeding days. Find the distance 
gone over in %p days. 

— a journey of Ist day, 

/. journey of Ist pair of days — — +«{ 1 — j - , 

and remainder after ., -fl(l Vl — j (1) 

Hence also remainder after 2nd pair of days will be the same 
(1), writing a^i-i)^i-i) for «, 

/. Remainder after p pairs o£ days = a(l Wl — \ , 

.', journey performed in 2p daya-a-^a[ 1 J (l — j , 

Pbob. 70. To complete a certain work A requires m times as 
long a time as B and C t^ether ; B requires n times as long as 
A and C together ; and Cfrequires p times as long as A and B 
together. Compare the times in wnich each would do it; and 
prove that 



so on. 



Ill, 

+ r + — r»l. 



Wl+l fl+1 p+1 

Let jp^A'a time of doing the work, 

^-B-s 

g-Cs 

w = the work. 
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Then -«^'8 daily work, - = B'8, - = Cs; 
X y z 

and since B and C working together can do m times as much per 
day as A^ 

mnf w w 

or — = — r — • ••••••••ill 

X y z 

K 1 1 

Similarly, -==- + -, (2) 

y X z 



«nd£»i+l. 
js a? ^ 



.(») 



From (1) and (2), 2^5 = i-l, 
^ ^ v^' X y y X 



1 1 X 

/. (ni+l) -=(»+!)-, or- 



Similarly, - 



and 



X m+l ^'s time 

Jj 8 . • • 

A'% time 



w+1 
ft+1 



OS • • • 

_ iB's time 
jp+l""Cs ... * 



Affam, from (1), »i«- + -a= — - + — -, 
® ^ '^^ y z ii+l p+i * 






m 



1 1 

fi+1 p+l~f«+l' 

I 



1- 



JW+1' 



1 1-^1, 

+ r + r=l. 



»i+l n+1 p+l 



Prob. 71« ^i> ^8> ^»» ••• S^x are (»+l) stones placed in a 
straight line a yard from each other, and X is another assumed 
station in the same line produced : two persons set out from S^ , 
the one to carry the stones separately to Siy the other to X; find 
the distance from S^i to X, that we latter may travel exactly 
twice as far as the former. 



or 
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Let A and B be the two persons, 5i ^ 1^ Af, ± 

Then the distance ^ travels for 1st stone «0, 

• ••• • •...• 2nd • • . B 2, 

3rd • • « -i2xS, 

4th •.. -i2x5^ 

(]i + l)th ... »2xii, 

/. yi travels in all 2(1+1^+5+ ...+») yards, 

2 ( «--g-) yards, (see Art, 282), 

or «(« + l) •., 

Let the distance from S^x to Xs^x, 
then B travels (7i+x)+2{(«+«-l)+(n+jj-2)+&c. to n terms}, 

or (ii+«)(l + 2ii)-2(l + 2+3+&c ton terms), 
or («+jr)(l+2n)-«(«-fl), 

.% by the question, («+«)(l+2ii)-«(fi+l)w2»(»+l), 

(fi+a?)(l + 2»)-3n(ii + l)^ 

3n(»+l) 
2n + l 

Sn(» + 1) «(« + 2) 

2»+l 2» + l 

Pros. 73. Two clocks are striking the hour together, and 
are heard to strike 19 times* There is a difference of two seconds 
in their time, and one strikes every three, the other every four, 
seconds. What is the hour they strike } it being observed that, 
when the clocks strike in the same second, the sounds cannot be 
distinguished, so as to determine whether one or both strike in 
that second, and that this is the case with the last stroke of the 
faster ck)ck« 

Let X be the hour required; then the faster clock, that is, the 
dock which struck first, and strikes every 3 seconds, was striking 
the 3rd time, when the other, which strikes every 4 seconds, and 
is 2 seconds behind, was striking the second time ; and this is the 
1st time of their striking together. 
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AfVerwards, ever^ 4th stroke of the faster clock will coincide 
with a stroke of the other, since 4x5 seconds « Sx4 seconds ; 

and »-S» number of strokes remaining to the faster dock 
after they had once struck together. 

.% --7-+I »number of times in all they strike together, 
and 2xs number of strokes actually made by both clocks, 

7x 1 77 

• 4^44 ' 

.*• fall. 

Ex. 75. The hold of a vessel partly full of water (which is 
uniformly increased by a leak) is furnished with two pumps 
worked by A and B, of whom A takes three strokes to two of 
B'a, but four of B's throw out as much water as five of A's. Now 
B works for the time in which A alone would have emptied the 
hold. A then pumps out the remainder, and the hold is cleared 
in IShrs. 20 mm. Had they worked together, the hold would 
have been emptied in Shrs. 45min., and A would have pumped 
out 100 gallons more than he did. Required the quantity of 
water in uie hold at first, and the horary influx at the leak. 

Let x= number of gallons in the hold at first, 

^= horary influx at the leak, 

^ = time, in hours, in which A alone would empty the 
hold, 

4?= quantity pumped by A at each stroke, 

then 5« = 4 times B's quantity per stroke, 

... — s quantity pumped by B at each stroke. 

But A takes 3 strokes to 2 of B's, therefore while A pumps 

Ss gallons, B pumps x^*' ®' "i" ' ^^^ ^ R ®^ -^'^ work in the 

same time ; and the work is uniform, 

5 
.'. B's work per hour'^-^of A's. 

Now A would pump out j;+^^ in time t ; 
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/. B would pump out ^(«•^(y) in time i-Rs actual work* 

And the tim« A work« is IS^-i, and ^-r^^A's work per 
hour, 

A fJL? . (IS J - ^) = A*9 actual work, 

/40 IN, ... .4a .-. « 
or (—-—■» l{f»+0«f»+-=-. if-=ir. 



/40 7\ < 



<* * 80-7/ ,,. 

80-7' f» < ^ ' 

Again, if ^ and B work together, «+3|.^ clears the hold 
and il's part is -- of this. 



-• nv'"*""4~;""T-~r» 

« / 15\ 15, .X 
15/ 5 /6l 15\ 

T*ii^Vii~4;'^» 



25<..(8<^55)ir, /. ^'^^ (2). 



.-. equatmg (1) and (2), — j — = — g^ * 



2000-175< = 8(*-55/, 
8^+120^=^2000, 
4<*+604==100Q, 
4/*+60«+(15y=1225, 

2/=-15*35=20, or -45; 
.-. '=10, 

and »=5r7r-=^ = ;;7;— =^-"10=-« 
80-7' 80-70 jf 

7—3 
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Again, A*s work on the 2nd supposition is 100 gallons more 
than on the first, 

' |jf = 100, /. jf = 120; 

and ;i?»10^->1200.^ 
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Ex.4. Shew thatp+j>- + j, if a +6 be positive, unless 



a = 6. 



p4.-(l4)-i<'»*-^*-''**-'*j' 



^.{(«+6)(a'-«6+i')-(a+6)a6}, 



Now (a- 6)* is always positive, and so also is a*b\ .•. the 
whole quantity is positive, if fl+6 be positive, that is, 

i+A>l+4, if a+ 5 be positive, unless a = 6. 
Ex. 6. Shew that Ja'-b'+Jd'-ia-by > a, if a > b. 

if Ja*''{a-by>a-JP^, 
squaring, if fl*-a'+2a6-6»>a*-ia^/i?^+a'-6*, 

2fl6>2a*-2a7a*-6«, 
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2ab > 26«, 
a>b» 

Ex. 7. If «"»fl*+6*, and y=^c^-\-tP^ which is greater, «y or 

= aV-k'bV-'Zabcd, 

••• «y— (ac+6«0 = -^-— 4j« a positive quantity, unless ad^hc, 

/. xy>ac+bd, unless ad^bc. 

Ex. 8. Which is greater n'+l> or n'+n? 
ii»+l-(ii'+n) « «• (n-1) -(n-l), 
= («.-!)(„. 1), 

= («-iy(«+l) = a pos. quantity, tinless ii = l. 
.'. n*+l > n'+«, unless n « 1. 

Ex. 9. Which is greater S(l+a«+fl*) or (!+«+«•)•? 
S(l+aVtfO-(l+«+«*)*-^+S«*+3«*-(l+2«+^«'+2a'+a*), 

= 2(l-.fl)-2fl\l-a), 

-2(l-a)(l-aP). 

Now 1-a> and l-o*, have the same sign whether a> or <1 ; 
and /. their product is positive. Hence 

Xl+«*+«0>(l+«+O*' unless a«l. 

Ex.11. Shew that 6fp+-+2j>or<a(-j+^+2y accord- 
ing as a > or < 6. 



80 INEQUALITIES. 

Now (a*-6')* is always positive; and so also is ifb\ .*. the 
whole quantity Is positive or negative, according as a- 6 is posi- 
tive or negative, that is, according as a>br <&• 

•I*— ff+1 1 

Ex. 12. Shew that -^ ;- lies between 3 and - for all real 

ir+»+l 3 

values of n. 

First, S(«»-ii+l)-(n*+n+l) = 2n*-4»+2, 

-2(«^iy, 

=aa positive quantity, 
.'. S(n'-»+l)>«*+«+l, 

«•-«+! 1 . , 

.'. t. 4.1 ^3* ®*°^® » +11+1 IS positive^ Art 219- 

2ndly. 3(«'+«+l)-(ii'-f«+l) = 2»*+4«+2, 

= 2(fi+l)*, 

~ a positive quantity, 
.-. 3(»*+»+l)>«*-ii+l, 

n'+ii+l 
<3, ana>*-; cnr =-, if 11 = 1. 



« 



n'+w+l —' --^ s' --- 3 



Ex. IS. Shew that a6c>(a+6-c)(a+c-i)(6+c-fl), unless' 

fl*>a'-(6-c)\ since (A-c)* is necessarily positive, 
>(a+6-c)(fl+c-6), 

>(a+6-c)(6+c-fl), 
>(a+c~6X*+c-a), 
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/. a«6V>(a+6-cy(fl+c-6)X&+c-a)«, 
and both sides of the inequality are necessarily positive^ (Art. 220.) 

Second Method. 

Let a be the least of the three quantities a, 6, c, 
and let ftsa+d?, 

then aAc»a(a+jr)(a+y)->a'+a'(d;+^)+axy (i) 

= a*+a*(j:+^)-(a+«+y)(a?-y)' (ii) 

•*• (0"(")"^*^+(^+J^+^)(*"^)% which cannot 
be negative; and cannot be equal to 0, unless x^j^^O. 

,\ fl5c>(a+6-c)(a+c-6)(6+c-a), unless a^b^c, 

Ex. 1 4. Shew that abc > (2a - b){2b - c)(2c - a), unless a^b'^c, 
each of the factors being positive. 

The inequality holds only when each of the binomial factors 
is a positive quantity. On this supposition, a, b, c, being un- 
equal and positive, 

let bsza+s] then 2a-6aa-x, 

2ft-C8a+24P— y,| 

2c— a»a+2y, 

/. fl5c-(2fl-6X2*-0(2<?-«) = «(«+«)(«+^)- («-*)(a+2*-yX«+2y)> 

= a'+a*(«+y)+ iMjy — a"— a'(a?+y) 

-Saj:^+2aj:*+2ay'+4«*^y-2a?y", 

= 2a(jf"- arjf H-y") - 2 J?y (y - 2«), 

.-. the inequality holds, if a(j:*-J?y+y)>«(y*-2«y), 

but 2a-6Ba-4P = a positive quantity, .*. a>x; and plainly 

Hence the proposed inequality holds truet 
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Note. The student will percdve that one of the three &6ton 2a— 6, 26 - c, 
ie—Oy is neceuarilp positive, and that if only one of the other two be negative, 
the inequality holds by the rule of signs without further development. But if 
both are negative, he will be able to shew without much difficulty, that abc may 
be equal to, greater than, or less than, (2a — 6) (2d-o} (2c -a); for example, 
let asl, ^8 4, c=10, 

Ex. 15. Shew that a&(fl+6)+flc(a+c)+5c(6+c) is between 
6abc, and 2(a'-f ^Vc*), n, b, c, being positive quantities. 

The same supposition being made as before, 

ab(a + 6) = a{a + x)(2a + a?) = 2a'+ 3a*x + fl«*, 

ac(a+c)-a(a+^)(2a+^) =2a"+3fl*^+ay*, 

bc(jb + c) = (fl + a)(a +y) (2a + x +^) = 2a'+ Sa*(«+y) + a(a?+y)'+(j:+y)xy, 

/. Sum«6fl'+6o*(«+^)+2a(4P*+y)+2«ay+(j:+y)ay (i) 

6abc = 6(^+6a\x+i^)+6axy (ii) 

.-. (i)-(ii) = 2fl(a:«-2*5f+y)+(a?+y)a3f, 

— 2fl(a:— ^)"+(fl?+^)a?y, which is always positive. 

Again, 2(a'+ 6'+ c^ = 2a'+ 2(fl"+ 3fl'j?+ 3ax'-¥ a^-h2(a*+3a'i^+3atf^-k-i^), 

-6aV6fl'(«+j<)+6a(«»+y)+2(j^+/) (iii) 

.'. (ill)- (i)= 4fl(«»+y) -2aary +2(d;'+/)-(a?+y)xy, 

= 4a(a:-^)*+ fiaar^ + (x+^){2(«'-xy +y) -ay}, 

as 4a(j?-^)*+6fl*y+(ar+y){2(j?-;y)'+j;y } = a positive quantity. 

•*• (0^(") '^^ <0")> ^•®- (0 ^^* between (ii) and (iii). 

Ex. l6. Shew that (a+6+c)">27a6c, and <9(fl"+6"+c*)* un- 
less a^b = c. 

The same supposition being made as before, 

(a+5+c)*=(Sfl4-«+y)'«27fl'+27a'(j?+y)+9«(*+y)'+(*+.y)*-— (0 

27flfic=27{fl(a+«)(«+^)}=27«*+27fl'(«+y)+27fl«y (ii) 

/. (i)-(ii)-9«(*+^)'-27aarj<+(«+y)*, 

=9fl(4P-yy+9aay+(x+^)*»=a positive quantity. 

.'. (a+4+c)*>27«^- 

Again, 9(a'+ 6»+ c^ = 9(fl*+ «*+ 3a'« + 300?*+ «*+ o*+ 3a*^ + Sai^-^-f), 

= 27a*-f 27a*(« +y) + 27a(««+y) + 9(«'+^) • • • ("i) 
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.-. (iii)-(i)«27fl(«'+y)-9«(*+y)'+9(«'+y)-(«+^)", 

positive quantity. 

.'. (a+6+c)*<9(a»+*'+0. 

Ex. 17. If a<x, shew that (or +«)•-«•< 7fljf". 

« jr 

Now a<*, .*. -<1, and a fortiori 3<1; .•. 8aj^.^<3a^, 

and aaf.'j^'caaf* 

.% (a* + a)*- «■ < Sfl«*+ 3ad^+ ««• < 7««*. 

Ex. 18. Shew that ljn'>ljn^, for all values of n not less 
than 8. 

n*-(»+l)*- »*-»*-8n«-8«-l, 

-n'(«-S)+2«*(«-S)+S«(«-S)+6(«-S)+17, 
which is always positive^ if n is not less duin 8, 

.*. n^> (n+l)'# for all values of n not less than 8, 
ftit>(n+l)i3, since both sides are positive^ Art. 220^ 
ni >(«+!)*, 

or IJn^ iJn-^X* 

Ex.19. Shew that (a*+6'+l)(c»+rf*+l)>(flrc+M+l)», unless 
a^c^ and 6^^ 

(a«+iVl)(c«4^+l)-(ac+6c^l)««aV+a"<r+fl*+5V46V+i'+c«-rf+l 

- (fl V+ 6 V+ 2ac + 2ftrf+ Zabcd-k- 1 ), 

- fl*rf'+A*c*+a*+&*+c*+rf"-2«c-26rf-2a6crf, 

= («rf-fc?)*+(a-c)*+(6-rf)*, which is always positive 
unless asxc^ and ( ■« df. 

.'. (a*+i'+l)(c'+d*+l)>(iic+id+l)*, unless a->c, and^a^f. 
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Ex. 20- Shew that -(a+6+c+rf) :>^abcd, unless a»»6=c=rf. 

This may be proved by the method employed before in Exs. 
I4y 15, and 16 : or it may be done as follows: 



m-ABj^: 



> 



AB. 



Write ^ for A, ^ for B, then 

(l/a+b c+d\y a+b c+d 

... {.(^.£±^)}',(^y.(it.7. 

B..(l±i)-.^.("-i»)-. 
> a6. 
Similarly^ (~o~~) ^^^' 

CoH. Let — ^ — =rf, then a+6+c+^=4</> 

.*. d^'>ahcd, 

or (a+6+c)*>27fl^c, which is Ex. 16. 
Ex. 21. If flu 0,, ^sy*^, be positive quantities^ shew that 
-^(oi+aa+aa+.-.+fl,) > ^/«I«^+^/fllfl^+ A/«2fl*+ &c. 
(n/«i- >/««)*■» ai+Og-g ^<ii fl, = a positive quantity, 



'•» 



»■> 
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Similarly^ a^-^a^T^StJafi^ 
> 

.% (ii-l)(a,+fl,+fl,+...+0> 2(^0^+7^ +iyaA + &c), 
•'• -g- (fl,+fli+^+...+«.)>(^fl «, -^Ja^o^ + /v/aaa, + &c). 

Ex. 22. Shew that -- — — — - < i for all real values of a. 

Multiplying Num'. and Denom'. by a", which will not alter 
its value^ the fraction becomes 

a a 

OT 



Now^ the denominator is plainly greater than the numerator, 
if a be real; therefore the fraction is less than 1^ or 

Observe, unless a be real, the square of a quantity involving 

a will not necessarily be positive, since (J-^)* is -1 ; but if a be 
real, then any power or root of a is real, and the square of any 
quantity involving it with or without other real quantities must 
be positive. 

N.B. In all the preceding Examples of Inequalities the 
quantities concerned are supposed real, that is^ not to involve 
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Ex. 7, Prove that, if a : 6 is a greater ratio than c 
a+c : b-^d is a less ratio than a : b, but a greater than c : d. 

1 « a c J, a b 

a:07>cia, ••• r> j> and— >-}, 

o a c a 



m • 



c d ^ c ^ d a-^-c b-^-d 

8 



a^i' *+r^n' "—-=-«-' 
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.••7 — j<r» or a+c : o+d< a : o. 
6+a 6 

^ . a b a-^c b+d a+c c t j . 

Again, ->n, > — — -, 7 — j>i, .'. a+c : 6+a>c : a. 

® ' c a* c d h-^d d^ 

Ex. 19. 1£ aibii c idi shew that 

1 1 1 1 1 fa 6 c rf) 
9?fa no pc qd oc(q p n m) 

Since a : b :: c : d, T = n» and ad^bc, 

be I m I 1 d 

a a ma oc m 

A« 1 1^ Ai 1 ^^ Ajl lala 
Affam, — j-=s*-,-. Also — = —,— . And — ? = — . -5=-=-.-^ 

" no 6c n pc be p qd ad q be q^ 

1 1 1 1 1 ra 6 c <;) 
9?fa n6 pc qd oe\q p n tn) 

£z. 20. If ai : 61 :: a, : 63 :: Ob : ^s " ^c., shew that 
(a,'+ a,*+ as*4 &c.)(6i*+ 6a*+ V+ &c.) « (a,6i+ ajbt+aj>^+ &c.)' ; 
and ^(aj+Oa+as+^c.) (6,+ 6,+ 6a+ &c.) = Jaibi-^JaJb^+Jctjb^^ &c. 

jriere 7"" ^ 7~ '^ t" ^ occ» • • < o ^~ t~s ^ t"** ^* occ» 
bi 6, o, Oj 6, 0^ 

,\ a^ : 6j* :: a,* : 5,* :: a,* : V :: &c. 

.*. a* : ftj' :: aj'+aj'+aj'+Ac. : 6j*+6/+6,*+&c. Art 248. 

.-. (a,'+a/+a3«+&c.)(6>6,'+6,*+&c.) = n(*>V+V+&c.)*, 

={^(*/+V+V+&c.)}',' 

s • 

= («i^i+ «a^«+ «8^8+ &C.)*. 

The second thing to be proved follows directly from the first, 
writing Ja[, Ja^, &c., JF^, Jb^, &c. for a^, a,, &c., 6^, 6^ &c. 

Ex. 21. If the difference between a and 6 be small when com- 
pared with either of them, shew that the ratio i^a-^ : ^a— J^ is 
nearly equal to n^a : mlfa. 
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dividing numerator andl ^ J^ X+x-^-a^-^ +j^' 

denominator by l-«, J ^a* 1+*+**+ +«*"* ' 

f'gfb^, , , \ r/a 1+1+1+ &c. to n terms ni^ 

( if -=1, i.e. a = o, nearly, ) = 7T=r.-——— — r — « ,^ « 

\ a ' J Ja 1+1+1+&C to m terms m^ 

Ex.22. If ^llg^, ^-"'^^ , Aew that 



x: yi: l^Js : 2, 

By Art. 195, 



9? X X 



r *-y r ^-y 



«• « 



• -1—1 

«• 4P 1 _ 5 

5^ 2" 2 ' 
«_1>^ 

or j; : jf :: 1 ^Js : 2. 

£x. 26. If m shillings in a row reach as far as n sovereigns^ 
and a pile of p shillings be as high as a pile of q sovereigns, com- 
pare the values of equal bulks of gold and silver. 

Let D be the diameter of a sovereign, d of a shilling. 

T thickness t 

Then by the question, md^nD, and ptssqT. 

But quantity of gold in a sovereign : do. of silver in a 
shilling 

:: D^T: ip<, •.• circles cc(diam.)'. 



88 RATIOS, PROPORTION, AND VARIATION, 

m* q Dm -, t a 

nr p an T p 

Also value of a unit of gold x number of units in a sovereign : 
value of unit of silver x number of units in a shilling :: 20 : 1. 

.*. value of a unit of gold : do. of silver 

:: 20 X number of units in a shilling 
: number of units in a sovereign, 

p n* ^ 
:: 20ft'g : m*p» 

Ex. 27- A person in a railwav carriage observes that another 
train running on a parallel line m the opposite direction occu- 
pies two seconds in jpassing him ; but, if the two trains had been 
proceeding in the same direction^ it would have taken 30 seconds 
to pass him. Compare the speeds of the two trains. 

Let X be the speed of the quicker train, and y of the slower, 
measured by the space passed over in 1 second. Then, in 2 
seconds, on the 1st supposition, one train passes over 2ar, and the 
other 2^, and 

2x+2^ = length of the quicker train. 

Again, on the 2nd supposition, 

30x--30y = length of the quicker train ; 

/. 30a:-S0^ = 2x+2^, 

28jc = 32y ; 

.'. 7*= 8y, and « : ^ :: 8 : 7. 

Ex. 28. A person, having travelled 56 miles on a railway, 
and the rest of his journey by a coach, observed that in the train 
he had performed one-fourth of his whole journey in the time the 
coach took to go 5 miles, and that at the instant he arrived at 
home the train would be 35 miles further than he was from the 
station at which it left him. Compare the rates of the coach and 
train. 

Let the part of the journey by the coach be 4jr miles ; then 
the whole journey was 56-\-4ix miles, and one-fourth of it was 
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14+0? miles. The coach takes the same time to go 5 miles as the 
train does to go 14+x miles; .*. rate of coach : rate of train 
:: 5 : 14+dr. 

Again, while the coach travels 4a miles, the train travels 
35-k'4a miles; so that 

rate of coach : rate of train :: 4« : 35-f4«. 
Hence 4jp : d5+4« :: 5 : 14+dr, 

.'. 4«(14+ar) = 5(S5+4r), 
4jj»+56« = 175+20j?, 
4«»+S&r+81 = 256, 

.•. «=3i. 
Hence rate of coach : rate of train :: 5 : 17^ :: 1 : ^i* 

Ex. 34. Given that aroe — , and voc— •: also when «=a, z-c; 
find the equation between x and z. 

Let Jf=~, ^ = ^, jp and g being constants, 

y « 

then «=^3**, anda = -2c"*, .'- 4;=35;> 

c 

Ex. 35. If VBr+«, whilst rocdr, and 9ccjx; and if, when 
x^^y y^5i ana when «=>9, ^»10; find the equation between x 
and ^. 



Given y = r+#,l .«, r^mx, 

rocXy r #sii^, and y»iiM?+n^jr, where m and » 
sobJx, i ai'e unknown constants. 

If j?=4, ) ra4m, 



y-5; };;:g^}*nd.-.5=4»+2»,...(i) 

If «-9, j r=9m, j ^ . io=9m+S«,...(2) 



to find m and n. 



8— S 
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From (1), 12in+6ii = 15 



=20j' 



... (2), 18fn+6n 

.•. 6m = 5, 
5 

Also Qn = 5'^^m*:^5 — s--«> •*• « = ^. 

o o o 

Ex. 40. If ^ocJ5, and J?ocC, shew that 

mA+nB+pCccm'jAB+n'j£C+p',jAC. 

Since ^ocB, ^=rJ?,^ , , . 

BccC B^sC \^ * ^ being constants^ 

rB'^AB, sC^BC, rsC^AC, 
.'. fnA=^mrB^fnJr.jAB, 
nB=:ttsC^nJ7.,jBC, 

.-. fnA+nB-¥pC^mJr.jAB+nJs.jBC-^-j=jAC^ 

^c('!^jAB-,'^jBC^PjA^^ 

ccm'jAB-^n'jBC-\-p's/AC, c being constant, 
and w'=-^>^ , w'-= _v_ p/_ -^. 



Ex. 41. If ^ocJ5, and BccJaC, shew that Ccc^^A'B+l^AB', 
and that ml^fAB-^nifSCo^pjA •^qJ'E. 

Since AccS, A^rBy ) 

_ ^ _ /-— - > r and # being constants. 

BooJaC, B^sJAC,) ® 
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Then A^rsjAC, or A^r's'C, and B^^^r^C^ 

.% A^B^f^i^C, and ^B"«i^#«C", 

/. .^'I^g+,yZg^=(rV+r^J^CccC, 
or CooIJj^^Ua]?. 

Again, ^B-1^% .\ mtlAB^m ^.JJ, 

bc^Iac^L.b', .-. -i»:^5c— »^.^, 

ccpjA+qjB, where /) = Y^i, and g = :^^-i. 

Ex. 42. If mA+nBccpA-qB, and mfA-n'Occj/B+^C, shew 
that (a,Vi^-A>/5+Ti70'«=M+/?ii5+7,C. 

Since mA+nBocpA^qB, .'. m^+»J?asr(pil— g-B), 
.-. (ii+rg)J? = (r/i-»i)i^, Bs~S^.A^sA. 

Similarly, from 2nd variation^ and putting «i^ for £, Ca tA, 
.-. (a,7J-AVS+7l^/0'-(«l^/3■-/?^7;.77+7,^/^.V3)^ 



c 



C--4''4'^). 
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Ex. 43. A sphere of metal is known to have a hollow space 
about its centre in the form of a concentric sphere, and its weight 

is - of the weight of a solid sphere of the same substance and 

o 

radias ; compare the inner and outer radii, having given that the 
weights of spheres of the same substance oc (radii)*. 

Let R be the outer radius, and FT the weight of such a solid sphere, 

r inner w , 

.\ W I w :: B* : f*, 

W^w : W:: /P-r« : JP, 
1:1:: iP-f* : i?, 

7:8:: jB»-r» : /P; 

• • 1 : o It w z Jtc f 
1 : 2 :: r : jR. 

Ex. 45. A locomotive engine without a train can go 24 miles 
an hour, and its speed is diminished by a quantity whidi varies 
as the square root of the number of waggons attached. With four 
waggons its speed is 20 miles an hour. Find the greatest number 
of waggons which the engine can move. 

Let x^ihe number of waggons attached; 

then 24- c^= speed of the train, c being a constant unknown. 
.'. by the question^ 20 = 24— c^, when jp = 4, 

= 24-2c, .'. c=2, 

and .*. 24t^2jx = the speed with x waggons. 
Now if the speed is reduced to 0, 24-2^= 0, 

•\Jx=:12, and «- 144. 
.*. Number of waggons required^ 145. 

Ex. 46. The value of diamonds ec the square of their weight, 
and the square of the value of rubies oc cube of their weight A 
diamond of a carats is worth m times the value of a ruby of b 
carats, and both together are worth c£. Required the values of 
a diamond and of a ruby, each weighing n carats. 
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The value of a diamond weighing n carats oe n^^pn*,) , 
ruby ex5n*s»g»*»J 

being constants unknown. 

.'. a diamond of a carats is worth pa\ 

... ruby ... b 76 , 

and .-. by the question, ;,«'=m,6»,| »„ g^^ p and q. 

c 
(111 + l)i* 
Also mpa*'¥pa*''fncy 

mc 

'^ rati 



men* 



(m+l)a«* 
.'. Value of the diamond = on* = , '"^'\ 

.1 



Value of the ruby=:g«*= 



cw 



£x. 47. If the prices of two trees containing p and q cubic 
feet of timber be a£, and 6£ ; required the price of a tree con- 
taining r cubic feet^ supposing the values of the timber and bark 
to be respectively proportional to the m^ and n^ powers of the 
quantity of timber in the tree. 

Let jp^the number of cubic feet of timber in any tree^ then 
since 

the value of the Timber oc j?*, and /. = TV", T being constant, 
and Bark oc *", and .'. = J5j:", 5 , 

Whole Value of a Tree= Tlr^+^x", where T and 5 are 
unknown quantities to be determined. 

Now, by the question, a=^Tp^-¥Bp*,\ 

5« Tg-'+JB^",) 
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fT-Pf 

Again, fl9-=rp~g"+^i^«"'\ 
Hence the value required = 2V"+J5r", 



ARITHMETICAL PROGRESSION. 

Ex. 15. Find the series in A. P. in which 7 and 5 are the 5**" 
and 7^ terms respectively. 

Let (h a+Xf a+Za, &c. be the series^ 

then 5**" term*=a+4« = 7,l ^ i. , , 

, -«. ^ /? * f to find a and j?, 

and 7*** term ^ a -h ox ^5^) 

Then a+4ia7Ba— 4a79 .*• a=ll. 
.-. 11, 10, 9i 8, 7) 6, 5, &e. is the series required. 

Ex. 18. If the Arith^ Mean between a and b be twice as 
great as the 6eom^ Mean, shew that a : b i: ^-^-Js : 2^j3* 

ilA-h 

The Arith*. Mean=— -- , the Geom*. Mean^ Jab, 

A *4*-0 « III 

and by the question, -^— -S^aft, 

z 

«2, 



2V«^ 



a+6+27g6 S . 

— ^ ^ f-r «.T > Art. 195. 

a+b-^Qjab I 
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or a : h :: 2+,/s ; ^--Js. 

Ex. ig. If the Arith^ Mean between a and i be m times as 
great as the Harmonic Mean^ shew that 

The Arith". Mean=— ^r— . The Harmonic Mean*- ^-r- 

2 a + o 

And by the question, -—em, — - , 

••• i^J— ^^' 



a+h Jm 



, Art. 195. 



b Jm—Jm — \ 
or a : 5 :: Jm^-Jm^l : Jm-Jm-l. 

Ex. 20. Shew that if the same number of Arith^ Means 
be inserted between every two contiguous terms of an A. P. the 
whole will be in A. P. 

Let a^ h, c, d^ &c be a series in A. P., and suppose 

n Arith^ Means a+«, a+Zx, &c, . .a+(ii— l)x, insertedbetween a and b, 

6+y, ^+2y, &c...&+(«-l)y, 6andc> 

c+JB,c+2;5, &c...c+(«-l)z, candcf^ 

Sec, &C. &c. 
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Then a-¥nx^b^ 
Sec. &c. 



.'. fl-i+n(x-y) = ^-c, 
but a-b = b-c, v a, ft, c are in A. P. 

.% jr-y = 0, or xs=y. 

Similarly, y-29 and so on. 
.•. x»^sjsr = &c. 
•*. the series becomes 

a^a-^x. Sec, by bi-x, &c. c, c+x, Sec. which is in A. P. 

£x. 24. Divide ;=(n+4) into n parts, such that each part shall 
exceed the one immediately preceding by a fixed quantity. 

The n parts must form an Arith^ Series^ whose sum = ~(n+4). 

Let n = l, then the series is reduced to one term^ which is the 

5 
sum in that case, .*. the first term or part » - . 

12 
Let n a 2, then the sum of 2 terms or parts "=» nf > •'• second 

2 
term » 1, and the Com. Diff. = - . Hence the parts required are 

5 

-, 1, 1?, If, &c 

Ex. 25. The n*** term of an Arith*. Prog", is 2j(S«-l), prove 

that the sum of n terms is T:r(3it+1), and find the series. 

12 ^ 

Sn — i 
Since the n* term»= — ^ — , the first term is found by putting 

1 n 

1 for tiy and .*. first term » - . Hence the sum of n terms == (a+/)- , 
(Art 282) 



{5*6(*-')}|. 



-i(«.M). 
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5 

Again, putting 2 for », the second term»^» •*. Com. diff. 

3 1 

and .\ the Series is — , ^ , -x , -5- , &c. 

3 3 o 

Ex. 27. There are two series in Arith*. Prog".» the sams of 
which to n terms are as I3^7n : 3n+l ; prove that their first 
terms are as 3 : 2, and their second terms as - 4 : 5. 

Let Ay A-\-B, A-^2B, &c.i , , ^ 

, ^, D ? be the two series: 

fl, a+o, a+26, &c.J 

Then {^A+(n^l)B}^ : {2a+(«-l)6} 5 :: lS-7« : Sn+l. 

Let nesly then ^ : a :: 6 : 4 :: 3 : 2 •. (1). 

Again, let n^Sy then 2A+2B : Za-\-9b :: -8 : 10, 

or A-k-B : a+6 :: -4 : 5... ......(2). 

Ex. 32. Determine the relation between a, 5, and c, that they 
may be the p^, q'\ and r"» terms of an Arith*. Prog". 

Let A be the first term, and B the Com. diff., of the series; 
then 

fl = ^+(p-l)B0 

hssA'\-(Q-l)B I ^''o™ which equations A and 5 

^ r .XT>'( are to be eliminated. 

c = -4+(r-l)5,) 

6-c-(g~r)B,/ 
. a-b p-q 

(g-r)a-(9-r)6 = (;;-qf)6-(p-g)(?, 
•'• (q-r)(i-^(r-p)b'^(p-q)c-0. 

Ex. 33. In an Arith'. Prog"., if the {p+qT term-w, and 
the (p- g)*** term »«, shew that the p* term=-(in+n), and the q^ 

term — »i - (m— n) ;?- . 

9 



I 



th 
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Let a be the first term^ and b the com. diff. ; then 

the (|J+9y**tenn = fl+(p+g-l)6 = iii, (iV 

and (p-^y^ =a+(p-g-l)6 = n, (2)} 

.% wi+nta2a+2(p-l)6, 
-(»i+ii)=a+(p-l)6 = the p'^ term. 

Again^ i«-n=2g6, a A = -^ — , and p6 = («»-«) |-, 
.'. a+(^-l)6=m-p6, from (1), 

= iw-(«i-n)^ = the 9^** term. 

Ex. 34. If the m^ term of an Arith". Prog". = «, and the n 
term = m, of how many terms will the sum be -(i«+nX»»+»-l); 
and what will be the last of them ? 

Let a be the first term> b the com. di£^ and x the number of 
terms, then 

a+(»i-l)6 = «, ) 

.*. (m-n)5 = n-»i =— (m— «), or 4=— 1, 
and .'. fl = «»-(«— 1)6 = wi+w—1. 

Hence^ substituting in the general formula * = {2a + (a?-l)6}- , 
we have 

|(»i+«X«»+»-0={2(»i+n-l)-(«-l)}|, 

«*-2fwi+n--jjf = -(fn+n)(w+n-l), 

1 
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am+n, or iii-fi»*l. 
Again^ the last, or «% termsa+(«-l)&, 

-iii+n-1- (w+fi-1 ), or i«+fi-l-(in-f fi-2), 
bO, or 1. 

Ex. 35. The sum of m terms of an Arith". Prog*, is n, and 
the sum of n terms is m; shew that the sum of (m-^-n) terms is 

— (m + «), and the sum of (wi-n) terms is (»i-n)f 1+ — J. 

Let a be the first term^ and b the com. diff.^ then^ by the 
question. 



to find a and b. 



{2a+(m-.l)6}^-«, 
and {2a+(ii-l)6}-->fity 
2a+(m-l)J = -^, 
and 2a+(»-l)6- — ,! 

^ ^ m n mn * 

.'. *=-—(*»+») (0- 

Iran 
And 2fl = — +(m-l) — (m+u), 

-— {»«+(m-l)(m+ii)} (2). 



(I)-.'. Sum of (m+n) terms 
= {2a+(m+n-l)6}^-, 



{ji*+(fn-l)(m+ji)-(m+ii-l)(m+«)}, 



m9» 

m-t-tt 
mn 

-(w+») 



{n*-n(m •#•«)}, 
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(2) Sum of (ffi-n) terms 

= 1— {ii'+(iii-lXm-»)}-(w-.n-^l) — (w+») T^i^, 
" {»"+(m-l)(»i-n)-(i«-*n-l)(m+»)}. 



mn 



mn 



{«*+(m +«)«], 



(;«-n){l4.g}. 



Ex. S6. In an Arith". Prog", a is the first term, I the com. 
difF.^ and S^ the sum of n terms, prove that 

Sn^S^+i+S^2+&C' to n terms = (Sfi-l)-— +(7«-2)(n~l) -^ . 

Here 2S^ ={2a + (n-l)6}K, 
25^,-(2a+«6)(ii+l), 
2-S,+a«={2a + (n+l)6}(n + 2), 

/. 2{S^+S^i+S^+&c. to « terms) 

= {n+(w+l) + (n + 2)+...to n terms}2a 

+{(»-l)n+n(«+l)+(w+l)(«+2)+...to » terms}&, 
«(Sn-l>a+{ii'-w+(»+l)'-(n+l) + (w+2)"-{«+2)+&c.}5, 
= (Sn-l)«a+{»'+(n+l)"+(»+2)'+...to « terms 

-(w+n+l+;i+2+...to n terms)}6. 

Now, (See Art 295. Ex. 4. Cor.) 

l'+2»+S*+...+ (n-l)»+n«+(«+l )•+... to (2«-l) terms 

=g(2«-l)2«(4»-l). 
And l»+2*+3*+...+(w-l)'=g(n-l)«(2w-l), 
.'. «"+(«+l)''+(«+2)"+...to« terms«g«(2n-l)(8»-2-n+l), 

=ln(2«-l)(7»-l), 
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.-. 2(-S,+ S^.+ &c.)-(8ii-l)«w+{g»(8ii-lX7it-l)-(Sii-l)?j6, 
.-. 5'.+«m+&C-(3«-l)^+{(2»-l)(7ii-l)-9«+S}^, 

=(8»-l)^+(8»-«)(7ii-«)^, 

-(S«>l)^+(— l)(7i.-«)j. 

Ex. S7. S„ 8t, St,...S, are the turns oFp Arith*. Prog", to n 
terms ; the first terms are 1, S, S, &c. and the common di&rences 

1, 3, 5, 7, &C. Shew that St+S,+Sgt:..+S,m(np-H)^, 

^. = {8+(»-l)l}|, 

S,^{ip+(n-mp-l))l' 
.'. .5^,+5',+/S',+...+5', 

«=|(2+4+6+...+2p)+(ii-l)Cl+S+«+."+(8p-l)]|-|, 

- {(2+2l')| +(—1) Cl + (2l»-l)D|} . f . 

»(p+l+iip-|»)^, 

«(«p+l)f. 

Ex. 39. In the two series 2, 5, 8, &c., and 5, 7, II9 &c. each 
continued to 100 terms^ find how many terms are identical. 

The x^ term of the 1st series is Sx-ly 
y^ 2nd 4y-l. 



• • • 



Hence die j^ term of the one is identical with the 5^ term of 
the other series^ when 8x = ^v, that is, for all positive integral 

9—3 
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values of x and y which satisfy this equation, subject to the con^ 
dition that neither x nor j exceeds 100. 

Now 3Jf«4y, /. ir=y+|, 

and since x must be a whole number, .'. y must be divisible by 3 
without remainder, i. e. y = 3q, where qf is a whole number, and 

then x=4q. So that putting 1, 2, 3, 4, 25, for g, there 

are 25 values gfx and y, and no more, which satisfy the equation 
3x^4y; 

.*. the number of identical terms required is 25. 



GEOMETRICAL akd HARMONICAL PROGRESSION. 

Ex, 7. Sum (*-a)+{*-(fl+tfr)}+{j-(fl+flr+flr^}+...ton terms, 

r"-l 
and to 00 , where s^a, — - . 

(1) Sum to n terms 

r-1 r«-l r»-l ^ r^-l 

r-1 r-1 r-1 r-1 ' 

= — r ( i+r+r^+...+r )-\ -, 

r-1 r-1 r— 1^ ^ r— 1 ' 

iwr* ar r"— 1 
^V^^r-i'T^^ 

"r-1 (r-l)*'^ ^^' 

(2) Sum toco = «* -(i+r+r'+...tocoH— — , 

r— 1 ^ • ' r— 1 

na ar 1 »fa 
*""r-l r-lT^"*"!^' 

ar 



(1-r/- 



Ex. 17. In a Geom«. Prog"., if the {p^fff term « m, and the 
(P-^)**" term«», «hew that the /)*term-,ym», and the ^ term 
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fc= mf — J**. Also, if P be the p* term, and Q the ^ tcnn, Acw 
that the »* tenn — , ^^^, 

Here w^sthefp+^y* term — of***"', 
*= ... (p-^)* term=( 



. .-. ^«ii»ai^*=thcp*term ^ (1). 

Again, 5=^, .%r=(?)^, "di^Q^'. 

:•. the g* term- flf^' =? = m(^^% (2). 

Also, ar-> = P,l . ar-'^P . P /P\-L 

P /P'-\J- 

and fl = — ,=P^(^g^ji-f, 

... the n*^term^iif-» = P-(^)^.(^)^, 



Ex. 18. Find the relation between a, b, and c, that thej may 
be the p% ^**, and r% terms of a Geom*. Series. 

Let A be the first term of the Series, R the common Ratio; 
then 

a^ASr'A 
b^AR^\[ 

c^ARr\\ 

Again, -*J^=(^/^» -•• ^ = 5F^' 
.-. J^-a»-'c^, or fl«^6'^c^=l. 

Ex. 21. If a, J, c, d are quantities in o. p., prove that 

a«+6«+c*>(a-6+c)%- 
and that (a+6+c+d)'-(«+*)"+(<?+^'+2(6+c)". 
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'^2ab'¥2bc^2b\ since ac^b^ 

But (a+c)*-6'=a*4c*+2flc-A*=a*+c*+6* SB a positive quantity, 

.'. (a-¥cy>b\ and a+oft. 

/. a*+i*+c*-(a-ft+c)*«a positive quantity, 

or fl*+i^+c'>(a-6+c)*. 

(2) (a+*+c+rf/-(a+6y+(c+rf)'+2(a+A)(c+iO* 
j% . o b^e a+6 6-<-c c+d 

.-. (fl+6)(c+d)=^(6+c)««(6+c)«, 
.-. (a+4+c+J)*=(tf+J)P+(c+rf)*+2(i+c)». 

Ex. 22. If there be any number of quantities in o.p., r the 
common ratio^ and 6'^ the sum of the first m terms, prove that the 

mm 

sum of the products of every two= — -. S,^ . S,^^^ 

Let a, b, c, ... h, k^lhem terms in e.p. 
Then ^i».5',^i = (ii+6+c+...+it+/)(a+6+c+...+it), 

s=(a+6+c+...+ifc)'+/. -^^1, 
-a'+6*+c*+...+it'+2(aA+ac+5c+...+W)+/.iS^i, 

and the sum of the pr6ducts of every two 

s:a6+ac+...M+(a+6+c+...-i-A)(, ^ 

•% sum of the products of every two 
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— o-,0„^,— — . .a ; 1 ;;; — •^m^Jii 



2 H r+1 J 



lo 2r „ 
2 r+1 ' 



r 



r+1 



'^m'^mt^f .^ 



Ex. 29. If A, 6, c, be three terms in Harmonica! Progression, 
shew that a'+c'>26', if a and c have like signs. 

Since a^ h, c, are in h.p. 

a : c :: a-b : h-^c^ 

/. ab-^ac^ac—hc, 

2fl(? = fl6+6c=(fl+c)6, 

2ac 



.% i = 



a+c 



.-. <2«+c*>26"=a"+(?«-2(?^Y, , 



- (a- (?y+2acl 1- 7-— ^«1 



«(a-c)'+2acr^^j=a positive quantity, if a 

and c have like signs, 

••. a*+c'>26*. 

£x. 34. If between any two quantities there be inserted 
(27*— 1) Arith*'., Geom*., and Harm"., Means, shew that the n* 

means are in a.p. 

Let a, and 6, be the two quantities; then, when the Means 
are inserted, there will be in each of the three series 2n+l terms; 
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and the n^ mean in each case will be the n+1% or middle, term 
of the series. 

Now, in the Arith". Series the middle term will be the Arith% 
Mean between the first and last terms ; and therefore^ in this case, 

the «•** Mean=----. 

In the Geom''. Series the middle term will^ likewise, be the 
Geom^ Mean between the first and last terms ; and therefore^ in 
this case, 

the n*^ Mean^^aS. 

In the Harm". Series the reciprocal of the middle term will 
be the Arith". Mean between the reciprocals of the first and last 
terms; and therefore the reciprocal of the n*^ Mean 



IG-^i)' 



.'. the «** Harm'. Means 



a+b 
Jab* 

Zab 
a+b* 



Hence the «"• Means are — ;r-« iJab» ^^^ — ti' 

. and Prod^ of the extremes = the square of the means, 
.*. the 3 quantities are in o.p. 

Ex. 36> If Gi, as, aa are in a.p., (1), a,, a^, a^ in o.p., (2), 
and /7„ a^f a^ in h.p., (3), shew that aj, ir,, a, are in o.p. 

a^^Ofa^, from (2), 
Oi+a^ 



2 



.a4, from {!), 



^i-^^a gggg* n^^ /qV 
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a^^a^t. 



•% ^9 tfsf «• are in e.p. 



Ex. 57. Find the Telation between a, 6, c, that they ma j be 
the p^, 9*^ and r^, terms of an Harm*. Prog*. 

If a, h, c, arc the p^, ^, r** terms of an h.f. 
then -, J, -, A.F. (Art. 293) 

.'. substituting - for a, -r for h, and - for c, in Ex. 32. p. 97, 
we have 

.'. (5-r)6c+(r— p)iic+(p-g)fl6 — 0. 

Ex. 38. If a> h, e, be in g.p.^ shew that log«ii, log^, logpi, 
are in h.p. 

Let x»]ogjH, .'. ««a*, 

r=log«ii, « = c», 

.-. (flcy»if**y car l^^<f^, since h^^ae. 
But &-c», .% h^^c'^ 






2xE 2jrj? 
— «jr+£^ or v= 

^ -^ Jf+Z 



Hence y is the Harmonic Mean between x and r^ (Art 294, 
Cor.) that is, jt, ^, jsr are in Harmonic Progression. 

Ex. 39. Find the sum of 2p terms of the series whose n*^ 
term is »{C(-l)"+i3»+2}. 



! 
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The Ist term =1x2, 

2nd ... « 2(2+2x2), 
3rd ... «3x2, 
4th ... =4(2 + 4x2), 
2p'*... =2p(2 + 2/)x2), 

.'. sum of the 8erie8ai2(l+2+3+...+2p)+2(2'+4*+&c. + 2^]*), 
«2(2j9+l)p+ 8(lV2*+3*+. . .+p»), 

= 2p(2p+l) + |p(p+l)(2p+l), 
= 2p(2p+l){r+|(p+l)}, 
-f(2p+lX2p + 5). 



PERMUTATIONS and COMBINATIONS. 

Ex. 5. How many different sums may be formed with a 
guinea^ a half-guinea, a crown, a half-crown, a shilling, and a 
sixpence ? 

There are 6 different coins, and they may be combined any 
number together to make a sum. 

Taken 6 together, number of different sums = 1, 

5 , = 6, 

6x5 



1x2 

6x5x4 
1x2x3 

6x5 



= 15, 



= 20, 



= 15, 



1x2 

.1 , = 6, 

,'. number required= 1+6+15+20+15+6=63. 
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Ex. 6. In the Permutations fonned out of a, b, e, d^ t^f% g^ 
taken all together^ how many begin with abf How many with 
a6c} How many with a6ci/ ? 

(1) Number of Permutations beginning with o^* number 
of Permutations of c, d, ^t/> g; since it is only by the different 
arrangement of c, d, e^f, g, that the Permutations in question are 
formed, 

.% number required ai5x4x3x2xlBi£0, 

(2) Similarly, number of Permutations beginning with abc » 
number of Permutations of d, e,/, g « 4x3x2x1 ^24. 

(3) And, number of Permutations beginning with abed^ 
3x2x1 = 6. 

Ex. 7- Of the combinations of 10 letters, a, 6, e, ice taken 5 
together, in how many will a occur? 

To make a combination of 5 letters, which shall include a, it 
is evident that there must be 4 other letters to which a is added, 
and these may be any 4 out of the 9 letters, 6, c, d, &c. 

.*. Number required = number of combinations of 9 things 
taken 4 together, 

9x8x7x6 



1x2x3x4 



= 126. 



Ex. 9- At an election, where every voter may vote for any 
number of candidates not greater than the number to be elected, 
there are 4 candidates, and 3 members to be chosen; in how 
many ways may a man vote ? 

He may vote for 1 candidate only, or for any 2, or for any 3 ; 
Number of ways of voting for 1 = 4, 

2= No. of comb', of 4 things taken) 

2 together.) 
4x3 ^ 

4x3x2 
"1x2x3** ' 



•-. Total number of ways = 4 + 6+4^14. 



Ex. 12. Find the number of different triangles into which a 
polygon of n sides may be divided by joining the angular points. ' 

Since there are n sides, there are also n angular points, of 
which three must go to form a triangle, but they may be any 

10 
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three. Hence the number of such triangles « number of com-* 
binations of u things taken 3 together, 

^ 1x2x3 -6"("~^^^"~^^- 

Ex. 16. If there be any unknown number of beans in a bag^ 
prove that the chance of bringing out an odd number taken at 
random is greater than that of bringing out an even number, 
excluding the case of bringing out none at all. 

Since (1 - «)•= 1 -C,4p + C^«- C;«»+ C^x^ C^+ Ca««- &c. 
where Ci» number of combinations of n things taken 1 together, 

c;= 2 

c;- 3 ; 

and so on; 

.-. if«=l, l-C,4-(7,-C,+ (74-C5+Cg-&c. «0, 

/. Ci+ C,+ C5+ &c. = 1+ C,+ C^-h C;+ &c. 

or Ci+c;+c;+&c.>c,+(7^+c;j+&c. 

or, total number of combinations with an odd number together 
> total number of combinations with an even number together. 

i. e. chance of bringing out an odd number > chance of bring- 
ing out an even number. 

Ex. 17. In how many ways can 8 persons be seated at a 
round table, so that all shall not have the same neighbours in any 
two arrangements ? 

It is obvious, that all the different arrangements of 7 of the 
persons, while the 8^*" remains fixed, will be those in which all the 
8 persons have not the same neighbours, at least in the same posi- 
tion, and the number of these arrangements 

-7x6x5x4x3x2x1 « 5040. 

But as one half of these arrangements will be similar to the 
other half, if the position of neighbours on the right hand or the 
left be not regarded as making a difference, i.e. if £, A^ C, makes 
A have the same neighbours, as C/A, B, then the correct answer 
to the question will be 

-x5040, or 2520. 
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Ex. 18. Out of 17 consonants and 5 vowels, how many words 
can be made liaving 2 consonants and 1 vowel in each ? 

Number of different arrangements of 17 consonants 2 together 
= 17x16; 

and with each of these, 3 different arrangements may be made 
by means of one vowel, 

.*. number of words, having given only one vowel » 17x16x3, 

and the same is true for each of the 5 different vowels, 

•\ number of words required a 17x16x3x5, 

= 4080. 

£x. 20. Find the number of combinations that can be formed 
out of the letters of the word * Notation' taken 3 together. 

Here are 5 different letters, **, the number of combinations of 

5x4 
5 letters, 3 together, where no letter recurs, =-— = 10. 

Also there are 2 n's, 2 o's, and 2 t's, each of which pairs may 
be combined with each of the other 4 letters, and form 4 com- 
binations of 3, making altogether 3x4, or 12, such combinations, 
where the letters recur, 

.\ number required -10+12 = 22. 

Ex. 21. If there be 2 dice, one of which has n, and the 
other (n+r), faces, each die being marked in the usual manner 
from 1 upwards, find the number of different throws which can 
be made with them. 

Here the dice are supposed always to be thrown together; 
and if all the faces of both were marked differently, then since 
each face of the one die combined with each of the other would 
form a different combination, it is obvious that the number of 
different throws would be 

fi(fi+r). 

But this number is diminished in the present case, because the 
two dice have n faces alike^ being marked, 

1,2,3 n, 

1,2,3 «, n + 1, n+r^ 

so that among the throws which have been assumed to be different 
in the first estimate are [^1, 2^, [2, 1*], which are really the same; 
Ql^ 3], [3, 1]; and so on. Therefore we must deduct the number 
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of combinations of H things taken 2 together ; and the numbeir of 
different throiirt 

-ii(ii+r)~»(«-.l), 

Ex. 23. Find the total number of different combinations of n 
things taken 1, 2, 3, ...n together^ of which there are p of one 
sort, q of another, r of another, &c. 

Let a, 5, c, &C. be the different given things^ of which a 
recurs p times, b recurs a times, c recurs r times, &c. making 
n things in all, so that bemg represented by a^fc', &c. it is ob- 
vious that the number of divisors of this quantity will be the 
total number of combinations required. Now the number of di« 
visors of c^b'if, &c. is found in Art. 378 to be 

(p + l)(g+l)(r+l), &c. 

" including 1 and fl'feV, &c. itself." In the present case the latter 
is to be included but not the former, 

•*• number of combinations required »(p+l)(9-l-])(r-|-l) &c. — I . 
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Ex. 24. Find an approximate value of ^108. 
Since I'-l, and 2^=128, .-. ,^108 is nearest to 2; 

=n^ 7 ic 7''Aio»; 7 7 s^'^VTo*; / 

„ 1 5* 1 15625 0-15625 ^ „„„„„. 

Now rx— -, __x— — i- = — = 0-022321, 

7 10' 7 10* 7 

^"f (^) =Sx(Q 022321)'= 8x0000498=0 001*9*, 



7'*|'*^7(^) ' ^^^^""-^ X01S625 - 0-000144, 
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.-. ^8 = 2x{ I- 0-023959} - 2x0-976041, 
5= 1*9520, nearly. 

Ex.25. Find the sum of 1+5 + ^ + 2 + &c., 1, a, /9, y, &c. 

3» O 4 

being the coefficients taken in order of the expansion of (a-»-6)". 
(n+l)(l + | + |+|+&c.) 

^ ^* 1x2 1x2x3 1x2x3x4 

, ^ / .N («+0« («+l)n(a-l) . J, 
=-l+l+(«+l)+^--f- + ^^ — r'hr^ — -'+«c 

^ ' 1x2 1x2x3 

«-l+(l +!)•*', Art. 320, 
~l+2^*, 

.'. l + ^ + ^ + -7 + &c. = - . -. 
2 3 4 n+l 

Ex. 27. If fl, h, c, d be the &^, 7*N 8% 9*** terms respec- 
tively of an expanded binomial, shew that 

b'—ac 4a 

Let x+^ be the binomial, then by the law of expansion we 
know that 

The 7'** term, 6 = ^.^, ...(1) 
also c = -.'^, ...(2) . 

and d = -.^, ...(3) 

from (1) and (2), - = gj , .•.&'« -g^ , «nd 6*- ac^^, 

from (2) and (3), J^g, /. c'-?^, and c^-W^^, 

from (1) and (3), ^.g, 



b'-ac Tac b ^4>a 



10—3 
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Ex. 28. Find the coefficient of a^ in the expansion of \- r^- , 

{\-9,x\* ,^ , , .... ^ 4x5 , 4x5x6 - . 

taking from the latter factor the 3 terras involving *", a;*"*, 
and «•"*, 

^ . . ■« ^ 4x5x6.. .(»+8) ^ 4x5x6.. .(ii+2) 
coefficient requ.red^lx ^^^^^ ^ 4x ^^g^g ^^.^^ 

4x5x6.. .(n+1) 
"^ ^ 1x2x3. ..(ii-2)' 
Now 
4x5x6.. .(«-h 3) 4x5x6.. .n(>i+lX« + 2)(» + 3) ^ (w-HXyt+2X/i+3) 
1x2x3... n "4x5x6.. .n.l x2x3 1x2x3' 

.*. coefficient required 

(yi+lX«+2)(w+3) ^ «(«-HX^+2) ^ ^ (n~l) «(«+!) 
"" 1x2x3 1x2x3 1x2x3* 

= g («+l){(«+2X«+3)- 4»(n +2)+4»(»-l)}, 
= g(n+l)(»»+5«+6-12fi), 
= g(n+lX»'-7»+6), 
= i(«+lXn-.l)(ii-6), 

Ex. 29. If r be the greatest whole number contained in f . 

9 

t 

(a+xy has the first (r+2) terms of its expansion positive^ and 

the (r+my^ of the same sign as (-1)"*; but (a-a?)* has the first 
(r+1) terms alternately positive and negative^ and all the rest of 
the same sign as (-1/^^ 

Let £ = r+/, where/ is a fraction, that is, <1 ; 

then (a+xy^(a+xy*^^ 
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of which expanded the coefficient of the (t-i-l)*^ term is 

(r+f){r^f^\) (rt/w+l) 

1x2 t » 

and this will be positive as long as # is not greater than r+/Vl, 
or r4-l, / being less than 1^ that is, until #+lar+2, that case 
included ; 

.*. the first (r+lQ terms are positive. 

After that the terms will be negative or positive alternately, 
according as there are an odd or even number of negative factors 
in the coefficient, 

the (#+2)* or (r+S)"* having the same sign as -1, or (-1)*, 

(r+^y"* (-!)♦ 

(r+my** (-1)«, 

2ndly. The (#+1)*** term of {a-x)" is 

fr VXr-K/^O (r-^/w-Kl) J^ 

1x2 # ^ '' 

Now from above it appears that for all values of s, until # = r, 
inclusive, that is, for the first (r+l) terms, the coefficient is posi- 
tive, and (-*)' will evidently be alternately positive and negative; 
therefore the terms are alternately positive and negative. But 
afterwards, if (r+l) be even, (—*)'*' will be positive, and the co- 
efficient positive, .'. the term is positive. And the next term will 
have one negative factor in the coefficient, and (— or)''** will be 
negative; .*. th^t term will be positive; and so on: i.e. all the 
terms after the first (r+l) will be positive, or of the same sign 
as (- iy+*. Again, if (r+l) be odd, (-1)'+* is negative, and the 
coefficient is positive, but (— x)'** is negative, .*. the term will be 
negative: and the next term will have a negative coefficient 
x(— a?)'+*, and .'. will be negative ; and so on for the succeeding 
terms; that is, all the terms after the first (r+l) will be of the 
same sign as (—1)'^*. 

Ex. SO. Given that the coefficient of the (p+l)*** term of the 
expansion of (1+x)" is equal to that of the (p+sy^ term, shew that 

By the question, 

it(n~l)...(w-^p+l) it(n-l)..,(»~p-l) 
i X 2 p ** 1x2 (p+2) ' 

^ n(it-l)...(«~p+i)(n-p)(n-p~l) 
"^^2 P (p+l)(p+2) ' 
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. ._ (»-p)("-p-0 

•• '" (l>+l)(p+2) ' 
p'+3p-\-2-n'-2np+p^-'n'\-pj 

.*. p — --1. 

Ex. 32. If J? > a, prove that the sum of all the terms of the 
expansion of {x+a)', after the first two, is less than (2"-»— l)aa*"'. 

The sum of the terms after the first two are 

_ .___ «.^+ _ . __ . __ a«^+ &c., 

(n «-l a « n-1 »-2 fl* « 1 ^, 



a a^ 



But, by supposition, each of the quantities - , -5 , &c. is less 
than 1 ; therefore this sum is less than 

{n n-1 n n-1 n-2 ^ 1 

or {(l+l)"-l-w}aa?"-S 
or (2--n-l)fla?-\ 

prove that 

(.P + g)r = Pr+Pr-iqi+Pr-2q2+" •+Pigr-l+gr. 

Since p, is the coefficient of the (r+1)*** term of the expansion 

of {i+xy, 

(l+j?y = l+;)ia:+p^Vprc'+. • .+jPr-i«'-'4-;?X+. . . 
and (l+ar)* = Ugiar+gaa;«+5f^»+. . .+g',_,a?'-»+g^'+. . . 
/. (l+a:)'*^»the product of these two series (l) 
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But (l+«y**=l+(p+^)i«+(p+g)t»*+...+(p+9),«'+ (2) 

and since (l) and (2) are identically equal, /. the coefficients of 
the same powers of x are equal, as of «^, 

1x2x3 r * J • ^ 

shew that 

Writing fi+1 for n in the given quantity, 

p (ii-fl)(it-fg)...(n+r) 
•«^'" 1 X 2 r ' 

•^' '-" 1 X 2 (r-1) 

p p _ it(n+l)...(ii-t-r-l) (ii+l)(n->-2)...(n4r~l) 



(n-HXn+2)..,(n-tT-l) /* \ 
1 X 2 (r-1) 'Vf"*'V' 

(n->-lX»+^)" «(n+r~l)(iff r) 
"^ 1 X 2 ('•-!>• ' 



Ex. 35. Prove that 

1.3«5...(2r~l) 1.3.5.. .(2r~3) 3 1.3.5...(2r~5) 3x5 

[^ "*" [^ -"jT"*" [^^2 • [2 +«^C.-2 CI+''). 

„ wi , * 1x3 «• 1.3.5 «» 1.3.5. ..(2r-l) oT , .^ 

^ ^ 2 2* [2 2* [3 2' tl 

(l.x)-l=l+- + ^.^+ (B) 

<l-jr)-»«l+2x+3«^+4«*+...+(r+iy+ ; (Q 

Now (O is the product of {A) and (B), ,\ equating coeffi* 
dent of df in this product with that in (C), we have 
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1.3.5.. .(gr-1) j_ 1.3.5...(2r-3) 1 8 

1.3.5 ...(2 r->5) 1 3x5 1 

■^ ;2'^ '[r~g""2^'||'^^^' 

, 1.3.5. ..(2r~l) , 1.3.5...(2r>3) 3 1.3.5. ..(2r-5) 3x5 ^ 

Li [El '!!"■ tzl 'H"'^''' 

«2-(l+r). 

Ex. 36. Shew that if t^ denote the middle term of (1+*)'''' 
then will ^ ^ 

'o+^i+'a+ = (l-4ar)-4. 

/r=the (r+iy^ term of the expansion of (!+«)% 

_ 2r(2r-l)(2r^2) . . .(r^-l) 



1.2. 3 r 



.jf, 



f 



_ 1.2.3. . .r(r+l).. .(2r-l)2r 
^ (1.2.3... r)» '^' 

_ 1.3.5. . .(2r-l).2.4.6. . .2r , 
(1.2.3... r)« '*' 

^ 1.3.5. . ■(2r~l).1.2.3. . .^2*^ , 
(1.2.3... ry •*' 

^1.3.5...(2r-l)^^^^.^ 

A./w.o...«*t 7* 

Also the (r+l)* term\ V 2A 2A V'" 2 , ., 
of (l-4*)-J / 1.2. S r ^"^'^ ' 

A »^»0 m ..... r 

and since all the terms of the expansion of (l-4a?)"4 are found 
by substituting 0, 1, 2, 3, &c. successively for r in the general, 
or (r+l)% term, 

.'. /o+<i+^+. . . in inf. = (1-4*)-*. 
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Ex. 37. If X be very small compared with 1^ prove that 



^b±^^±^^.X-U nearly. 

Given fraction =i — -^ — \ * 

l+«+(l+a?)3 



t 1 , 2 
1 +— x+1 — X 

2 3 nearly, expanding and neglect- 

1 ing the higher powers of x as 
1+j:+1+-* being very small. 

o 1 t 1 
6 12 



3 3 ' 

2 + -« 1 + 7* 
2 4 

=0-iV)('-i')'"^'-^y' 






Ex. 38. If c = a - 6, and is very small compared with a and 

6, shew that 5- = a— 2c+3car% nearly. 

(a"-aV+6V)t ' "^ 

Given fraction - a^h\ {a«- (a"- ^»)*'}-t, 

= fl«6-.{a»(l-^.a:')rt 

a * a' ' 

Now h-a—Cy .'. 6*=a*— 2fl(?, neglecting cr* as being very 
small^ 

.*. - = a -2c, and — y- = — , 



120 BINOMIAL THEOREM, ETC. 



2c -v_i 
.*. Given fractions (a -2c) (I ar) ^, 



3c 
= («-2c)(l+ — a*), nearly. 



Ex. 89. If Jc be nearly equal to 1, shew that '^^ — '^^ =.«'**" 



nearly. 

Let a?=l+A, h being very small; then 



= ^ ^ = l+(wi+n)«, 



= (1+A)"^, nearly, 
^j?"^, 

Ex. 41. If 11=-^+ , and js is very nearly equal to 1, 

St St 

(n-m) - — n 

shew that « = fe^s *' , very nearly^ 

Let z=l+A, where h is very small; then 

= a'(l-mA)+(6'-a')(l— hA), very nearly, 

^a^-'ma^h-\-h^'-a^-'n¥h-¥ndFh^ 

a^ 

■=6'.{l+(w— m.T^— w)A}, 

=6'(1+A/ ^ , 

(n-m)—— n 
= 6^5; ''* , very nearly. 

Ex. 42. If - =1+A, h being very small, find the value of 






•••••• •« 
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Given fraction=7T-^.(2a'.--(«^-6')Tl*. 

Ex. 43. If N represent the «'* term of the expansion of oT, 
find ft when the series begins to converge at that terra ; and shew 

that the sum of all the succeedinir terms is less than 1 . 

** n— x.]og«a 

(1 ) By Art 325, a'= 1+ -- + -— - + t-^-^ + where A = log^. 

n'^'term il-»j-' i4-*a?-« Ax 



(n-iy term [w-l [n--2 n-l ' 

Ax 
.'. n* terms — -x(»-iy*» term, 

and the series will begin to converge at the n**" term, when n is 

Ax 
such, that — - is first less than 1, that is, when n-1 is first 
w— 1 

greater than Ax^ 

,\ n is the first whole number greater than 1-^Ax, or l+a;1og«a. 

(2) The sum of the remaining terms afler the n'** 

A*x* A'^'x'^'^ 

+ — + 



\n | n-fl 
_NAx ( Ax y^V 1 

n (. n ; 

11 
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NA9 



n—Ax' 



Nn . , 

< J- , since n>Ajt, 

Nn 



n— x.log«a ' 



Ex. 48. Find the coefficient of a?* in (2+^-*)*. 

For the given multinomial write {a-k-hx^+cxy, or (a+&.y + cy*)*, 
then the coefficient required will be that of ^', since x*=y\ 

^ ^ Z o r *^® *^® equations of condition. 



p 


9 


r 


1 





4 





2 


3 



,*. coefficient required =[ 5. l7-r+-; — rk\% 



= [S.{ 



2x(-l)* l'x(-l)' 



.13 I 



li 12-13 

•«5x{8-8}-0. 

Ex. 49- Find the terms which involve ^ , and y'z, in 

[|If this part is not readily done by inspection^ it may be 
done as follows: 

(1) Let -^ = (^"(0(1*)' , then *-jr^^=.^.^— .^'^^ 

.'. 2m-p = -2,l 

Qn-m^ J, I to find m, n, and |j; 
2p-ii= 7,] 
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and from tliege equations it it easily found that mal, nmi, p^^ 
Similarly for y^.] 

Now the tenn involving aftcMn(fl-&-l>c)* is [6. ^^ l'^ ^-SOahc*, 

-*-'^ l^-^-eo-^-c- 



.% the terms required are jj- , and -6oyz. 

Ex. 50, Find the coefficient of -^ in the expansion of 

Since a+- + -j + -i=a+6y+cy+dy*, if we write y for-, 

•". coefficient required « coefficient of^ in (a4-&y+cy+d[y')'. 

Here p-^q-^r+s^G, 



9+2r 








1 
1 

3 



5 
4 
3 
2 
2 
1 








1 


2 





1 


1 


3 








2 


2 


1 


4 





1 


2 



.*. coefficient required 



. 66»d+ 1 56V+ 120a6Vrf+ 60flftV+ 90a*6'cP + 1 80a*6c"ci+ 1 .5oV 

+ 60a'c<f . 
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Ex. 5 1 . Find the coefficient of x^ in (a + 6« + ex* + £far*+ . . . in inf^^. 

Here jp+^+r+*+/+tt+«+fP = 4,l are the equations of con- 
g+2^+3*+4/ + 5M+6i;+7»' = 7j ditions. 



u 


h 


c 


d 


e 


/ 


g 


p 


^ 


r 


s 


t 


u 


V 


3 




















« 


1 














1 


2 





1 








1 





1 


2 











1 








S 








1 








2 








1 


1 








1 


1 


1 





1 








1 





2 


1 











1 


1 





2 














1 


3 

















2 


1 


1 












h 

tv 

1 














'. coefficient re 



quired = [4, •! 



a*h c^ aV ai'f y'e a*de 

ahce ac^d abd^ hc^ h*cd\ 



12 



=4a»A+12a'6g+12a*c/+12a6y+46*e+12«'de 



ae£ be" fcdy 

[2 "-If -^ir/' 



+24a6ce+12ac"rf+12fl6£?+46c' 
Ex. 52. Find the coefficient of of* in {a+hx-k-ca?)^. 



+\2arde\ 
+126WJ' 



Here J'+^+J'^s,, 

2 ^ are the equations of condition. 

g+2r=3. 



p 


9 


r 


1 








1 


1 


2 






3 






2 


3 
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.*. coefficient required 



a-*6- 



_3 hc_ &^ 

Ex. 53. Find the coefficient of «^ in (l+i«+cx*+ <££*+...)' 
Here p+g+r+*+<+... —4,1 








1 



'. coefficient required 
-_4(_5)(-6)(-7).|^-4(-5)(-6).^^-4(-5)^ 

=356*-60J'c+10c*+206rf-4e. 



p 


^ 


r 


9 




-8 


4 





-7 


2 


1 





-6 





2 





-6 


1 





1 


-5 












-4(-5)W-4€, 



Ex. 54. In the expansion of l/a-^bx+cj^+tLt'-^-ex*'^.,,, find 
the coefficients of a^ and «\ 

» 

Here Ist for x\ jp + qr + r + * + ... = - , 

g+2r+S*+... = S, 



a 


b 


c 


d 


JP 


^ 


r 


s 


2 








-3 








1 


5 








3 


1 


1 





8 


3 








3 
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.*. coefficient required 



a-h* 



ai- f d ^bc 5b* \ 



(2) For or*, p + 5r+ r + * + / + ... =-, 

o 



a 


b 


c 


<; 


P 


9 


r 


« 


2 








3 











5 








3 


1 





1 


5 








"3 





2 





8 








5 


2 


1 





11 








3 


4 









e 
i 



















" 3C 



4S-)(H'-?*iG-)(l-)S-)"4^- 

"^^•(Sa 9a' 9a'^27a» 243aV ' 

Ex. 55* Find the coefficient of 4?" in (l+j:+2j?'+3a?*+...«w iw/l)*. 

(l+j?+2i:'+3a?'+ + w4:"+...)x 

(l+a?+2x'+3ar'+ +«jc*+...) 
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«l+«+2*'+8*»f +«jr+... 

+«+j?*+24:»+ + («-l)d5»+... 

+2j^+2j?*+. . . +2(«-2y+. . . 
+S«*+. . . +S(fi-sy+, . . 

.-. coefficient required 

= 11+11 -l+2(«-2)+S(ii-3)+...(n-l){ii-(n-l)}+ii, 

= 2«+»i{l+2+3+,..+(n-l)}-(l»+2'+S*+...+n^*), 

= 2«+„.^.„_|!!^ + (!?zir + (!izl)!|, (Art. 895, Ex.4) 

« 2«+ ^-^ - g{n-l+S(«»-2»+l)+ 2(«»-3i»»+3»-l)}, 

= 2»«+ g— |— g{2«*-3»*+«}. 



Ex. 56. In the expansion of (l+2a:+3x*+.,.)*, find the co- 
efficient of af. 

This may be done by the same method as the last; but more 
easily as follows : 



(i+2*+3*'+...y= [^Y^}'-(i-«r. 



2 1.2.3 r 

•*. coefficient required 

_ 4.5.6... (r+3) _ 4.5.6...r.(r+l)(r-i-2)(r->-3) 
1.2.3 r " 1.2.3.4.5.6 r ' 

-5(''+iX''+2X'-+s). 
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Ex. 57. In the expansion of (a^^ aiX-^a^-^-a^y^ find the 
number of terms. 

Since the number of terms in the expansion of any multi- 
nomial 

(/i,+fl,+ii,+...4fl,)" is K>'+0(^^-2)>»>(r+«-l) ^ ^^^^ ^^^^ ^^^ 

4.5.6.7 
.'. number of terms in (flfo+ «!«-♦•««**+««*')*= rVri » 

-35. 

Ex. 58. Find the number of terms in the expansion of 

(a+b-\-cy. 

Here r^S^ «»7, .*. substituting in the general formula, 

u r* . , 3.4.5.6.7.8.9 8.9 ^r. 

number of term* reqmred -^^^^^j^^;^^ = - 

Or it may be done thus, 

(a+6+cy={fl+(6+c)}^ 

= oMo«(6+c)+21a»(6+c)*+ +(6+cy, 

from ^hich it is easy to conclude that the 

number of terms =1+2+ 3+4+ +8, 

= (l+8)|-36. 



Ex.10. 1«=1, 2'=3+5, S«-7+9+ll, &c. Write down «» 
after the same law, and verify the result. 

In each equality we observe that the number of terms of the 
right hand member is the number which is cubed — that the first 
term is that number squared and diminished by the preceding 
number — and the common difference of the -several terms is 2. 
So that for n' the first term -^ill be n'~(n-l)> following the same 
law ; and therefore 

»»=:{««-(fi-l)}+{»«-{«-3)}+{ji»-(»-5)}+&c. to n terms, 
»:{2(«'-»+l)+(«-l)2h-n*, as it ought 
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EVOLUTION OF SURDS. 
Ex. 19. Shew thSl f^^y is equal to -^ . 

2+J3 4i-^2js \j3+u' 
and r = 0, shew that the values of j: are 0, and =*=a/^. 

=vM-{'^+'^}=\/-|{*-^}=o (^) 

V^-{~-^-^}. (^fe-^l'P- Ex.20) 

= ^9- (2). 

Ex. 25. If (*-|).{6-j^-(«-^)p}=c', and P=^/-^, 
prove that J{h-y)x-J{a-x)if = c. 

or aib-if)-2jxy.Ja-x.Jb-y+y(a-x) = c*, 
or sllJ'-3)*-J{a-x)y = c. 



or 
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Ex. 26. Given 2{j:'+y— a?-^}+l=0, find the real valaes of x 
and^. 






••• -3? = J, and jf = -. 

Ex, 27, Given {x-^yj-iy^a-^hj-^^ find the real values of 
X and ^. 

/. 9^-y^-a, ) 
and 2jy = 6, j 

2jf'-7a»+6'+a, 



«nd5^ = ^i(.y?TF-«). 



Ex.28. Given ?^^t^^= 1^-= , find the real values 

5,^-1-2 Sx+Sy,J^ 
of ;t and ^. 

24a^+253y^/^-6/=75V^-30, 



EVOLUTION OF 8URD8. 

or 4»'-y— 5, and *jf3, 
... 4^«| = «5, 

•*. xal. and tfs-aS* 
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Ex. 29* Find the relations subsisting between a, by c, d, when 
the square root of a-^Jb+Jc+^Jd can be expressed in the form 



Let Ja+Jb-hJc-^Jd^^+J^-^-Jy, 

then a+Jb+^+sJl^a-h/S+y+^Ja^+Zjay-hZj^, 

2^/^ = ^/6, 

2^/)% ° ''"V rf' 



and it remains to eliminate the 
three quantities a, ^, 7, betwixt 
these four equations. 



1st 



Also ?^^A^-2/?=y*^, 



= 2a. 



Hence the conditions required are that each of the quantities 

. /-T , A /— * > VT' ™^^* ^® rational, and the sum of them 
equal to 2a. 
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INDETERMINATE COEFFICIENTS. 

Ex. 16. Resolve ij^-Gx-'i into two factors of the first de- 
gree. 

Since -1 is the last term, which can only arise by the product 
of +1 and -1; assume the two factors to be Ax+l, and Bx-l. 

Then (^x+l)(5^-l), or AB^-(A.B)^.l,) 

and 7*'-ftr-l, j &re laeaucai , 



ABr.7,\ 
-B = 6,i' 



:'/^~l'}, to find A and B. 
and A 



A'-2AB+B'S6, 
*AB 



-36.) 
= 28,1' 



A-B^6 
.'. -4 = 7, and j5=sl. 
.'. the factors required are 7j?+1 and.r-1. 

Ex. 17. Resolve 2aj*-21^^-ll^*-a:+ 34^-3 into factors of 
the first degree. 

Since the first term 2a:* can only be produced by the factors 
2x and Xy assume the two factors to be 2x+Ay-\-B, and x+ay-¥h. 

Then 2j:"-2lJ:^-liy— a?+34y— 3 is identical with the product 
of (^x-\'Ay-\'B)(x-\-ay+b), or 2j:'+(2a+^)xy+-4fly*+(26.+-B)j? 

-\-{Ba+Ab)y-^-Bh. 
.\ 2fl-f^ = -21...(l) 

jfl = -n...(2) 

25+5= - 1 . . .(3) j. to find Ay a, B^ h. 
Bb=- 3... (4) 
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From (1) 2a*'^Aa^'-2\a, 
by (2) .-. 2fl«+21a-ll, 

,21 /21V 11 *41 529 

^-^Y-nTJ-i-^le- 16-' 

-21*23 1 

.'. for the present purpose a =-11, and .•. A=^ «1. 

Similarly, from (3) and (4), A«l, and B«-3. 
••. the factors required are ^x-h^S and « -11^+1, 



CONTINUED FRACTIONS. 

Ex. 7. From the last Example (Ex. 6) deduce an explanation 
of the Julian and Gregorian corrections of the Calendar, having 
given the true length of the year to be 365*2422638... days. 

The excess of the true tropical year over 365 days is 0*2422638. . . 
days, which is expressed by the converging fractions 

1 I. i. i9 il Xro 
4' 29' 33' 161' 194' 

NoWs if the first of these fractions be taken, it signifies that 
the excess amounts to 1 day in 4 years, which is made up by the 
common leap year, or Julian correction: but this correction is 
too great. 

47 
Again, if the fraction -— be taken, which is also too great, 

though much nearer, it signifies that the excess amounts to 47 
days in I94 years, or 94 days in 388 years, or 94+3, i.e. 97 days, 
very nearly, in 388+12, or 400, years. Therefore the Julian cor- 
rection is too great to the amount of 3 days, very nearly, in 400 
years — ^and this is provided for in the Gregorian Calendar by the 
omission of 3 ordinary leap years in 400 years, viz. in those cen- 
turial years, when the number of centuries is not exactly divisible 
by 4. Thus 1700, 1800, 19OO, are not leap years by the Gre- 
gorian Calendar; but 2000 is a leap year, because 20 is divisible 
by 4. 

12 
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Ex.13. If (A»=?. find*. 



Vl2/ 4' 
Since (L)\ 



gj=-, una*. 

•'. X lies between and 1. 



Assume j: = -, then f —J =- , .•, f ~j =» — , an equation simi- 
lar to the proposed one. 

Again, since (--)=1> — ? (_)=-Z->J_. 
^ ' W 12' W 12 12' 

t) = Yg<YQ ' •'• ^ ^^®® between 1 and 2. 
Assume jr-l+i, then Q '=1 , 

■■■{lI'fA-l-'dH- 

.•. z lies between I and 2. 



«^^ 



Assume « = l+i; then C^ "=-, 

" W 49 28' •• \28;"9' 

and so on, until a sufficient approximation is attained for the pur- 
pose required. 

Then jr = l=: JL = «L- =&c 

^ t 1 

1+- 

ti 

from whidi the approximate value of or is easily deduced by the 
usual method, and is found to be 0-5S33... nearly. 
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Ex. 16. Approximate by continued fractions to the roots of 
the equations^ 

(1) 5«*-3 = 0, (2) j?'-5« + S = 0. 

Here (1) 5a?»-S-0, .% *- V|- 

J15+3 J15+3 

6 

jrs+s Jr5-3 _ 1 1 

^ V15 + 3 3+J15 

.% yi5 = 3-H ■ a3 + 

1+ i-= 1+ 



3 + ^/T5 fi.l 



6T&C. 



.*. for ^15 the quotients are 3, h 69 ^9 6, &c. 

, • r ^- 3 4 27 31 213 . 

and converging fractions are Y> t* "^^ -^i 'TF^^^' 

/• for^- the converging fractions are-, -, — , — , g^* &c. 

(2) In «»-5«+3 = 0, x^l{5^JT3). 

^^ 5+yTs , ^JV3-3 ^ . 2 ^ 1 

Now — 2 — = *+^ — -4+-7= =4+-r= , 

2 2 ^ + 3 V13 + 3 

2 

J13+3 « n/Is-3 « 2 ^ 1 

2 2 ^ + 3 J13+3 

2 

.'. the quotients are 4, 3, 3, 3, &c. 

^ ^. 4 13 43 142 . 

... fractions ••• J* y j jq* "gg-j «c. 
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Also — ^ — «0+ p^gQ-f J-- , 

6 

6 6 Vi3+1 ^13+1 



^13 + 1 ^ ^/i3-S « 2 ^ 1 

2 2 ^13 + 3 Jl3+8 

2 

""2— ^'-2 ^^;/Ti:,:5'^'^7^' 

2 
.*. the quotients are 0^ 1> Q, 3^ 3, &c. 

^ ^. 1 2 7 23 ^ 

... fractions ...y, ^^ Jq^ gg^ ^^' 

. 682 

Ex. 17. Shew that y5 is greater than — — and less than 

288Q 

• , and that it differs from the latter fraction by a quantity 

1 

less than 



2x305x1292 ' 
n/5 = 2 + -L. 



4 + 



4 + ^ 



4+... See Art. 347. 

.*. Quotients are 2^ 4, 4^ 4, 4, 4> &c. 

,« . 2 9 38 1 61 682 2889 « 

and fractions ... -, -. — -, — — , , - -- , &c. 

1' 4' 17' 72 ' 305' 1292' 

Now> by Art. 345^ these fractions are alternately less and 

^eater than ^5, and each of the fractions is nearer to the true 
value than the next preceding one ; 

,- 682 - 2889 

.'. Jb > 7r;r- , and < -- — ' . 
^ 305 129tji 
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Also, since J5 lies between these two fractions, and is nearer 
to the latter than to the former, it differs from the latter fraction 
by a quantity less than half the difference between the two^ that 
is^ less than 

1/2889 682 \ 1 

2\1292""305/* ^^ 2x305x1292' 
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Ex. 13. Find all the positive integral solutions of 

ary +jr«=2jr+ Sy+29. 
Here (jr-3)^ = 2a? + 29-a?", 

2a:+20 x^-g 



.'. y^ 



x-3 " x-3' 

2+ — ^-x^3, 
xS 

-(ar+1). 



or- 3 



.•. x—S must divide 26 without remainder, and .•. can only 
be 1, or 2, or 13 ; so that the only possible values of* are 4, 5, 
and l6. And the corresponding values of y are 21, 7, and —15. 

• 

.•. the values required are j? =4, 5. ^ = 21, 7- 

E X. 1 6. Find the number of solutions of Sj; + 7y + 1 7^ - 1 00 in 
positive integers. 

Here 3ir+7^ = 10O-17^, 

and since neither x nor y can be less than 1, 100— 17^; cannot be 
less than 10; 

.*. 17^ cannot be greater than 90, 

■^' ??«* 

.'. all the values of z are found in 1,2, 3, 4, 5. 

12—3 
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Hence the number of solutions required will be the number 
of solutions of the several equations 

Sjp-I- 7^=83.. .(1) 
S;r+7^-66...(2) 
3j?+7^=49...(3) 
S4?+7^=32...(4) 
3jr+7y=15...(5) 

Now, by Art. 359, it is readily shewn that the number of 
solutions of (1 ) is 4 ; of (2) is 3 ; of (3) is 2 ; of (4) is 1 ; and of 
(5) is 0: 

. •. Total number required = 4+3+2+l«10. 

Ex. 25. Shew that the solution of aa:+&^=c in positive in- 
tegers is always possible^ if a be prime to 6, and c > ao—{a-\-b). 

Let c^ab — (a-hb)-^m, then 

ax+by = ab-(a+b)+fn, 

.•. x^b-l — -- — J which is integral, if 

a 

— — be integral. Let ^ +1 =y, and suppose 

.'. a2—by'—-m, which always admits of 
positive integral solutions (Art. 359, Cor. 3), that is, y and z, or 
y and £ are positive integers. 

.', Also x^b—l—z, is integral. 

But the general value of s in az-by'=-m is =pmq+bt, (Art. 
358, Cor.l), where t may have any integral value positive or nega- 
tive. Taking the upper sign, z^—mq-^bt, and if < =1, z^b—mq^ 
which <6, if m be positive. Taking the lower sign, z = mq-¥bt; 
and for negative values of /, z^^mq—bt, which < 6 for all values 

of t greater than y — !• Therefore in either case there will be 

one or more values of z less than b; and .*. x = b—l—z^ is post' 
tite as well as integral. Hence x and y are both positive inte- 
gers, i.e. the equation ax-^-by^c^ has positive integral solutions, 
if m be positive, that is, if c> aft— (a+6). 
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Ex. 27* A certain sum consists of x£ y shillings ; and its 
half of ^jS X shillings ; find the sum. 

The whole sura, in shillings, »20a;+y, 

.-. -(20«-*-jf)=20y+«, 

.•. dr«2^+^, a whole number. 

.*. y must be either 6, or a multiple of 6 : but^ as x is in the 
shillings' place in one of the given expressions^ x < 20^ .*. y=^6. 
And then x-l3. 

Hence the sum required is £l 3 6s, 

Ex.29* What value of x will make aa^-hbx+c* a complete 
square ? 

Assume ax^+bx+c 



III* , 2wi -, 

= -i« + — CX-tC, 
nr ft 

bn*—Qcmn 

• . X ^ ' 



m'—an' 



Ex.30. What integral values of x will make Qx^+x + S a 
complete square? 

Assume x=p—l, then 

2jr'+iC+8 = 2(2)"-2;)+l)+p-l + 8 = a square, 

2p*-S/j+9 = a square, 

»(/)9— 3)', suppose, 

-P(9 -2) = 3(2^-1), 

If 9=5-1, then|) = 9, a: = 8, and the square is (12)*; 
• • • 9 "* J men j^ ^ "* *'^ x ^^ "" tpj •••...■*....*•• o ^ 

... 2g= 1, thenp = 0, a? = -l, 3'; 

•..29= 3, then p = 24, * = 23, (33)'. 
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Ex. 31. What value of b will make h*^^c a complete square ? 
Assume h*- ^ac = (6 - 2a m)% 

.'. 6 = flm+— • 
fit 

Ex. 32. Find three square numbers in Arithmetic Progression . 
Let s^, y*, s^, be the numbers^ then 

or {x+y){x-y) = {jf^-z){y^z). 
Assume wi(a?+^) = n(^+JB:)...(l)'j 
and «(«-^)=wf(^-2)...(2)J 
then from (1), (m''n)y=nz-'mx, 

•^ m-» 

Again, from (2), (m+n)y^nx+ms^ 

nx+mz 
.-. y s= ; . 

nx-^-mz nz-mx 



• • 



m+n m-n ' 
mnx+m'z—n'x^mnz = mnz-m'x+n'z^mnx, 

.-. (wi"-n"+2wiw)ic = -.(m*-»"-2»m)£r. 

If then z = m"-ii"+2wiii, x^-^m'-n^^^mn), 

and /= --^=(i»"-»7+4mV=(wi«+»«)«. 

.*. the three squares required are 

(jn'-ii'-2m»)", (m'+ny, (m*-«*+2iii»)'. 
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SCALES OF NOTATION. 

Ex. 1 2, In what scale of notation will ft number that is double 
of 1 45 be expressed by the same digits ? 

Let r be the radix of the scale required ; then 

lxr*+4r+5 = 290, 
r'+4r+4 = 289, 
r+2=17, 
/. r = 15. 

Ex. 25. A certain number consists of two digits, such that 
when the digits are reversed the number is divisible by S> and is 
to the former number as 23 : 32. Required the number. 

Let X and y be the digits; then 

by the question, lOx-^y \ XOy-k-x :: 32 : 23^ 

2S0j?+23^=320^+32a?, 

198a? =297^, 

2* =3^. 

., lOy+jr 20y+2a? . , , . 

Also — ^ — or — '-^ — IS a whole number, 
3 O 

"-6 



But y cannot be greater than 9, >*• y^Q\ 

and 4:=-^=9, 
2 

.*. number required is 96. 

Ex. 27. If ^y N^, be any two numbers in the denary scale 
composed of the same digits differently arranged, prove that 
JV- N' is divisible by 9. 

Let a^, a„ a,, Ogf &c. be the digits; so that 

^=ao+10a,+10*fl,+ 10'^3+&c. of which the general term is 
10"*^^ 9 then with the same digits differently arranged to make 
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N'y the general term containing a^ will be 10"^^; and .% the 
general term of N'-'N' will be 

(io'"-i(y)fl«=i(y(icr--i)ff^ if »i>ii, 

or»l(r(l(r^-l)<i^ if »i<«. 

But since 1(K—1« 999 &c. to p digits^ whatever be the value 
ofpy and is therefore divisible by 9t 

.% N'^N' IB divisible by 9, 



PROPERTIES OF NUMBERS. 

Ex. 1. Prove that n' divided by 4 cannot leave 2 for a re- 
mainder^ n being any of the natural numbers. 

Every number is of one of the forms 4m, 4m + 1; 4m +2, 4m + 3. 

Now (4m/=64m' (1) 

(4m+l)'=64»w*+48m*+12m+l (2) 

(4m+2)'=64m»+96m*+48m+8 (3) 

(4m+3)' = 64m»+144m'+108m+27 (4) 

and (l) divided by 4 leaves a remainder 0, 

(2) 1, 

(3) 0, 

(4) 8. 

/. no cube number divided by 4 leaves a remainder 2. 

Ex. 6. If each of the quantities a, b^ n, be a whole number^ 
shew that {2fl+(»— 1)6}- is a whole number. 

Ist If n be even^ then - is a whole number^ and /. also 

2 
the proposed quantity. 

2nd. If ft be odd, then »-l is even, and .•. 2fl+(n-l)6 is 
divisible by 2> and .*. the proposed quantity is a whole number. 
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Ex. 8. Shew that «'-5«'+4v is dirisible by 120^ whatever 
positive whole number x may be* 

Here *»-5a:'+4aj-«»(j?'-4)-«(x'-.4), 

«*(a:«-l)(*'-4), 

«(x-.2X«-l)«(«+l)(*+2)-the product of 
5 consecutive numbers^ and is .*. divisible by 1.2.3.4.5 or 120. 

« + l 
Ex. 9. Shew that —^ (2«'+x+S) is a whole number^ if « 

be odd. 

Every odd number may be represented by 2»+l ; substituting 
this for X, the proposed quantity becomes 

?^{2(2fi + l)«+2»+l + S}, 
= -^ (S«'+ 8«+2 + 2n + 4), 
.^(8»VlOit+6), 
= («+l)(^»»+ii+l+-^j, 

= (n+lX»+»+l)+^^ V ^* 

Now w(«+l)(ii+2), being the product of 3 consecutive num- 
bers, is divisible by 1.2.3, and .'. by 3. Hence the proposed 
quantity is a whole number. 

n'— 1 
Ex. 14. If ft be a prime number greater than 3, -— - is an 

integer. 

Every prime number greater than 3 is of one of the forms 
6m+l, 6m-l (Art. 374); .". n=6m±l, and 

(6m±l)«-.l=36OT"±12m=12»i(Sm=tl), 

= 12m(wi±l)+24fii"; 
but »i(w±l) is divisible by 2, (Art. 369), 
.-. (6m±l)M 24, 

«•-! . 
or ^, IS an integer, 
24 
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Ex. 16. If there be two binomials each of which is the sum 
of two squares^ their product is the sum of two squares. 

Let a'+6', c'+d* be the two binomials; then 
a«+6»=(fl+67Il)(a-67^), 

= {(ac- bd)+ {ad+bc)J^}[{ac-'hdy{ad-{-hc)J^\ }, 

Ex. 17. Neither the sum nor the difference of two irredu- 
cible fractions^ whose denominators are different, can be an in- 
teger. 

/» #• 
Let T ^ ;j be the fractions, a prime to b, and cXx> d; 

Suppose t to be the Greatest Common Measure of b and d ; 
and let b=lB, d=iD; then B and D are prime to each other; 
and 

ad^bc __ aD^cB 

hd ~" tBD • 

Now^ if this fraction can be equal to a whole number^ the 
numerator must be divisible by the denominator, and .*• by each 
of its prime factors. But, taking the factor Z), aD is divisible by 
it, and .*., if the fraction is equal to a whole number cB must 
of itself be divisible by Z) : and B and Z) are prime to each 
other, and so also are c and dy and .*. c and D; .*. cB is not 
divisible by Z), and the fraction is not equal to a whole number. 

Ex. 18. If n be any number, and a the difference between 
n and the next greater square number, and b the difference 
between n and the next less square number, shew that n—ab is 
a square. 

Let m* be the square number less than it, 

(w + 1)^ greater ... 

••. a=(i»+ !)"-«, 

6« «— mV 
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.•. a6 = (m+l)'fi-»*— iii*(fii + l)'+»i*«, 

5s v^n + 9,mn + » — »•— iii*— Sm* — wi* + m*», 

ss(OT"+m-fi)', 

sa square number, i.e. the square of mVm— ». 

Ex. ig. The product of two different primes cannot be a 
square. 

Let p and q represent any two different prime numbers ; and^ 

if possible, let pg=iii*, or ^llam. Now a number can only be 

divisible by those prime factors by the multiplication of which 
it is produced ; .*. p and q being the only prime factors of p^, 
and 'pq being divisible by m, either m = p, or m^q. Suppose 

tn^p, then^=— =o: but^=iii: .'. m = q. But wi— p, .*. p^q, 
'^ m p ^ m ^ r^ r T 

which is impossible, *.* p and q are different numbers^ by the 
original supposition. Hence pq^^m* is impossible; that is^ the 
product of two different primes cannot be a square. 

Ex. 23. If iV is a number of the form a^A", where a and 

h are prime numbers, shew that N. . -r- is the number of 

integers not greater than N and prime to it. 

No number can be represented by a*6* which is not found 

in the series 1^ 2, 3^ 4, 5, a"*6% the number of terms being 

. fl'"6-, or N.' 

Also a being a prime, there is no number in the series divi- 
sible by a, except the a^\ 2a'**, Sa'**, . . . (a'""'6")a**' terms, the 

number of such terms being «"*"*&", or — . 



a 



Again, h being a prime, there is no number in the series 

divisible by h, except the 6^ 26% Sb'\ . . . (a'-A^-Mi*** terms, the 

N 
number of such terms being a'^b*''\ or -j- . 

And similarly the terms divisible by ah are the («6)*^ 2(aft)% 

3(ahy\.. .(a'*-*6""*)(a6)*^ the number of the terms being a"-*6-», 

A'' 
or —r* 
ao 

But since every number divisible by ab is divisible both by a 
and b, .*. the number divisible by ab are included in each of the 
former numbers, a'*"*6" divisible by a, and a*6*~* divisible by b. 

13 



146 PROPERTIES OP NUMBERS. 

N ^ 
Hence n°. of numbers divisible by a only is t, 

, N N 

* T"HS* 



ab ^. 

ab 

And the whole n\ of numbers is arb% or N, 

.'. the n^ not greater than N and prime to it^a^J*— the n"*. 
of numbers which have any common divisor with a^A", 

' \a abJ^Kb ab) ab' 
= |^{«6-(6-l)-(a-l)-l}. 



= JV. 



a 



Ex. 24. If one number (A) have exactly as many places of 
figures as another (^B), and also have more than the first half of 
its figures identical with the corresponding figures in B, shew 

that the difference between I^A and ,^5 will be less than - , if n 
be any whole number not less than 2. 

" ' I a > 6, and each contain m digits; 
B^c-\-b^) 

1 - A—B 
then A^-B"^ ^ ^ > — ^-^ , 

^ "+^» B'^A " -B"+&c. to n terms 

A-B 

< — —i , A being greater than B, and n a whole 

nB*^ number not less than 2> 

1 (A''B)& ' 
^n- B • 
Now ^ contains more than 2m figures, suppose 2m +p^ there- 
fore the number of figures in ^= ^ , if that be integral, or 

2wf-f*o 
the whole number next greater than , if it is not ; suppose 
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^— ^ , where p'<«. And the number of figures in A—Bss 

the number in a— 6, that is^ is not greater than fn, .*. the number 

of figures in {A-B)B* is not greater than £—£ + m. (Art 371). 

But n is not less than 2, and the greater n is, the le«s is 
^ ^ +m; suppose ii=2, then the number of figures in 

(A-B)B' is not greater than 2fB+p-^ -; and the number in B 
is 2fn-^p; .*. since ^^ ^ is positive^ for p is not less than 1^ and 

;/<2, when ««2, and d fortiori when «>2, {A-B)^ has fewer 

(A-B)B^ n 1 

figures than B, and „ — <1, and .•. lpi^lfB<.-, 



CONVERGING AND DIVERGING SERIES. 

Ex. 2. Shew that the series for (!+«)" given by the Bincmiial 
Theorem will always be '^convergent" when « < 1 ; and determine 
after how many terms the convergency will begin. 

Here the ratios of the several terms to those immediately pre- 
ceding are 

n-1 ft- 2 fi-3 ^ 
«*, — g-*> ~~^'' — -r— a?, «c. 

, - « , . the (r+2)*^ term »-r 

the general form being nr"7 — TTih-: = — ^ *• 

® ® the (r+iy*' term r+1 

Now when r > n^ this ratio is always negative, which shews 
that the quantities compared have different signs; that is, the 
terms of the series are alternately positive and negative from 
that point. 

Also the value of the general ratio^ independently of its sign^ 
will be 

r— « rx nx x nx 

a?, or — . or 



r+1 * r+l r+1' , 1 r+1 * 

1 + - 

r 

of which, as r increases, the second term diminishes continually 
without limit, and the first has a limit x, which <1. Therefore 
from a certain point the ratio of any term to the preceding term 
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LOGARITHMS. 

Ex. 1 5. Given «^=y, and dp'-y, find x and y. 
Here y.logjr = «.log^, and p.log«=9.1ogjr, 

• • * 

• ' » - X n 

and .'. log^-logjr=log", 

or ^.logjr-logjp^logS, 

^^.loff«=log-. 



W'-^^.log£=log(2)A, 



... x.(£)^.. 



And ,=£..(e)A-.(e);^, 

Or, iivithout the use of logarithms, as follows : 



Since «*= 


=5^. 


• • 


4^ 


-r- 




. y. 

f • — - 

• X 













t 
or —8 












* 


9 


» 







And ,.E..g)4i".g)A. 



LOGARITHMS. 151 

Ex. 16. Given S^5»^=7'^Ml"^> find*, 

2*.logS+(3*-4).log5 = (ar-l).log7+(2-*).logll, 
(2logS+Slog5 + logll-log7> = 2loglI+4log5-log7, 

0-95424"" 



+ 2-09691 



-0-845l0U^-2-08278l^^.3^5j^^ 






+ 1-04139- J +2-79588i. 

(4-09254-0-84510)x« 4-87866-0'84510, 

Ex.17. Given («*-2«V+6«r'-|^=^, find*. 
Here («--*')^=g^ 

(0+6)*= a- ft, 

.'. «.log(a+6)=log(a-6), 

log(a-6) 
••*-log(a+6)* 

Ex.18. Given 6'*'-5'^+14j-4739-5-'+--5'^, 
5«^»+ 5-«_ 5-»+ 5*^ = 4739 + 1 -14{, 



5'. {5+O04+00Ol6-O'0O8} =4725*17, 
4725^7^ g.„ 



findx. 
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log 5 "0-69897" 

Ex.19. Given SxS'Sx^^ 80000.) ^ , , 

and 3x3'+6x2^= 20000,1 ^"^ ' ""^ ^• 

From (2) l OxS»-6x2«' = 60000» 

••• ISxS'-i 80000, 
80000 



'•— 



s 

13 ' 
a; . log 8 B log 800()0-log 1 8, 

-4-90809-M1894^ 

8-78915 ^^^ 
0-47712 

Again, 3x2*-5x3'-80000-^^5^-80000=:15529, > 

13 18 

/. y . log 2 « log 10*- log $9 m 4-1-59106 « 2-40894, 
2-40894 ^^^^ 

- ^-Wsdios-^-^^' 

Ex. 20. Given 3^-*^ -1200, find x. 
Dividing by 3, 3^-*^ -400, 

(a?«-4a?+4)log 3 -log400=log 100+log4, 

= 2+0-60206, 

. ^ A ,A 2-60206 ,,^ 
0-47712 ' 

4;-2 =1^2-33, 

.*. x^4f'33, or -.0-33. 

Ex. 21. Given a\a\a\d'.&c^p, find the number of factors 
a*, a", fl*, &c. 

Let «»the number required; then 
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.'. {l+8 + 5+... + (2jr-l)}logfl=logp, 

(1+2,-,)* = ^, or *•=!?«?, 



V log a* 



INTERESr AND ANNUITIES. 

Ex. 5. Prove that the amount of 1 £ in n years at compound 
interest is given within less than a farthing by the first four terms 
of the expansion of (l+r)"jE, the rate of interest being not greater 
than 4 per cent> and n not greater than 10. 

The amount of l£ at compound interest for n years, (Art 403) 
is (I +r)"jB, r being the interest of l£ for one year, 

fi(n-l) , ^ 

and the sum of the terms in this expansion, afler the first four, 
will obviously be greatest, within the limits permitted, when 
n=10, and ra0*04. Therefore this will be the case most un- 
favourable to the truth of the proposition, so that if this be 
proved true, d fortiori it is true in other cases. 

Now (l+004r=l+10x0'04+?^(004/+?^^^ (0'04/+&c. 
^ ^ 1x2 ^ ' 1x2x3 ^ ' 

-^''^=^= 0516096, 
the 6"»term=-x-i5.0-5l6096«0-02477S, 
the 7*^ term=Y^xO-5l6096=0-000826, 

the S^ term- |x-^xO-000826= 0-00001 8, 

and the 9^, lO'^ and last terms being still less than the S^\ it is 
plain that the sum of all the terms after the 4'^ will not amount 
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to 1 farthing. Hence the first four terms of the expansion will 
give the amount required within less than a farthing, 

Ex. 15. An annuity of Q0£ for 21 years is sold for 220£; 
required the rate of interest allowed to the purchaser. 

(This is much too difficult for the position which it here occu- 
pies^ but it is solved as follows : — ) 

Let X be the amount of l£ for one year; then^ since the pur- 
chase money^ at compound interest for gl years^ should become 
what would be due for the annuity^ if lefl unpaid for that time^ 

22ac**-20(l+i+a>'+.. .+«**), 

a"-! a^*-l 

or iiar«=l—i, or njr*»-^~f«=0; 
j;-l «— 1 

from which equation x is to be found. 

By the tentative method^ and the aid of the Logarithmic 
Tables, x is shewn to lie between 1*0681 and 1*0682; and 1-06S2 
being taken for the value of x^ the year's interest on £l is 
'0682£^ and the required rate per cent, is 6*82^ or £6. l6s, 5d, 
nearly. 

Ex. 17. An annuity A is to commence at the end of p years^ 
and to continue q years ; find the equivalent annuity to commence 
immediately and to continue q years. 

Let X be the annuity required. 

AR-* 
The present value of -4=-^---.{l-2^*}, Art 421. 



X 

ar=^--j. {1--R-*}, making p=0. 



,-. by the question, .^—{\^R^]^——\\^R^]^ 

A 

or x^AR-'* 



Ex. 19. A person puts out P£ at interest, and adds to his 
capital at the end of every year — th part of the interest for that 
year ; find the amount at the end of n years. 

Let r be the interest of l£ for 1 year ; then the addition from 
another source of — of this interest causes each pound to become 

1 + r + — y and therefore the whole number of pounds to be multiplied 
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by 1 + r + — yearly^ or by ( 1 + r + - j in « years. Hence> the amount 
of P, at the end of n years, will be 



or Pi 



(fii+»ir+rY 



Ex. 21. A person spends in the first year m times the interest 
of his property ; in the second 2m times that of the remainder ; 
in the third Sm times that of what remained at the end of the 
second ; and so on. At the end of ^p years he has nothing left. 
Shew that in the p^^ year he spends as much as he has left at the' 
end of that year. 

Let P,= his principal at the end of n years; then in the next 
year his interest =P,r, and his expenditure ='(«+l)m.P,r, 

.'. his Principal at the end) » . r> / . i \ r> 
of the («+ ir year j=P-+^-^-(« +0'« • ^-^ 

=P„.{l+r-(n+l)»ir}. 
Now, putting 2p for n+1, by the question, 

.'. l+r=2/>wr. 

But his expenditure in the p*^ year=p«.P^,r, 

and ... Principal at the end of. =-P^i • {1+r-pmr} 

=pw.P,.ir, ••• l+r=2pmr, 
= expenditure in p^^ year. 

Ex. 23. A person puts his whole fortune P£, out at interest, 
at the rate of r£ per l£ per annum, and requires for his annual 
expences p£ more than the whole interest of P£. In how many 
years at this rate will he have spent the whole ? and if when he 
has spent half his capital, he diminishes his expenditure one half, 
how much longer on this than on the former supposition will he 
continue solvent } 

1st. Let P,=his Principal at the end of the «*•* year ; then 
P«=amount of P«_, for 1 year -(Pr -4- p), 

«P,.,Z2--4, if /2 be put for 1+r, and A for Pr+p, 
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Similarly, P,.,=P^R-^, 

-Pfi-a = * fi-s R^^9 



.% P^=P.^R'-AR-A, 

^P^ie-AR'^AB-A, 
^P^^B^'-AR''^A^--AR-'A 



^PRT-A.^, (1). 

.-. whenP.^0, Pi2-=ii. -g£^, 

.-. PrRr=PrR''\^pR'-{Pr+p\ 
.\ pRr^Pr-i-p, 
.•. logp-f n log (1 +r)=log (Pr-k-p), 

.. »,,^og(f^+^)-;^gp (2). 

log (I+r) ^ ^ 

2ndly» The time of spending the first half of P, by putting 

— - for P, in (l), is easily found; and the difference between this 

and (2) gives the time of spending the latter half of P, on ike first 
supposition^ and is 

log(Pr+/>)-log^-g^+p^ 

"■"""TogCT+rJ""" ' 

P 

And the time of spending -—, on the second supposition, is, 

from (2), 

^°^~Z ^^Z log(Pr+p)-log p 
logCl-r) "^ logCl + r; ' 

log {-^ +p)-log/> 

.•• the difference required « , — ,^ . . . 

^ log (1 +r) 
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£x. 29. If two joint proprietors have an equal interest in a 
freehold estate worth p£ per annum, but one of them purchase 
the whole to himself by allowing the other an equivalent annuity 
o£q£ for n years ; find the relation of p to ^. 

Present value of a freehold) „ ^ 

Po hl"^'"=9i' Art 420. 

producing ^£ per annum! * "^ 

Present value of an Annuity of ) l-(l+r)"* Art A,^a 
q£ to continue for n years/ ~^* r * 



••2r «• r 



or " 



q \ (l+r)-J 



£x. SO. If P represents the population of any place at a cer« 
tain time, and every year the number of deaths is — th^ and the 

number of births -th, of the whole population at the beginning 

of that year : required the amount of population at the end of n 
years fron; that time. 

At the end of 1 year from the time the population was P, 

the increase « =■ P.*- — 2. ^ 

q p pq 

.% PijOrpopulationattheendof lstyear=P-i-P.^^«P| l+2l2! . 
Similarly, 

P. 2nd...=pin.e:^}=pfi+e::2y, 

I pq ) \ pq ) 

P. srd..,=pii4?i^Upfu?:^|"; 

i pq) { pq) 

and so on. Therefore 

n^,..^p(i 

i pq) 

Ex. 31. In the last problem, if fi=60, and 9 =45, shew that 
the population will be doubled in 125 years^ nearly. 



P. ;:. rC^,..^P\U^ "^^ 



Here ^•=2^ = ^{l+Tk}\ *» ^^^ ^• 



U 
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/. (j-J^y^^, or n.{logl81-logl80}=log2, 

«{2-25768-2'25527}=0-80103, 

.-. »=^^|^-=124-9=125 nearly. 
000241 ^ 



CHANCES, AND LIFE ANNUITIES. 

Ex. 1. What is the chance of drawing the four aces from a 
pack of cards in four successive trials ? 

4 
The chance of drawing an ace the 1 st time is --r . 

52 

3 
The chance of then drawing an ace the 2nd trial is -rr > since 

01 

3 aces only may remain, and there are 51 cards in all. 

Similarly the chance of drawing an ace the 3rd trial is ^ . 

And the chance of drawing an ace the 4th trial is —i . 

The compound chance ... is ^ x 1 x 1 x ;! , or ^^ . 

Ex. 2. There are 4 white balls, and 3 black, placed at 
random in a line, find the chance of the extreme balls being both 
black. 

If 2 black balls be taken away, the 5 remaining balls can be 
placed in [5 positions : if then the 2 excepted balls be placed one 

at each end of the line thus formed, we get 2x[5 favourable 
arrangements. Now 2 black balls can be taken out in 3 ways, 
so that in all there are 6x|5, or |6, favourable arrangements. 

But the 7 balls admit of [7 different arrangements, 

Ex. 3. Of two bags one contains 9 balls, and the other 6, 
and in each bag the balls are marked a, h, c, d^ &c. If one 
be drawn from each bag, what is the chance that the two will 
have the same letter-mark } 
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They cannot be pairs, unless one of the first 6 letters be 

/J 

drawn from the first bag; the chance of this is -, Then the 

chance of drawing the same letter from the 2nd bag is ^; 

^1 1 
.'. the chance of both happening = -x^ = - . 

Ex. 4. A plays one game with B, and another with C; the 
odds that he does not win both games are 4 to 1 ; and the odds 
that he beats J? are S to 2. What are the odds in his irame 
with C? 

J. 
Let - be the odds required ; then the chance of his beating 

JSxchance of his beating C» chance of winning both games, 

3 X 1 

or-x «-. 

5 x-¥if 5 

or Sjr=«+y, 2x«y, ^ = ^, 
.'. the odds against him are 2 to 1. 

Ex. 5. From a common pack of cards 12 are dealt to as 
many persons, one to each, the cards collected, shuffled, and the 
same repeated. What is the chance that a given person will on 
both occasions have the same card dealt to him ? What is the 
chance that the two cards dealt to him will have the sum of their 
numbers equal to 3 ? 

(1) The number 12 does not affect the chance, and the chance 
of having the same card the second time as the first is obviously 

— ; since there is only 1 out of 52 cards which will serve the 
o% 

purpose. 

(2) In order that the 2 cards may have the number of 
pips equal to 3, one must be an ace, and the other a deuce. Now 
the chance of one or other of these being dealt the first time is 

~- : and when one of them has been dealt, then the chance of the 
52' 

4 
other turning up the second time is -^ . Therefore the chance 

oz 

that these two independent events will both happen, or 
the chance required = ix| = Ix^ = ^ . 
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£x. 6. Two dice are placed together at random so as to 
form a parallelopiped : find the chance that two or more adjacent 
faces will have the same marks. 

Let the dice be called A and B, and suppose each face in B 
to be applied successively to the ace of A, thus forming 6 paral- 
lelopipeds, each of which admits of four different arrangements 
with respect to the outer faces^ and making 24 different arrange- 
ments, in all. The same is true, if we begin with each of the 
other faces of A, Therefore the whole number of different 
arrangements is 6x24, 

Now taking the first of these sets of 24^ if to the ace of A^ the 
ace of B be applied, of the 4 changes which can be made 2 
will have similar adjacent faces of A and B. If any of the 
other 5 faces of P be applied, one only of the 4 changes can 
shew similar adjacent faces. Therefore there are 7 favourable 
cases out of 24. And similarly for each of the other sets of 
24: that is^ the number of favourable arrangements is 6x7, 

••• chance required = g^=^. 

Ex. 7' From a bag containing 2 guineas^ S sovereigns^ and 
5 shillings^ a person is allowed to draw 3 of them indiscriminately; 
what is the value of his expectation? 



The different combinations of 3 are 




Kind, 


Number. 


Value in ShiUings. 


2G, and£l. 


IxS^S, 


3x62- 186, 


1 G, and 2£, 


2xS=6, 


6x61- 366, 


S£, 


1 = 1, 


1x60= 60, 


IG, l£, and 1*., 


2xSx5=S0, 


30x42 = 1260, 


2G, and 1^.^ 


1x5=5, 


5x43= 21.5, 


I G, and 2s., 


2x10=20, 


20x23= 460, 


2^, and 1^., 


3x5=15, 


15x41= 615, 


l£, and 2s,, 


3x10=30, 


30x22= 660, 


3s., 


10, 


10x3= 30^ 



Total No. = 120 Total Val ue = 3852 j. 



oQ/ro 

.'. Average value o? one combination = =52j5 shillings. 

120 
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Ex. 8. A shilling is thrown upon a chess-board, a square of 
which will just include 4 shillings^ find the chance of its falling 
clear of a division. 

Suppose the diameter of the shilling to be 1^ then the side of 

the board will be 1 6, and the whole surface of the board will be 

256; out of this there will be 64 squares^ each area = l^ in which 

the centre of the shilling must fall to miss a division, therefore the 

64 1 
chance of falling clear of a division =-—7= t- 

° 250 4 

N.B. This is on the supposition that the shilling may lie with 
one half of its area over the edge of the board. But if the shilling 
must lie wholly on the boards this will exclude a border all the 
way round the board equal in breadth to the radius of the shilling 

and then the chance = -;r^r- . 

225 

Ex. 9. Three men A, B, C, in succession throw a die, on 
condition that he who first throws an ace shall receive l£; what 
are the values of their several expectations? 

Since certainty is worth !£, 



A has 



(1) Chance worth £g, 

(4) Chancenextl ^5^ 
time, worth j*'6*' 



J? has 



(2) Chance, after) .^ 5 
ii'sfailing, worth /^55 * 

(5) Chance, next,l ^5^ 
worth J *'6* ' 



Chas 

(S) Chance, after ) ^« 
A's and B's faiU}£^^ , 
ing, worth ^ 

&c. 



and so on. 



/I 5* 5* \ 
Therefore value of A 's chance =(75"*"fi7+ii7"'"'" j-^* 

_1 1 .0 36^ 

. AhoB's=^^A's^L^- = ^^£; and Cs^iBs^^£. 

o o 91 91 o 91 

.-. A'8 = 7*. 1 0|?ef. JB's = 6s. l^id. Cs = 5s. 5f^d. 

Ex. 10. There are 5 persons, out of which 4 are going to 
play at whist. They all cut, and the lowest sits out What is 
the chance that two specified individuals will be partners ? 

Let A, B, C, D, E be the five persons, and A and B the two 
specified individuals. Now, 1st, tne chance that both A and B 
play at all is the chance that any one of the three C^ D, E, cuts 

14—3 
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lowest, that is, - , Then^ supposing A and B going to play^ there 
are three different partners A may get, and only one, so that A 
and B may be partners ; his chance therefore of getting B\b ■-. 

s 

Hence the chance required^ of both playing and playing as 

^.311 
partners^ is -x- , or - . 

Ex. 11. There is a lottery containing black and white balls, 
from each drawing of which it is as likely a black ball shall arise 
as a white one, what is the chance of drawing 1 1 balls all white ? 

The chance of drawing a white ball each time being ^, the 
chance of doing so 1 1 times successively is 

-x-x-x&c. to 11 factors = -jY = 



^22 2'* 2048 

Ex. 12. There is a lottery of 10 green, 12 white, and 14 red 
balls. Let two have been drawn, what is the probability that they 
will be green and white ? 

Two balls can be drawn from the whole in — - — , or 18x35 

1x2 

ways. 

Each green ball can be combined with one white one in 12 
different ways, 

/, the number of pairs of green and white = 10x12 or 120. 

/. chance stated = = — ? 

18x35 21 ' 

4 17 
chance airainst it = 1 = ~ , 

* 21 21' 

.'. odds against it are as 17 to 4. 

Ex. 13. A die is thrown time after time: in how many times 
have we an even chance of throwing an ace ? 

f» 
The chance of failing in each throw singly is t; , and in a 

throws successively is Tgj ; so that the question is to find the 
value of aSy when 

(D'-i- 
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By trial f ^j =^t^* which is somewhat greater than ^, 

(gJ^Se' '"^ **"i 

.*. No. required lies between 3 and 4. 

Or bv the Tables, x ^"^^ _ 0'30103000 

Ur, by the lables, *" i^gG-log 5" 007918125 " ^ ^' '''^ ^*' 
nearly, but something more. 

Ex. 14. Two witnesses, on each of whom it is S to I that he 
speaks truths agree in affirming that a certain event did hap- 
pen, which of itself is equally likely to have happened or not 
what is the chance that the event did happen ? 

3 
The chance of each speaking truth being - > the chance of 

both speaking truth at the same time is :^ ; of both lying is -^ ; 

and the chance of one or other speaking truth and the other 
lying is excluded in this case, since they agree; 

.*. chance of truth : chance of falsehood •• t^ • "t^ •• 9 : !• 

Ex. 15. A speaks truth 3 times out of 4, B 4 times out of 5, 
C 6 times out of 7 ; what is the probability of the truth of what 
A and B agree in asserting, but which C denies? 

- _ . , . the probability of the event 3 

After -4 s assertion^ ~ — -, / , ...^ = 7 . 

improbability 1 

Then Rs assertion increases this fraction in the ratio of 4 : 1, 

12 
so that it becomes -r- . 

Again, Cs denial diminishes the fraction in the ratio of 1 : 6, 

2 
so that it becomes - . Therefore 

Probability of the truth : improbability :: 2 : 1. 

Ex. 16. Thirteen persons are required to take their places 
at a round table by lot; shew that it is 5 to 1 that two par- 
ticular persons do not occupy contiguous seats. 

Let one of the two have taken his place, then there are 1 2 

places left, to each of which the other is equally liable, and only 

2 places which will bring him next to his friend ; •*• his chancQ 

2 1. 5 

of succeeding — -5 = ^ , and his chance of failing « ^ . .', the odds 

12 o o 

against are 5 to 1 • 
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Ex, 17, P bete Q £lO to £590 that three races will be won 
by the three horses A, B^ C, against which the betting is 4 to 1, 
S to 1, and 2 to 1, respectively. The first race having been won 
by A, and it being known that the second race was won either by 
B, or by a horse F against which the betting was 6 to 1^ find the 
value of P's expectation. 

The chance of B winning his race »- • 

F -i 
7' 



.•. Rs chance : Fs ::-:-:: 7 ' ^, 

and Bs chance : J^'s+F's, or certainty :; 7 : 11, 

.•, Ra chance of winnings— ■ . 

1 
Again, Cs chance of winning = -. 

3 

7 17 
.•. chance of P winning his wager = 1 ^ 7-: ^ « = ^ i 

m 

»"^ ^*"'"« =^-^=S- 

(7 2fi \ 

~x590-~xlO V 

_ ^ 3870 _p 1290 
"^ 33 "^ 11 ' 

= £117. 5s. 5fjd. 

Ex. 18. Supposing the House of Commons composed of m 
Tories and n Whigs, find the probability that a Committee o£p+q 
selected by ballot will consist of p Tories and q Whigs. 

The N^ of difierent Committees of (p+9) taken out of (m-^n) 
persons = the N*". of combinations of (m+n) things taken (p+g) 
together «,^C^. 

Again, the N*. of different parcels out of w Tories p together = ^C,. 

Also, n Whigs q together « ,C,. 

/. the N*. of different ways, in which the required Committee 
can be foTmed^t^C^^^C^, 

.'. chance » *" ^ * * . 

■alM^aljT 
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Ex. 19. There are 3 balls in a bag, of which one is white 
and one black, and the third white or black; determine the 
chance of drawing two black ones, if two be taken. 

If the unknown ball be white^ then there is no way of draw- 
ing 2 black balls, but three ways of drawing 2 balls. 

If the unknown ball be black, then there is one way of draw- 
ing 2 black balls^ but three ways of drawing 2 balls. 

So then of slit ways equally probable only one is favourable ; 

.*. chance:^ 7* 
o 

Ex. 20. In a lottery all the tickets are blanks but one ; each 
person draws a ticket, and retains it. Shew that each person has 
an equal chance of drawing the prize. 

Let »=s the number of tickets; then 
the chance of the 1st person drawing the prize »- « 

and ; , • not 5=1 — or . 

n n 

The 2nd person's chance of the prizes chance of 1st failing 
X chancy of winning on that supposition 

The 3rd person's chance of the prize 

Si chance of 1st and 2nd failing 
X chance of winning in that case^ 

it~l n~2 1 1 
"" n 'n— 1 *«-2""fi* 

and so on ; shewing that the chances of all are equal. 

Ex. 21, A collection is made of 10 letters taken at random 
from an alphabet consisting of 20 consonants and 5 vowels; 
what is the probability that it will contain three vowels and no 
more? 

Whole number of combinations out of 25 letters 10 together 

25x24x...5<l6 



Ix2x...xl0 



. W 
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Number of different 

20xlQx»«.x 14 
combinations out of 20 consonants 7 together = — — =-, 

XXZXa*«X / 

5x4x8 
5 vowels ^^oget^^'^'Y^^g^* 



.*• No. of ways in which 7 consonants and 3 vowels can be 
taken 

_ 20xl9x...xl4 5x4x3 .^. 

" lx2x... x7 '^ 1x2x3* ^^' 

, - .,. , , 3 3x4x5 60 

/. probabihty required^ — «--——-= --- . 
*^ / ^ ^ J 1x23 253 

Ex. 22. At the game of whist, what is the chance of dealing 
one ace and no more to a specified person? And what is the 
chance of dealing one ace to each person ? 

LfCt A, B, C, D be the four persons playing at whist : there 
are 24 permutations of the 4 aces, that is, 24 different ways in 
which they may succeed each other. We will first take one of 
these ways, viz. 

Ace of Spades, of Hearts, of Diamonds, of Clubs, 
and find the chance that A, B, C, D hold them respectively. 

13 
A' 8 chance for the 1st — --r . Then there are 51 cards in which 

52 

the ace of Hearts must be (according to our supposition) and B 

13 
holds 13 of them, .% B's chance for 2nd ace^-rr • Similarly, C'b 

51 

13 
chance for the ace of Diamonds — rr ; and D's chance for the ace 

50 

of Clubs = -—: 

.'• chance of all this together- --x--x—-x-- . 

® 52 51 50 49 

Hence, the same being done for each of the other permutations 
of the 4 aces, 

. , . - ^^ IS 13 13 13 2197 1 , 

the chance required-24x-x-x-x-=^^g^, or - nearly. 

Again, let A be the specified person who is to have one and 
only one ace ; whole N^ of different hands A can have = mCis. And 
the N^ of these containing one and only one ace = 48Cisx4; 
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Ex. 23, There are 2 bags^ each containing 4 white and 4 
black balls. Four are taken at a venture from one of them^ and 
transferred to the other. Then 8 being drawn from the latter^ 6 
of them prove white and S black : what is the chance that, if 
another be drawn, it will be white ? 

Since it is known, that 3 white balls were drawn^ the Jirst 
drawing may consist of one or other of the following sets : 

2 white, 2 black, the chance of which is * ** * - -- 

3 white, 1 black, ^^^ = ^' (A); 

4 white, none black V^^;^ 

and then, before the drawing, the other bag would contain 

6 white and 6 black, 7 white and 5 black, or 8 white and 4 black. 

The chances of drawing 6 white and 2 black from these are 
respectively 

eCey^eC^ ^Ce^.C, ^C^^Cg 15 70 l68 

»C, ' „C» ' „C, ' 495' 495' 495' 

.*. the chances for the observed event from the separate cases of 
(A) are respectively 

S6 2^ 16 70 1 168 

70^^495' 70^*495' 70^495' 

There are now remaining 4 black, 1 white and S black, 2 white 

and 2 black. And the chances of the next ball being white are, 

therefore, 0, \, ^, respectively. 

. , , S6xl5x0+l6x70xi+lxl68xi 

Hence, required chance = ^^ ^ ^ ^^ * ^ ^^^ — - ; 

^ S6xl5+l6x70+lxl68 

""457' 

£x. 24. At thc^ game of whist what is the chance of the 

dealer and his partner holding the 4 honours ? 

4 

1st. The chance of the dealer turning up an honour =•— , 

13 

and the chance of his not turning up an honour » :^ . In both 

xo 

cases the dealer and his partner have 25 cards out of the remain- 
ing 51, which they may have in 5,Ca5 diflPerent ways. Also the 
number of these hands which contain the 3 honours will be 48Ctt* 
Hence, if an honour be turned up, the chance then of the other 
3 honours being with the dealer and his partner 

_ 48^ ^25x24x23 92 

"'mCm'" 51x50x49'' 833' 
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.'. the compound chance of these 2 events = — x-^- , 

IS oo3 

But if the dealer does not turn up an honour, the chance of 
the 4 honours being given to the dealer and his partner out of 
the remaining cards 

_ 47^«i 25x24x23x2 2 _ 253 
"fti^a" 51x50x49x48 ""4998* 

.% the compound chance in this case = ^ x 7^^^ • 

Hence the whole chance^ taking both cases together, or the 
chance required 

4 92 9 253 il5 2 

"i3"833^Ts"ia98==l666' ^'•29°'"^y- 

Ex. 25. In dealing a pack of cards^ ivhat is the chance that 
all the hearts will be found in the 20 cards first dealt^ 1st without 
regard to order^ 2ndly in the order of their value ? 

1st. Seven cards can be taken from SQt the residue of the pack 

•*.u *u u . . 1 . • 39x38x37x36x35x34x33 
with the hearts taken out, m -^ j ways. 

Unite to one of these the hearts^ and we have a group of 20 cards 
containing the hearts. These can be permuted in [20 ways, and so 

(39 
give "7 x[20 ways of dealing the first 20 cards with all the 

hearts in them. Moreover the remaining 32 can be permuted in 
dealing in [32 ways. So the number of ways of successful deal- 
ing is 

[39 
ri=s5;X|20xIS2, 

[S9xf20 

But the number of ways of dealing in any manner is [52 ; 

139x120 

.-. chance = ':- , — » 

[7x[52{ 

2nd. Let P be the number of ways of dealing the pack, with 
all the hearts in the first 20 cards, and in the order of their value. 
Then any one of these dealings admits of [13 different dealings 
by permuting the hearts, .% Px [13 = the whole number of ways 

of dealing so as to have all the hearU in the first 20 cards, but in 

139x120 
any order, = ' ~^[ *- — by the 1st case. 
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|S9xI20 
4*. chance required '^^^ — =^ 



|7x[13xL52 

Ex. 26. A person puts his hand into a bag containing 12 
balls, draws out a certain number at random^ and transfers them 
without examination to a second empty bag. He then puts his 
hand into this second bag> and draws out a certain number in the 
same way as before. Shew that the odds in favour of his drawing 
out an odd number from the second bag are nearly 341 to 34*0. 

Suppose that he has taken n balls out of the first bag. 

Then from these n he can draw an odd number in 2*^' ways, 
and an odd or even number in 2"— 1 ways : for the iolal number 
of combinations of n things is 2*— 1> and the number of odd com« 
binations is 2*~**. 

Therefore taking the different cases as n ranges from 1 to 12, 
we have the chance of drawing an odd number 

1+2+2*+. ..•4-2" 
" 1+2 + 2*+. .. + 2**-13* 

^ 2"-l ^ 4095 
2''-14""8178' 

40Q5 4083 
And the chance against it = 1 - ^^ = ^^ , 

.•• the odds in favour = -r^rr = 14 



4083 340 +&c.' 

341 



340 



> nearly. 



Ex. 27* Supposing it an even chance that, on A aged 46 
marrying B aged %&, they will live together x years ; find x, 
when^ according to De Moivre's hypothesis, of 80 persons born 
together, one dies annually until all are extinct. 

By Art 455, 

Afk chance of being alive at the end of x years is ■ , 

jBs 18 • 

50 * 

* This is easily seen by making x= 1 in the following equality, 
(H.,).-(l-,). n(n-l)(n-2) 

2 "*■*■! . 2 . S ■'■*''• 

]5 
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.•. chance of both being alive=— — -x--— - , 

4U 50 

- . ,. 40-« 50-jr 1 

••• l>y t^e question, -^.-^^-^ 

2000- 90J?+Jr*« 1000, 
••-90«+(45y=1025, 

«-45 = 32, very nearly, 
.-. jp=13, 

Ex. 28. A person 35 years of age wishes to buy an annuity 
for what may happen to remain of his life after 50 years of age. 
What is the Present Value of the annuity, reckoning interest at 
4 per cent, and using Dr Halley's Table, and De Moivre's 
hypothesis ? 

The Present Value of such an Annuity to commence immedi' 
aielyy is found by substituting in Art 455, for n and R, 51 and 
l-04». 

The Present Value for the first 15 years is found from Art. 
418> by putting 15 for n, and 1-04 for R, 

The difference of these two results will be the Present Value 
of the annuity required, if it were certain that the person would 
live to receive it at all, that is, to the age of 50, 

The chance of this, by the Table, is — — . 

' ^ 490 

.•• Value required = --— xdiflTeren^e above mentioned, 

490 

s= 4*44, or 4^ nearly, years purchase. 

Ex. 29. An annuity of £lO for the life of a person now 30 
years old, is to commence t at the end of 11 years, if another 
person now 40 should then be dead. Find the Present Value of 
the annuity, reckoning interest at 4 per cent, and using Or 
Halley's Table. 

The Present Value of an annuity of £10, for the life of a 

person now 30, and to commence after 1 1 years, found as in the 

last example, is £6Q'AS ; and the probability of a person now 40 

335 1 10 

dying in 11 years is 1- j^, or — . 

* The numerical calculations in this and the three following examples are 
similar to those in Ex. Art. 422. 

f That is, his Uile to the annuity, the first payment being made a year 
afterwards. 
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,'. the Present Value required = -—--x69-43*=£l7'l6- 

445 

£x. 30. An estate^ or annuity of £10 jfbr ever, will be lost to 
the heirs of a person now in possession and aged S4« if his life 
should fail before the expiration of 1 1 years. What ought he to 
give for the assurance of it for this term> reckoning interest at 
4 per cent. ? 

The estate, or annuity^ is obviously worth £2.50 of ready 
money on any of the days on which the rent or annuity has been 
paid. It is evident then that to prevent any possible loss to his 
heirs^ the man must insure immediately after rent day for a term 
of 1 1 years to the amount of £260, payable on the next rent-day 
after his decease. 

The present probability of his dying in each of the years is 
— , according to De Moivre's hypothesis, 

.*. the Present Value of £260 to be paid at his death, if it 
occur within 11 years, 



260 

X 

52 



{i^^o^-^TSiy-*-^^- ^^ '' ^H' 



^260 1~(1'04)"" 
" 52 ^ -04 ' 

260 '3504 Jusing the Log*. Tables to calculate 
"■52"''"^ior' \l-(l-04r'. 

= 13^8-76, 

= £43-8, or £43. l6s. 

Ex. 31. A person now 40 is willing to pay £200 down, be^ 
sides an annual payment for 10 years, to entitle him to a life- 
annuity of £44 after he attains the age of 50. What ought the 
annual payment to be, reckoning interest at 4 per cent., and using 
Dr Halley's Table ? 

1st. Find the Present Value of an annuity of £l for life to a 
person now 40, but not to commence until he is 50; this will be 
found to be £5*953, 

.-. Present Value of £44 =44x5-953* £261-932. 
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The required annual payment, then, must be equivalent to 
£61*932 down; because he only engages to pay £200 instead of 
£261*932, which is the real value of nis annuity* 

Again, the Present Value of an annual payment of £1 to 
continue for life and to commence immediately is (by De Moivre's 
hypothesis and Art. 456) 

1 1*04 1-(1*04)-*' 



•04 46 (04)* » 
1*04 '83538 

"^^""ir'^coif 

=£13*196. 
.*. Present Value of £l for 10 years =13*196-5*953 = £7*243, 

.*, the annual payment required = ^^ = £8-55. 



MISCELLANEOUS EXAMPLES. 

(FIBST SERIES.) 

£x. 1. Find the Greatest Common Measure of 

(flj?+6y)*-(a-6)(«+2)(aa?+^^)+(a-&)*x2, 

and (aj?-&y/-(a+6)(x+;8r)(adP-&y)+(a+&)'j:2. 
Ist quantity 

»(fld;+6y){flj?+6y-.(adP+a-5-6a:-6jB)}+(a-J)*jr2, 
« (ax+bjf)b{x+i/)+{ax+by)(bZ'-as)-¥(a'--byx7:^ 
^{ax-\'bi/)b(x+y)-^abxz-a*iez+b*tfz-abifz+a*xZ''2abxS'^b'xz, 
= (aar+6y)&(x+^)+6*j8(x+^)-a6a:(ar+^), 
^b{x+y){ax+btf+bz-az} (l). 

The 2nd quantity differs from the first only by having - b in- 
stead of b, therefore 2nd quantity 

= -6(j?+^){fljp-Ay-&j8r-a2}, 
^b(x+i/){bi^'-ax-¥bz+az} (2), 
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Hence, the latter factors in (1) and (£) having no Common 
Measure greater than 1^ the Greatest Common Measure required 
is h{x-¥y)* 

Ex. 9. Shew that «"-na""*x+(ii-l)a" is divisible by (x-fl)% 
if » be a whole number. 

a!*-na""'j?+(»-l)a"= «'-a'-«a-*(ar-a), 

-^ by «- a = «^+aa:*^+ fl'ar"-*+ . • . +a"-'- na^\ 

= («^'-a"-0+a(«»-«-a-')+«'(jr*-a-*)+&c 

and each of the quantities enclosed within the n brackets is divisi- 
ble hy X'-a, (Art 99> Ex. 6), therefore the proposed quantity is 
divisible by («— o)*. 

Ex. 10. Shew that j^'— y is divisible by j?+^, when p is an 
even number. 

Let p=2m, an even number, then 

— ^ = ^ = ^^ f , writing A for xT, and F for y, 

j: +^? X +^*» x^+ F* 

= (X:» F){x'--- x'-sr+ &c.}, 

that is, af—y'^ is divisible by x+y, 

Ex. 11. l£ N and n be nearly equal to each other^ shew that 



WT^ 



N N 1 N+n , 



^ 1 N-^n 

and that, if ^7 — and ■- . have their first p decimal places 

N+n 4 n 1- r 

the sarne^ this approximation to ^ — may be relied on to 2p de- 
cimals at least. 

(1) Let N-m+Xy and n = m-x, « being very small. 



then /1=(^L(J!^Z^\ 



^«{*-^}"""'y' 



m 

16—3 
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" 2m(w— j:) ~2iii(m-j:) 2(m-«) ' 
m+d: 1 2m 



+ T 



2m 4*m-j:' 

iV^ 1 N+n 



AT+n 4 n 

(2) Also - . -zr= — , or -—7 r < TTT- , by supposition, 

^ ^ 4 n -AT+n' 2m(m-j:) 10" -^ rr -» 

. . :r' 1 a?" 1 

,'. (^ fortiori ~— = < 7— , and also -— j < -— • But the 1st term neg- 
• '^ 2m* IQ'* 4m* lO' ® 

lected in the series for ( — ] is — tt r« which < =— 2<;r— ^x 

\«/ 8m*(m-dp)* 8m* 2m 

M< 111 1 

W^ 10? •10^"' 10^' Similarly the next term< — ; and so 

on. Therefore xr — + t« is the correct value of a / — to 2p 

decimal places at least* 

Ex. 12. Find the value of x, which, when s is indefinitely 
increased, makes (4a:+l)(25r+l)*»5(Sjp+l)(«+3y; also find the 

values of x and y which make ^ . \ — A — ^t-t — s-( indepen- 
dent of jsr. 

(1) When z is very large, all powers of s below the highest 
may oe neglected, 

.% (4a:+l)4z»=5(3jf+l)«*, 
l6x+4=15«+5^ 
•'• ^^1» 

(2) Suppose the given fraction ^m for all values of ^; then 
2j8*+(ar-a)jBr+26(d:-2c) = 3»i2*+(y-6)m«+3<im(^-Sc), 

or (2-Sm)«*+{(jp-a)-m(y-6)}z+26(a?-2c)-Sam(y-Sc)=0, 

an equation which can be independent of z only when the coeffi- 
cients of jB* and z are separately equal to 0. 

••. 2-3m = 0, (1) 

dP— a-m(y— 6) = 0, (2) 

2&(a:-2c)-3flm(y-Sc)«0. • .(8)J 
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From (1) and (2) S«-3a-2(y-6) = 0, 

3dT-2y« 3a~26, ^ 
Again, from (3), 6«-ay =s26c-3ac, J 

from which we get x»a+2c, and y«-64-3c. 

Ex. 13. Shew that x^+p^i^+q^-hrx-^s can be resolved into 

two rational quadratic factors, if — # be a perfect square and equal 

r" 
to , , . 

Since — # is a perfect square, let it be »', and assume 

^x*+(A+B)x*+ABji^-n(A-B)x-n\ 
^' ^ and|i«-4g = (^-J?)» = ^, 






A-B^ — ,1 ••. , ^ gn* = -j, 

Ex. j:*-&r'+ 5jp' + 8jp- 4 = 0, 

Here J+5— 6,1 /. ^«-5,\ 

^-^=-4j and J?=-l,/ 

iind the factors are «'-5«+2, 4:*-«-2; 

and «'-5j?+2=0, «'-«-2=0, will give the four values of x. 

Ex. 14. Prove that the square root of f* — j + T^ — ^j is 
rational function of a and ^* ^^ * - t ( x "** ~) > ^^^^ y = _# . 

Let 6=a/, then jp=— ---, and v»:; — p , 

1 J?-/ 1-/J ? 

" (l-/a:)(x-/) ' 

o-^(*-|) 
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But (l-te)(l-0 = l+/*-(*+i)<, 

4(l+0 ' 
1 4(l-<')(H-<') / 1\ 

••■(-l)'*H)*={-[if^^?^]"K'-^)'- 

U(i-o'-o+Ov\ «/ 

.-. square root required =^^^^^^^,(x-^ , 

= a rallondl quantity^ and a function of a 
and 6, when -- is put for /, and -•[ r+ -) for «. 

Ex. 15. Shew in what cases fly*+5xy+cj:*+rfy+ear+y* can be 
reserved into rational factors of the first degree. 

It is easily shewn that the factors of Ay'-^By-hC are rational 
when B'—^AC is a square, and equal when it is zero. Therefore 
the factors of 

fl'5f*+ (6j?+ cQy + c«*+ ex +f 

are rational when 

(6j?+rf)*— 4fl(cj:*+ejp+y^ is a square, 
or (&*-4flc)j:*+(2M-4fle)j?+rf*-4a/ is a square, 
that is, when (W-2<ie)"=(6*-4flcX^-4.fl/^, Art. 152, 
or ae*+crf*+/&*=6Je+4ac/l 

Ex. l6. A number consists of n figures, find the number of 
figures in its r*** root. 

Let X be the number of figures in a, the r*^ root of the given 
number; then 

a is less than 10", but not less than 10^*, 
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.*. a* is less than 10"^ but not less than lif*-*. 
.*. ft is not greater than rx^ but not less than rx— r+l^ 

.*. X is not less than - , but not greater than . 

It follows that, if gr be the greatest multiple of r in n-f r— 1, 
x—q. 

Ex. 17. In the year 1843 January 1 was a Sunday; when will 
this happen again? 

Since an ordinary year consists of Z&S days, or 52x741, days, 
and a leap-year of 52x7+2 days, it is clear mat Jan. 1 must fall 
1 day later in the week in 1844 than in j84d, 2 days later in 1845 
than in 1844; and so on. Therefore its distance from Sunday in 
any year will be measured in days by the sum oi as many terms 
pf the series, 

1, 2, 1, 1, 1, 2, 1, 1, 1, 2, 1, &c. 

as expresses the number of years past 1843. Let 1843 +jp be the 
year required; then Jan. 1 will be a Sunday in 1843+jr, when- 
ever the sum of x terms of the above series is divisible by 7< 
Now this is the case when jr«ll, 11+6, 11+6+5, 11+6+5+6, 
&a Therefore the years required are 1854, I860, 1865, 1871, 
&c. 

Ex. 18. What day of the week was Sept 14, 1752, given 
that the same day of the month a.d. 1846 was a Monday? 

From Sept. 14, 1752 to Sept. 14, 1846, 94 years have elapsed, 
of which 22 were leap-years. But Sept. 14, 1 846 was Monday. 
Therefore, x being the day of the week on which Sept. 14, 1752 
fell, 2 is the remainder when 94+22 +jr is divided by 7* 

Now 94+22+a?=7xl7+«-3, 

. • X^Dp 

.-. Sept 14, 1752, was the 5th day of the week, or Thursday. 

Ex. 19. How often are there 5 Sundays in February, and 
when does this happen in the present century after the year 1844, 
the 1st day of that year being Monday? 

Jan. 1, 1844 was the 2nd day of the week, and Feb. 1 was 
therefore the 5th day. And, since 1844 was leap year, 1844+4x is 
leap year. Let it be one of those in which February has 5 Sun- 
days, i.e. in which Feb. 1 is a Sunday. Then 



178 MISCELLANEOUS EXAMPLES, 

4x-f X4-5 is of the form T^+l) 
or 54r+4 is divisible by 7» 
5(«-2)+14 7, 

.'. j?-2=7p> 
dr=7p+2, where p is any positive whole number. 

.'. 1844+28p+8 is the year in which February has 5 Sundays. 

Hence, making p=0, 1852 is the next such year^ after 1844^ 
and the interval between two of them is 28 years, until we reach 
the year 1900^ when the omission of a leap-year will alter the case, 

Ex. 20. Shew that if 7 be the integral part of ^, and r the 

remainder when /i+a+4 is divided by 7> then in the/?*'' year of 
this century Advent Sunday is generally 7—^ days after Nov, 27 ; 
but, when r»0, it fiills on uiat day. 

An ordinary year exceeds 52 weeks by 1 day ; and a leap-year 

by 2. If then 9 is the integral part of ^ , so that q will be the 

number of leap-years in f years ; and supposing Nov. 27 to be 
the (l+jr)th day of the week in the year 1800, then in the p^^ year 
of this century, Nov. 27 will be the (l+r)th aay of the week, if r 
be the remainder after dividing /i-hg+.4P by 7* 

But for. 1846, j7s=46, gsll, and p-^q^57 ; and (Nov. 27 
being a Friday) l+r=6. Therefore 5 is the remainder (r) when 
57+x is divided by 7; consequently x^4f. 

Also Advent Sunday^ being the nearest Sunday to Nov. SO, 
falls on Nov. 27 if that day be a Sunday, i.e. if r^O; but in all 
other cases it will obviously fall (7-^) days after Nov. 27. 

Ex. 23. A steam vessel leaves Oban for Staffa with a supply of 
whiskey b above proof, (which is assumed to mean that a+o gal- 
lons of spirit are mixed with e gallons of water) sufficient for two 
days' consumption, provided it receive no addition to its crew. 
On arriving at Tobermory m of its passengers remain behind, but 
by reason of contrary winds its progress to Staffa the following 
morning is retarded, so that on its return to Oban it is with dif- 
ficultv enabled to reach lona by midnight. It here receives n 
additional passengers, and also p gallons of whiskey d above 
proof. On an average each passenger dilutes his whiskey with 
water till it is e below proof^ and consumes q pints of the mixture 
daily. The vessel arrives at Oban on the evening of the third 
day after its departure^ by which time the supplies of whiskey 
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are both exhausted. Required the number of passengers on board 
when it left Oban^ and the number of gallons of whiskey in the 
first supply. 

Let X be the number of passengers at first ; then, since each 
passenger consumes q pints daily> e below proofs and the supply 
is for two days^ 2^a? = number of pints^ e below proof, in the 
first supply. 

Let ^s number of gallons, h above proof, in the first supply; 
then 

y : gallons o£ spirit in the first supply ;: a-hb + c : a+b, 
/. gallons of spirit in the first supply = — 7 — .y. 

Also Qqx : pints of spirit in first supply :: a-e+c : a-e, 
.*. pints of spirit = '2^^, 

and /. — 7 — '^ys .gx (1). 

a+b+c ^ a-e+c ^ ^ ^ 

jr—m- number of passengers on leaving Tobermory, 
and each man consumes J . gallons of spirit daily, 

x,^, — ^^^^ — = gallons o£ spirit consumed from Oban to Tober- 
8 a-e+c mory^ ^hat is, the 1st day. 

/. (ar-m).|. — - — = gallons of spirit consumed from Tobermory 
8 a-e+c to lona, the 2nd day. 

and («- TO + w). -? . « gallons of spirit from lona to Staffa, 

8 fl-e+c ^ijg 3^^ j^y 

^.^ 2 , ^"^ {x+x-m^x-m + n} = the whole quantity of spirit con- 
8 a-e-\-c sumed, 

«i^ _?Zf_ + p,-iLti- (2) 

a a—e ,^ ^Q ^~^ a+d 

8 a-e+c ^ ^8 a-e+c ^ a+d+c 

Bp a-\-d a—e-^c 

,\ jp = 2TO-n+-*-. . — ; ■ ^ , ^ » 

q a-e a-^a-^c 
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„ - a+b+c a a— c 

Hence also v= r-»*«-7- 3 

^ a+6 4 a~e+c 

= (2»i-ii)3.. — 7- +2p. — i. : — 

^ '4 a+6 a-e+c ^ a + h a-^d+c 
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(SECOND SERIES.) 

Ex. 1. 2*+'+ 4'= SO, find or. 
2x2'+ 2"= 80, 
2''+2x2'+l = 81, 

2^+1 = 9, 
2'==8 = 2S 

Ex, 2. **+ Sx = fl* — 5 , find x. 

Let a---jp, thena»--,-s(a-i)=p', 

/. a^-^Sx^p^-^Sp, 

a*-p^-^3{x-p)^0, .\ x-p^O, or ar=p...(l), 
and 4?*+/?J?+p'+S =0, 

••. '"gl-p^V^./s/j^^l'}, where p^a^^, 

-l{-H)'^K-i)}- 

Ex. 3. 7^^*^^ = 2401,1 

I find 07 and ^. 
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Since 2401-7*, and 1296=6* 



"2 + S"*' 

* y ^ 
4^2 *' 



two simple equations^ to find x and y. 



Ex. 4. (a:-S)(x-4X«-5)(ar-6)=: 1x2x3x4, find x, 
(«-&Xjr-6)(x-4)(«-5) =24» 
(*'-9«+ 18)(jf«- 9ii?+ 20)-24, 
write y for ^-9*, (y+18)(y+20)-24, 

y+38^=-336, 
from which ^=-14, or -24, 
that is, a:"-9«=5-14, or -24^ 

from which «=7, or 2, or s(9**/Hi^). 
Ex. 5. «*+a«*+J«'+cjr+-i=0, find *• 

a quadratic, equation, to find x. 

Ex. 6. Reduce to simplest form 

(l~fl')(l-&')(l-c«)-(c+fli)(&+ac)(a+&c) 
l-fl«-4«-c»-2afc 

^ ^. Numerator 

Fraction = 



(l«fc«)(l-.c')-(a+6c)*' 

16 
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Ex. 7* Find x when 

is an * equation'; and shew that diere are 3, and onlj 3^ rdations 
between a, 6, c, any one of whidi will cause it to be an ' identittf. 

(x+a)(x+b){x+c){{x-hd)-'(a-^b+c+d)} 

==(x-a)(x'-b){x'- c){a-hb'hc+d+(jX'-d)}, 

(«+flX*+*)(*+^){*"(<*+*+0}=(*-«)(*-^X*-0{*+«+*+^}» 

{x+d)(x+b)(x+c) x-\-(a-^b+e) 
{x-^a)(x''b){x-'c) *" jr— (a +b+c) * 

r+pjr+qx+r x+p ,_ I t » 

^ ^ , ^ = — —^ where <o=ao+ac+oc, 

r-pr-hqx-r «-p' J^ 

...Art. 195, f^=?. 

fwr+r p 

fqxszrx, .'. jr=sO. 
Also pg=r, or (fl+6+cXfl2^+«<?+fe) = «^<?^ 
or (a+6X*+^)^+(«+*)^+(*+«)*^+^****<^' 

(a+6X*+<?>+(«+*X*+0^=^> 
(a + ^X^ + c){a +c) = 0, 

.'. 11+6=0, or 6+c=0, or a+c=0, any one of which 
will cause the proposed ^equati<»i' to become an ^identity*. 

Ex. 8. If (a*+6cV(6«+acy(c'+a6y= {(^^* (b^-acy (c'-^aby, 
prove that either a*+D'+c*+flic=0, or fl"*+4**+c~*+a"'*6''*c"*s=0. 
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Multiply each of the equals by a'6V^ taking a into the Ist 
bracket, h into the 2nd^ and c into the Sd; then 

(fl«+«ic)(*»+a6c)(c»+fl6c)-*(fl»-fl6c)(6»-a6c)(c»-aic), 
c*, and p for a6c; 

A * ,..* i<JB+p^ C p 

.-. i<B+ilC+BC+p'=0, or (i<+B+C)p*+i4iK7«0^ 

1 1 1 »■ ^ ^ ^ -4JBC 

3+]5 + r*3gC"<>' or ^+B+C+-p-=<^ 

a~*+6"*+c"*+a~*6-*c"*«0, or a'+i*+c*+a6c«0. 

Ex. 9. Four beUs commence tolling together, and toll at 
intervals of 18> 45, 81, 105 seconds respectivdy : what time will 
elapse before they toll again simultaneously ? 

Let X be the time required in seconds ; 

then, by the question, jr is a multiple of each of the numbers 
18, 45> 81> 105; .% it is a common multiple of these numbers; 
and^ by the question, it is their Least Common Multiple. 

Now 18b2x3x3, 45»8x3x5> 81«3xS<3x3, 105-3x5x7, 
«*. L.c,M, required "2x3x3x3x3x5x7, 

->5670r»9H= 1^.44. 

Ex. 10. A number of wheels commence rolling at the same 
moment from the same place in the same direction, travelling at 
the same rate, the numoer of feet in their circumferences being 
oi> «tf» <>D • • • a., which are ft different prime numbers. How far 
will diey have travelled, when they have all first completed si- 
multaneously numbers of entire revolutions, and how many revo- 
lutions will each have completed? 

Since all travel over the same ground in the same time, let 
them all have^r^t completed an integral number of revolutions, 
when each has travelled « feet; then 
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— B a whole number ^ number of revolutions of tv^, 



= = W'l 



— = = *»»> 

a. 

.*. J? is a common multiple of Oj, a,, a„ . . . a., and the /eajr^ 
common multiple. But since aj, a,, a3,...a. are all prime num- 
bers, their l.cm. is the product of them all, 

Also '—afa3,..a^ the number of revolutions by tv^; and 
similarly for the others. 

£x. 11. Find the sum of n such fractions as 

1 2* 4«* ?;b* ^ 

» ac. 



1+J?' 


• !+*• 


' l+«*' !+«• 


Since 


1 


1 






2« 


2x 


4«» 




I-** 


!+«•" 


1-**' 




4«* 


4«» 


8»' 



l-«* 1+x' !-««' 

&c. &c. = &c. 



•'• -^ Itt— + ; — n + ; — -4 + &c. to n terms ) = ; — = , 

where wi=2*. 

1 2* 4«* ^ , , 1 m^r-' 

.*. ; — + - — -5+- — ;+ &c. to » terms*- — ^r 

1+a? !+«■ 1+x* l-op l-*" 

Ex. 12. Find the product of n such binomials as 

«-»•-, «*+-5, «*+-;, «"+-i, &C. 
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Since (l-ap)(l+af) = l-«*, 
(l-0(l+«^=l-a?*, 
(l-jr*)(l+ar*) «!-«*, 
(l-jp^Xl+a?*)- !-«'•, and so on, 

.% (l-«)(l+*)(l+«^(l+4P*)(l+jp').&c (!+«") ^l-jf'*, where 

1— jp*" 
.'. (l+jp^(l+«*)(l+«*).&c to n factors^- — j. 



••• ('■^3(''^?)('*+?)-**'- 



1-* 



.<M 



(!-«•)* 



l\ .m-l • 



Ex. IS. If a number contain n digits, prove that ita square 
root contains s«+7-t("0* digits. 

X 4 4 

Since the square of a number of m digits contains either 2m 
or 2m-l digits, (Art. SJl), conversely, the square root of a num- 
ber containing km digits, or 2m-l diffits, contains tn digits; that 
is, the sqaare root of a number contaming n digits contains 

-digits, when n is even, 

and odd ; 

Mh of which results are expressed by «« +7-7 (-!)*• 

Ex. 14. On June 21, a.d. 1851 the Duke of Wellington had 
lived exactly 30,000 days. Find the day and year of his birth. 

30000 70 

"365""®^ ^365' 

.*. reckoning 365 days in a year, the Duke had lived 82 years and 
70 days; and .*. he was born sometime in the year 1769* 

Also, on the supposition of a leap-year occurring every 4th 
year, there would be 20 leap-years in 82 years; but 1800 was noi 
a leap-year, therefore in these 82 years there were only 19 leap . 
years. Hence aa June 21, 1769 the Duke was 70-19, or 51 days, 
old; that is^ he was bom on the 1st of May, 1769. 

16—3 
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Ex. 15. Apply the method of proof caDed " demonstrative 
induction" to prove that 

l*+2*+S*+. . .+ii*=(l+2+S+. . .+»)•. 

Since l«+2*=9=(l+2)*, 
and l*+2'+S»=S6=(l+2+5y, 

assnme that the law here indicated holds for a series of Ji terms, 
that isy 

l*+2»+3'+. . .+n»=.(l+2+S+. ..+ii)*. 



-{ 



fn(n^l) X 



then iV2»+S»+...»V(ii+l)'={^!5^y^y+(ii+l)% 

r (it+l)(n-f2) >»^ 

= {l+2+S+...+(»+l)}'. 

Hence it is shewn that, if the law hold for a series of n terms, 
it holds also for a series of (n+1) terms. But it has been shewn 
to hold for series of 2 terms and of 3 terms, therefore it holds for 
a series of 4 terms : and so on generally, or 

l*+2*+S*+...+»'=(l+2+S+...+»)*, for all values of n. 

Ex. l6. If J? be real, prove that «*- 8x+22 can never be less 
than 6. 

Let «*-8«+22 = »i, 

then X*— 8jr+l6=m-6, 

in which m-S must not be negative, that is, tn must never be 
less than 6. 

Ex. 17* Prove that the volume of a sphere, whose radius is 
6 inches, is equal to the sum of the volumes of three other spheres 
whose radii are S, 4, and 5 inches; given that the volume of a 
sphere varies as the cube of its radius. 
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Since the volume of a sphere oc (radius)* smr*, where m is the 
same for all spheres, 

•*. sum of volumes of the 3 spheres s m . 3*+ tn . 4'+ m . 5% 

= m.2l6, 

= volume of a sphere with 
radius 6. 

Ex. 18. Standard gold being coined at the rate of £3. 17^. 
10^. per oz., what is the least integral number of ounces that 
can be coined into an integral number of sovereigns? 

Let X be the number of ounces of gold which will make an 
exact number (y) of sovereigns; then 

£3. 17*. 10idxx«20*.x^, 
or 1 8694? » 480^, 

480 160 

•'• "^ " 1869 '-^^ 623*'^' 

the least integral value of which, *.* 160 and 6^3 are prime to 
each other, will be when y^623; that is, I60 is the least integral 
value of X, 

Ex. 19. Find tn and n in terms of a and b. so that 

may be the Arith^. Mean between m and n, and the Geom^. Mean 
between a and 6. 

_ , . ma + nb m+n ,__-. 
By the question, ^^^^ =-g ^/^, 

.'. m + H'^^tJab, mb-¥nhs=Qb»Jaby\ 
and tna + nbs2aby ) 



m{a^b)^2ab-2bJaE^ 

«-* ^/^+^/6' 

Similarly «=^j. 
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Ex. 20. A vessel (^A) contains a gallons of wine^ and another 
(B) contains b gallons of water; c gallons are taken out of each 
and transferred to the other; and this operation is repeated any 
number of times. Shew that if c^ab-r-^a-^b), the quantity of 
wine in each vessel will always remain the same after the first 
operation. 

Wine in A after 1st operation = a -c, 
B =c; 

In 2nd operation, in taking c gallons of mixture from A, we take 

xc gallons of wine; and in putting c gallons of mixture from 

a 

B into A, we addj-xc gallons of wine; so that the quantity of 

"wine added will be the same as that subtracted^ if 

c a-^c ab 

T= 9 or c = — r. 

b a a+6 



Ex. 21. In the last Problem shew that, if c be general in value, 
the quantity of wine in the second vessel after r operations 
will be 

^(l-pT), where c-iJ^O-p). 

Wine in B after 2nd operation =c+ .c-T'C, 

= c(l.+p), if j9=l-c.^, that is, if C"^-^- (1 -/>)> 

ah 

•'. wine in B after 2nd operations— -:(l-p"). 

Assume the law suggested by the two values for t he wine in 
B after the 1st and 2nd operations to hold for the r^*** operation 
so that 

ab 



wine in B after r-1* operations —7(1-/)'"*), 
then wine in A^a i(l^P^O> 
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.*. Wine in B after r* operation m — 7 (1 -f"^) + - . {a 7 {l-f^)] 

Hence, if the law holds for r-l operations, it also holds for r : 
and therefore generally, since it was sheton to hold for two. 

Ex. S2. Divide an odd number 2it+l, into two other whole 
numbers, so that their product may be a maximum. 

Let X be one part> then 2it+l-jrathe other : 

and, by the question, (2it+l— 4p)4p— 171, a maximum, 

*r--(2ii+l)j:+(^-^j 4 > 

.% ar = i{2n+li;y(4n"+4ii+l-4iii)}, 

and the greatest value of m which will permit this to be real is 
when 4ms 4ii'+4ny in which case «a-{(2n+l)>bi}=3it+l, or »; 

•'. the parts required are it, and it+1. 
Ex. 23. If j; be real, prove that _ , , — ■= can have no value 



between — - and 1. 



T , &g-7 

then 2«-7 =» 2»M?*-2iifaf- 5m, 
2»M?*- (2m + 2) J? = 5III-7, 
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=^(ii«-iX«-i), 

Hence in order that x may be real, llm-1, and m-1, must 
be either both positive, or both negative, •*• 991 either > -r^ and > 1 > 

or <1 and < — , that is, can have no value between — and 1. 
Ex. 24. Eliminate a and b from the equations 

Here fl"-i*=«*-8d:^+S*y*-y, 
... a*-ar"^(y-y)«8jpy(y-«), (a), 

"2ar+3y «'-«■ ' 
Similarly, dividing (a) by y— y, b^-i/^+Sx^K 

Ex. 25. Eliminate m, », p, q, from the equations 
Here£+3^-£-2; but ^— ^, 
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• • ^"^^ ^ • 
ift n 

Al80^»J, 

Ex. 26. If the roots of the equation aa:'+6jP4c=0 are m the 
ratio m : «, shew that — =v^— 5i . 

Let a^ j3, be the roots; then 

and asz^,8=''- ,-, 

• • ^"^ ™» • 

AC mn 

Ex. 27* Find the sum of all the numbers of the forms 121, 
12321, 1234321> &c. in the scale whose radix is r. 

121«r*+2r+l«(r+l)', 

12321 - 1*+ 2r'+Sr*+2r +1 ^r'ir +1 )»+2r(r +1)+1, 

= {r(r+l)+l}"=(r*+r+l)«, 

1234321 -r*4 2f*+3f^+4r'+ 3r'+2r+l, 

= r*(f^+2r 4-1 ) +2r*(r*+2r+l)+r»+2r +1, 

=(r»+l/(r+iy=(r'+r*+r+l)* ; and so on. 
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/. sum req*. = (r+l)*+(r*+r+l)*+(r'+r*+r+l)*+&c. to 9 terms, 

-{^hmy <^)'*-^ <^)'- 

-^■{'^^--^*^}- 

Ex. 28. Shew that 12345654321 1& divisible by 12321 in any 
scale of whidi the radix > 6. 

12345654321 = r*«+2r»+Sr*+4rH5r«+6;-*4-5/+4r*+Sr*+2r+l, 

= (r»+r*+f^+r*+l)», (see last Ex.) 

-(sy- . 

Also 12321 = r*+2r'+3r*+2r+l, 

= (r-+r+iy = (^y, 

, 12345654321 fr^-1 r^-iy , . ,xa , , . 

• • TTT^TT, = \ — 7- -^ — ^ r = (r"+l r«a whole number. 

12321 l.r-1 r-lj ^ ' 

Ex. 29- Find the series in a.p. of which the sum of the first 
n terms is equal to n', whatever be the value of n. 

Let a be the 1st term, and B the com. diff« 
then {2a + («-l)ft} • 3 = »** 

2a»+5»*-6» = 2«*, 
(6-2)n*-(6-2a)««0, for all values of «, 

. *-2=0. or 6=2,1 
and 6-.2a»0, or fl=l,j 

.'. the series is 1, 3, 5, 7* 9, &c. 

Ex. 30. ^ Prom the last Example deduce the integral solutions 
of the equation j:"=y+;^«. 

By last Ex. 1+3+5+7+9&C. to n terms«n% for all values 
of »• 
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Now in this series 9, Z5, 49> 8I« kc are squares; let S^ 
stand for the sum of n terms. 

1st Then iS'a-5*, 

.*. 5'«4'+8', .'. Xm5, ^»4, Z'S. 
2nd. *i»«18*, 

.•. 15"=12*+5*, .'. a? = 13, y-12, « = 5: 
and so on. 

Ex. 31. Shew that """^"l/aftci/ lies between the greatest and 
least of the quantities l^a^ ^6, ^^^ «y3. 

Let "***^V^6cS = dP, then 

. loga+logft-flogc+logJ 
loir X » -^ — • 

which lies between the greatest and least of the quantitiesi (see 
Ex. 5, ^. 134^ Alg.) 

logg log 6 logc \ogd 

or log;;/a, logos', log>^, log^^J, 

and '.* quantities increase or decrease as their logs, increase or 
decrease, 

.'. X lies between the greatest and least of the quantities 

7«, 'Ji, 'J^> i/d' 

Ex. 32. The sum of two numbers is 45> and their l.c.m, is 
168 ; what are the numbers? 

Let M be the g.o.m. of the numbers, 

then qM-¥q'M^^5, q and ^ being the quotients when di- 
vided by the o.c.m., 

and qtjfMmiiie L.c.M.al68, 

. q-¥qf 45 15 
•• ^"l68"56' 

17 
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from which we see at once that 9 = B, and ^=7 ; 

and the numbers are 3x8> and 3x7> that is^ 24 and 21. 

Ex. 33. The o.cm. of two numbers is 16^ and then* l.c.m. 
is 192; what are the numbers? 

Let g, qr' be the quotients of the two numbers divided by 
their q.g.m., then the numbers are qxlGy 9^x16; and 

g^'xlfiethe l.c.m.=192. 

Now stnoe ^ and ^ are prime to each other^ and 3x4 is the 
only way in which 12 can be produced from two prime Actors, 

•'• 5^ = 3, and f'«4, 
/. the required numbers are 3xl6^ and 4x16, or 48 and 64. 

Ex.34. Find x when l&r-3«'>24. 

S(6«-a;'-8)>0, 

S{-(ar*-6a:+8)}>0, 

S{-(jp-4Xar-2)}>0, 

.*. X"^ must be negative^ that is^ «<:4^ 



'I .\ *=3. 



and«— 2 positive^ jr>2 

Ex. 35. Find all the integral values of x which satisfy the 
inequality «*<10j?-16, 

-jr'+10x-l6>0, 
-(j?"-10ar+l6)>0, 
-(«-2X«-8)>0, 
.*. j:>2, and<8, that is «=3, 4, 5, 6, 7. 

Ex. S6. Find the greatest value of — , _^ ■ . 

X +2j?+3 
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Let -5—- ^-fw, 

then (ift-l)«'+(2«-14)jr--Sm+9, 
. 2m-14 fm-'JX* -2m*-2m+40 

a?+ r— .Jr+ I 1 s= rj , 

•" *"^i:i{7-«*N/--2OT"-2m+40}, 

in which m cannot exceed 4^ but it may be equal to 4^ •*• 4 is its 
greatest value. 

Ex. 37. If X be real, prove that — 5-— — ~- can have no 

X +2x— 7 

value between 5 and 9. 

Let ^ — =-«»ii then 

jr+ 2* — 7 

(iii-l)«'+2(m-17)« = 7W-71, 

.'. «-- ^{17-m±V8("»-5Xm-9)}; 

hence, if d? is to be real> m—by and m-9> must both have the 
same sign, that is^ either 991 > 9, or < 5, and therefore has no value 
between 5 and 9- 



Ex. 38. Prove that 1.2.S...ii<(^^l 



»+l\- 
2 J' 



1st. Let n be odd; then the middle factor of 1.2.S...» is 



|(«+i)j 



the p** factor on the teft of this=-(«+l)-j9, 
«g^^ = 2(»+l)+P> 



and the product of these = -{ - (« +1) f—p*<jo (»+!)[ ; «nd there 
will be -(n— 1} pairs of factors such as these; therefore 
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when n is odd, 1.2.S...n<|-(n+l)> .3(»-l)> 

fl "^""^ 1 

<|2(«+l)j -gCw+l), €t fortiori, 

2nd. Let n be even ; then the two middle factors of 

1.2.3 n will be -n and o(«+2), the product of which 

2 2 

= -»(«+9). 

The factor p places to the left of the -«*** is ^(«"-p)> 

right .... -(»+2yMs -(«+2)+p. 



and the product of these = t«(» + 2) -p -p* < - «(« + 2) ; and there 
are altogether -n pairs of such factors; therefore 

S5 



when » is even, 1.2.8. . .«<•!— ,n(n+2)>*, 






.'. generally, 1.2.3...«<'{-(n+l)"|-. 



Ex. 39* Two smiths begin to strike their anvils together. 
The one {JC) gives 12 strokes in 7 minutes; the other {B) 17 
strokes in 9 minutes. What strokes of each most nearly coincide 
in the first half hour? 

Suppose the a^^ stroke of A actually coincident with the y^ 
stroke of B ; then since x strokes of A occupy the same time as 
y strokes of jB, 

12 17 
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or -=— ?=i+ 



^ 9+ — 



1+^ 



*+5 
2 



and the convergenta are - , — , -— , — , — r^ , each of which 
fractions, proceeding from lefl to rights approaches nearer and 
nearer to j^; and ••• — is the nearest ; but since A makes only 

51 strokes in the half hour^ — is the fraction to be taken for the 

value of -, that is, the 11*^** stroke of A and the 10* of B are 
those which most nearly coincide within the given time. 

Ex. 40. There are n points in a plane, no three of which are 
in the same straight line, with the exception of p which are all 
in the same straight line; find the number of triangles which 
result from joining them. 

If no three points were in the same straight line, the number 
of triangles would be the number of combinations of n things 
taken 3 together, that is, 

w(w-l)(n-2) 
1.2.3 • 

But since p points are all in the same straight line, which 
on the former supposition would among themselves make 

^1 — i a triangles; /, the above number must be dimi- 
nished by so much, or 

^ 1.2.3 

Ex. 41. Prove that f , — is an integer; and deduce that 



1^ IS an integer. 

17—8 
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By Art 318, r^ = / .^ ^ ^ = an Integer, by 

|r.[»-r 1 • 2. r 



Art 377, .'. writing nj+n, for n. 



Wi+»a 



j^.[«. 



an Integer. 



Again, 



nj+na+iis 



»i'|Wa»|W, 



«,+ »,+ Ha [«»+«» 



Hi. 



»«+w, l«,.l«. 



and so on. 



= an Integer x an Integer, 
p>an Integer; 



Ex. 42. Prove, mrlthout the aid of the Binomial Theorem, 
that if ^Cr represent the number of combinations of n things r 
together, 

„Ci+„Cj+„C,+. . .+,C,=2*— !• 

AH the combinations of the n things a^, a^ a^"-a^, are con- 
tained in the coefficients of x, and of its powers, in the expan-* 
sion of 

{x + a^{x + a,)(ar + flr,) . . . (or + a^ . 

And all the coefficients of x, and of its powers, excepting the 
coefficient of aT, are exclusively combinations of the n things. 

Hence the terms of the expansion of 

(l+a^Xl+^.Xl+fla).. .(!+«.)> 

excepting the number 1, are completely and exclusively combi- 
nations of the n things, Ap a,, a^,.,M^, 

Therefore the whole number of combinations is the value of 
(l+ai)(l+fla)(l+«3)-..(l+«0"l> when fl|=fl8=a3 = &c. = a»=l. 

Hence, the whole number of combinations of n things, 

or .Ci+,Ca+,Ca+...+,C.= 2"-l. 

Ex. 43. Along a straight line are placed n points. The dis- 
tance between the first two points is 1 inch; and, generally, the 

distance between the r'^ and (r+l)**^ points exceeds 1 inch by ith 

of the distance between the r^ and (r-1)*^ points. Find the dis- 
Unce between the last two points, and between the first and last 
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Ex. If m a If » 1 0^ shew that the distance between the extreme 
points is 9*8765432 1 inches. 

The distance between points 

(1) and (2), (2) and (S), (s) and (4) is 

^ ' ^'^'Z * 1+ — + — i* inches, 

and generally between the r^ and (j-^Vf^ points is 

^'^Z^'^'Zr*'^"*'*"::^!^ ®' i zi, inches. 

mm w * 1— fit 

Hence the distance between the last two points, that is, the 
(»-!)** and the »'»• is 

-ir;^ (^)- 

Again, the distance between the extreme points is 
1+- zi+i 7 + ...+-- zi- mches. 



; f •{ n-l-m '. -— J- V mches. 

!-»!"* I 1— HI"* f 



Ex. If ntsnalO, the distance between the extreme points 

10 1 

= -Q-{9-0-lllllllll} = 10-^x(0111111111) = 9-87654321. 

Ex. 44. Two straight rods, each c inches long, and divided 

into tn and n equal parts respectively, where m and n are prime 

to one another, are placed in longitudinal contact, with their ends 

coincident Prove that no two divisions are at a less distance 

c 
than — inches; and that two pairs of divisions are at this dis- 
mn 

tance. 
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Ex. If m^^SOj and n s243, find those divisions which are 
at the least distance. 



LetJ,\, ,. *. r A r^x. («* division of rod I, 

, > be distances from A of the {a. 



then Ji = — .c, d^—^'C, 



tn ' n 



\tn nj^ 
or nx" my = — (rfj - rf,). 

Now nx-rmf is integral, and its least numerical value is unity. 



mn 



.'. the least value of — (rfi~4») is 1, that is, the least value of 

c 

di'^d^ is 



mn 

Also there will be two pairs of such divisions, when 
nor— »ny=»l, and when nx— wiy=— 1. 

Ex. If fn = 250^ and n^ZiiS, we have to solve the equations 
243j?-250^ = sfcl. From the former, applying the method of con- 
tinued fractions, we get a;=107> ^=104, and from the latter, a? =143, 

Ex. 45. Two bells toll together for an hour ; one bell tolls 
244 times and the other 251 times, the first and last tolls of each 
taking place at the beginning and end of the hour respectively. 
Of the strokes (excluding the first and last) find those which are 
most nearly simultaneous : and determine a person's station in the 
straight line joining the bells, that those which are most nearly 
simultaneous of all may appear to him absolutely coincident ; given 
that sound travels at the rate of 1080 feet per second. 

The 1st part of this Problem is precisely the Ex. in the last, 
since the tolls of the first bell divide the hour into 243 equal 
parts, and the second bell into 250 equal parts; in which case, as 
before shewn, those divisions most nearly coincident are 

the 104*** of I, ^ also the 139"* of i, | 

and the 107"" of ii,J and the 143'^ of iij 

.*. the tolls most nearly simultaneous are 

the 105* of I, I also the 140*^ of i. 



and the 108**» of ii 



'i also the 140*^ of i, \ 

J 144*^ of 11./ 
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Again, let Bi, B, be the bellg : Bi g r r b, 

C the middle point between 

them : P the position in which a person must stand in order to 

hear the 105'*» stroke of i and the 108* of ii simultaneously. 

Then 105* stroke of i happens ^7^x60x60 seconds, and the 

107 
108* stroke of ii happens ^x60x60 seconds, after the com- 

250 

mencement of the hour. 



S P 

Also sound travels to P from J5j in — ^ seconds^ and from 

^j in Y^ seconds. 

.-. at P the 105* stroke of i is heard ^^ + i?^x60x60 

1080 243 

B P 107 
seconds, and the 108* stroke of ii is heard fT^ + ^TT;^^^^^ 

seconds, after the commencement of the hour. 
And these intervals must be the same, 

... = -i~(BiP-jB,P)+60x60(^— -31^, 
1080^ * • ^ \24,S 250/' 

^ 2CP 60x60 
or = 



1080 248x250' 
.'. CP = 32 feet 

Similarly if Q be the position in which a person must be in 
order to hear the 140* stroke of i and the 144* of ii simulta- 
neously, 

CQ = S2 feet. 

If the distance between the bells be less than 64 feet, the 
above investigation fails^ and the points P, Q do not exist. 

If the distance be 64 feet, the sound of the 105* stroke of 
I will reach ii just as it makes its 108* stroke; hence the two 
strokes will be heard simultaneously by a person situated any 
where in the line BiBg produced towards Bg, Similarly, the 
140* stroke of i and the 144* of ii will be heard simultane- 
ously by a person situated anywhere in the line jBiJB, produced 
towards £|. 
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Ex. 46. Three bells commenced tolling simultaneously, and 
tolled at intervals of 25, 29^ 33 seconds respectively. In less 
than half an hour the first ceased, and the second and third 
tolled 18 seconds and 21 seconds respectively after this, and 
then ceased. How many times did each bell toll? 

Let 25^ « N**. of seconds before bell i ceased, 

.-. ^+l»N^ of times bell i tolled, 

1+ — z:^ — = II = l+«, suppose, 

29 



• • 



, ^ 25^+21 
and 1+ gg = Ill =l+y, 

.-. 29a:-18 = 25^ = 33^-21, 
or 3 3^ -« 2 9x = 3, ( 1 ) 

.-. dr = 33m-24,1 if «i=l, x = 9,| if »i = 2, af = 42,| 
^ = 29»i-21,J j^ = 8,J y = S7./ 

Again, 29j?-25/ = 18, (2), 



.% x«25n- 
/=29» 



-108,1 if n = 5, a? = 17,1 if n = 6, a? - 42,1 
-126,1 ^=19J ^ = 48./ 



••. ^ = 48,1 

J* = 42, 1 satisfy all the conditions. 

J^ = S7,I 

Hence the first bell ceased 25x48 seconds, or 20 minutes, after 
it commenced tolling; and the bells tolled 49, 43, and SB times 
respectively. 

Ex. 47- Two particles, a and b, start together from the same 
point, and move in the same direction, along the same straight 
line ; a moves with the uniform speed of 2 feet per second, whilst 
the speed of b is such that it moves over 1 foot the first second, 
and the number of feet described by it in any time varies as the 
square of the time. Prove that, during the motion, the particles 
will be 3 times at any given distance, less than a foot, from each 
other; and interpret the fourth result obtained in the algebraical 
solution of the problem. 

Let s feet — distance between them at the end of t seconds, 
then, as long as a is a-head of b, 

s^n-fy or t=l^Jl''S. 
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Hence, as long as a is a-head of b, the greatest possible dis- 
tance between them is 1 foot ; and 

t^^l—Ji—sl (1) gives the Jtrst time they 

are at the given distance s^. And after they have been at great- 
est distance, 

^a=»l+^/l-*l (2) gives the second time. 

Also they will be together again at the end of 2 seconds^ (since 
^ = 0, when < = 2), after which the equation is * = /*-2/, 

or t^lAjTTs (a), 

/• t^^l+Ji+Si (3) gives the third time of their 

being at the given distance s^. 

The negative sign in (a) makes / negative, and to get an inter- 
pretation of this write -/ for / in *«/*-2/; then we have 

which indicates, since s increases as t increases^ that the answer in 
this case belongs to the question when the points are supposed to 
move in opposite directions. 

Ex. 48. Supposing the receipts on a railway to vary as the 
increase of speed above 20 miles an hour^ whilst the cost of 
working the trains varies as the square of that increase^ and that 
at 40 miles an hour the expenses are just paid; find the speed at 
which the profits will be the greatest. 

Let X be the speed at any time^ in miles per hour, 
then a?-20 = its excess of 20 miles, 

.'. Receipts oc dj - 20 = m(a! - 20), 
Expenses oc(a?-20)'«ii(a?-20)', 
when « — 40, Receipts = 20m, 

Expenses = 400n, 

and, by the question, 20m=s400», .*. m = 20ii. 
And m(x-20)-n{x-20y = a maximum, 

or 20«(j?-20)-n(j?-20)*= 

or 20(a?-20)-(«-20)*«M, suppose, 
(;i?-20)'-20(ar-20)+IOO = 100-M, 
/. «-20=10i7l00-M, 
.-. x = 30»fc*yi00-3f. 
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and, in order that x may be real, M cannot be greater than, but 
may be equal to, 100, which is therefore its greatest value, in 
which case x^SO, 

a «• 



Ex. 49. Determine whether the infinite series — -— + 



+ + ,.. is convergent or divergent, 

»i+3p ® 

(w-UV'term m^-np ^ f p \ 

re^ term ''^'m+Cn+l)?.'"^ iii+(«+l)pJ ' 

Bfl, when n is indefinitely in- 
creased. Hence the series will be convergent, if fl<l, and 
divergent, if a>l. 

Ex. 50. Prove that every quadratic surd, supposing the unit 
to be a line, may have an exact geometrical representation, although 
it cannot be exactly represented arithmetkally. 

Let ABC be an isosceles right-angled triangle, each of the 
equal sides AB, BC, being in length equal to the unit; then 

the hypothenuse AC represents Jl+l, or ^, (Euclid, Book 

L 49.) 

Again, let A'HC be a right-angled triangle, of which the 
side A'B^=X^e unit, and B'C'=^AC in the former triangle, 

then A'C=JT^=^j3. 

Again, let A"B"C" be a right-angled triangle, of which A^'B^' 
=the unit, and Bf*C"=% units, then 

A^'C'^Jui^Jl. 

Again, let A'"B"C" be a right-angled triangle, of which 
^'"^"'=the unit, and B'"C'*'^A"C' in the former triangle, then 

a:"C''=JuJ^JQi 

and so on : by which process it is obvious that an exact geome- 
trical representation can be constructed for any quadratic surd 
whatever. 

a 

Ex. 51. A person continually walks at an uniform speed, and 
always in the same direction, round the boundary of a square 
field ; and another continually walks, at the same uniform speed, 
along a diagonal of the field, always retracing his steps when he 
reaches either extremity. Prove that, according to their relative 
initial positions, they will either (1) never meet at all, or (2) meet 
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once; but they will never meet more than once however long 
they continue to walk. 

Call him who walks round the boundary /3, and him who 
walks along the diagonal S ; and let fi walk round in the direction 
ABCD, A, B, C, D being the angular points of the square in 
order of position^ AC being the diagonal traversed by 3. 

1st. They will meet at A^ if B begin walking towards A, and 
fi at the same time be either at the same distance from A that 
3 is, or at the same distances- 2 xdiagonal: or, generally^ if B's 
distance from ^+2mxdiagonals/^s dist. from ^ + 4itxside of the 
square. 

Again, they will meet at A^ if 3 begin walking towards C, and 
/3 be from ^ at a distance = diagonal + 3's dist from C; or, gene- 

rally^ if 3's dist. from C + ^m+lxdisigonal = ^a dist. from A+^nx 
side ; m and n being positive integers. 

Similarly they may meet at C 

But, if they once meet, since they describe equal spaces in 
equal times, and the side of a square is incommensurable with its 
diagonal, it is obvious that they can never meet again. 

Also, if their positions at starting be any of those in which 
they are simultaneously, on the supposition that they have met 
once, then they will never meet at all. 

Ex. 52. A sum of money in £. s. d, is multiplied by a certain 
number ; the pence are now half what they were before, and the 
shillings and pounds each what the shillings were at first. What 
is the sum, and the multiplier ? 

Let the sum be £x. ys. zd. and m the unknown multiplier ; 
then, by the question, -r^-p+\^t where p is the number of shil- 
lings to be carried, and therefore a whole number, 

.'. ^^ — ^^=zp^ a whole number, 

or (2m-l)jar is divisible by 24. 

Now the factors of 24 are, 1x24, or 2x12, or 3x8, or 4x6, 

2»i— 1=1 ^ 

_ ' V is inadmissible, %• ffi = l is clearly impossible, 
anci A=^<«4, J 

Also the 2nd, and 4th, pairs of factors are inadmissible, since 

18 
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£9fi— 1 cannot be even; /. the only pair of factors are the 3rd, 
that is, 

and z^S,) and z=8.) 

Hence the sum is £x. y$. 8d., which multiplied by S becomes 
£2a> 2y+l*. 4d. ; but, bj the question, -^^ ^^"^qq ' 

or ^^r-'^Q^ a whole N*., to be carried to the f's. 

And y cannot be greater than 19, .% 5r=19, is the only admissible 
value of ^, so that ^+1 may be divisible by 20^ We have then 
2x+9=2d;+l=19, .'. Jf^9; and the sum required is £9* 19^- 8d,^ 
the multiplier being 2. 

Ex. 53. I^ W > TT ^® ^^7 ^^^ consecutive convergents to -r , 
shew that the error in taking ~ for t <■ rrrr hut > -tttfl — frr • 

Let i^ be the next convero^ent after -^ , then 7- differs from 
—^ only by taking instead of the partial quotient q^ the complete 
quotient ^a+^, or Q, suppose; but 

D,"g,D,+ A' '' 6" 02),+ A' 
•' S'^A"'ttA+A~A"" Di{QD,+DO * 

-AtWi)^^^'^-^^^^ 

Ex. 54. If p=Ja'+l3* be defined to be the * modulus' of a bi- 
nomial of the form a-\-PJ^^ where a, /?, are rational ; and ^j, p,, 
p%9"'p»i be the moduli of n such binomials; prove that the 
modulus of the symbolical product of these n binomials is 
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Let i2. represent the modulu* of the product of » such bino- 
mials; then 

(oi+^uy^)(«,+Ay^)=a,a,-/3,/3,+(o^,+a^,)>A^» 

= («/+i3.»)(«,'+/3;). 

Similarly Rg=s ^ip%* 

.*. by multip". Ra^piPaPf'pu* 

Ex. 55. Explain the notation of ^^ functions" ; and shew that 
if F(x)^ar^ then F(x) . J?'(y)=J?'(ar+^). 

A function of J? is any quantity containing jr. It may contain 
other quantities besides x, but when considered only with refer- 
ence to the manner in which x enters^ and the value of jr, it is 
called simply a function of x, and for shortness is written ^(x), 
or f{x)f or 0(x). Thus crx+jc" is a function of jr, and tfy+y' is 
the same function of ^^ so that if F{x) represent the former, rQf) 
represents the latter. 

In the Example given F(4?)=a*, .*. F(jf)=sc^^ and .% F(x). 
F(j)=af^ in which x+y enters in the same way that x does in €^, 
that is, 

Ex. 56. If F(«, .)=l-n.^+=6l=l)._i^-&c, shew 
that 

and thence deduce the sum of the series for jF(it| m), when » is a 
positive integer. 

_. N 1 1- ^ nCn'-l) tn ^ » 



r 
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= — {l-ll + -V-=-^- «c. 



m^^ ' 1.2 



+ &c.}, 



iw+p 1.2 iii+2p 

»! l»i+p ^ ' 111 + 2/) 1 . 2 tn + Sp ) 

<■•• l-«+^^^-&c.-(l-l)-=0,} 

??.f(^^. m^) (1). 

m 



(«-l)p 



Again, -P(«-l, wn-p) = \^p - ^(»~2> w»+2;>), 

F(;r:2, tirr2» = ^J^. f(^:^, i^Tsp^ 

&c. = &c. 

JP{ji-(«-l), jii + »-l,p}=: — ^" ,> .F(n-^n, iw+itp), 
^ ^' -* m+(ii— l)p ^ ^ 



1 



JFy^O, m-^np)- ; n being a positive integer, 

. VC^ «^ n(n-l)(n-2) 8.2.1 

^ ' i«(m+p)(iii+2p)...(m+n|>) ^ 

Ex. 57. The Julian Period consists of 7980 years ; the cycles 
of the sun, moon, and the Indictions, of 28, 19, and 15 years, re- 
spectively. If any particular year be the it*** of the Julian period, 
the remainders, after the division of n by 28, l^t l^i ^^^ the 
3'ear8 of the Solar and Lunar cycles, and of the Indictions, re- 
spectively. Prove the following Rule for determining the year 
of the Julian period when the years of the Solar and Lunar cycles 
and of the Indictions are given : 

Multiply the number of the year in the Solar cycle by 4845, 
in the Lunar by 4200, and in the cycle of Indictions by 6916; 
divide the sum of these products by 7980, and the remainder is 
the year of the Julian period sought. 



Let jS' be the year in the Solar cycle,' 



L Lunar . . . 

/ Indictions, 



corresponding to the n' 



th 



* year of the Julian Pe- 
riod; 
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then M^^Sm+iS, (1)1 

n=l9p+Lj (2)1 by the question. 

»«15g+/, (3)1 

Multiply (1) by 4845, (2) by 4200, (3) by 6916 ; add together 
the resulting equations, divide by 7980, and reducing fractions, 
we have 

» ^» ^^ .a 48455+4200L+6916/ 

2«+;;;;;^7;=17«+10o+13^+ -— — , 

7980 ^ ^ 7980 ' 

and the fractions on each side must be equal, 

A If = remainder after the division of 48455+4200L+6916/ 
by 7980. 

Ex. 58. If an import duty of r shillings a quarter be laid on 
foreign com when the price of com in the English market is p 
shillings a quarter, and e,f, are the niimbers of quarters of En- 
glish and Foreign com consumed in a year; and if the imposition 

of such a duty causes the price to rise to p+' shillings a quarter, 

and the consumption to sink, so that the same sum of money is 
still expended, the English produce being supposed to remain 
constant; find the value of r most productive of revenue. 

The total cost of the com per annum when free of duty 

.'. N*. of quarters imported after the duty is laid on =£L.^-e, 

p + - 

npf-^er ^ 

np+r * 

, npf—er 

.*. yearly revenue = -^ . r = a maximum, 

" np+r 

Let J? be its greatest value; then 

ngfr — er* = npx + rx, 
er* - (njif" x)r = - npx, 

Now, in order that r may have a real value, 4tenpx cannot be 
greater than, but may be equal to, {j^pf-^xf^ •'• the greatest value 
of X will be when 

18—3 



210 



MISCELLANEOUS EXAMPLES, 



^Unpx ''{n^f-xfy in ivhich case r = ~-{npf- x). 




B 
R 

b 


B 
W 


R 
b 


b 
R 
W 
B 


b 


B 


R 


W 



£x. 59' A square sign-board is divided into 1 6 equal squares 
by vertical and horizontal lines. In how many ways can 4 of these 
squares be painted white^ 4 blacky 4 red, and 4 blue^ without 
repeating the same colour in the same vertical or horizontal row ? 

Suppose one of the ways to be as in the 
annexed diagram. It is clear, that we can- 
not interchange the colours in any particu- 
lar row^ so as to satisfy the conditions ; but 
we may permute tvhole rows^ both vertical 
and horizontal, in all possible ways. 

Now the number of ways in which the 
vertical rows can be permuted is 1x2x3x4. 
And the number of ways in which the hori-- 
zontal rows can be permuted is also 1x2x3x4. And each of the 
former permutations may be combined with each of tlie latter; 
therefore^ the whole number of the arrangements required is 

[4x[4, or 576. 

Ex. 60. Shew that the greatest coefficient, formed from the 
index n, in the expansion of («,+«,+«» ••• + 0" is -^ — r-^ . 

where q is the quotient and r the remainder^ when n is divided 
by m. 

Let q be the quotient, and r the remainder^ when it is divided 
by »i; and suppose Cj, ag,,,.a^ to be the exponents of a,, 
Og,.. .a^y in that term in the expansion of (a|+a,+ . . .+««)" which 
has the greatest coefficient. It follows that [a,.[a,...U is not 
greater than |«i-l . [qi+l . . . [a^, and therefore that 

a, is not greater than a^+l^ 
not greater than o,+l, 

«•+!, 
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whence ma^ is not greater than ai+a^+., .a^+m-l^ 

i. e. not greater than ntg+r+m—l, 

r— 1 
.*. a, is not greater than q+l+ , 

. and, similarly, is not less than g-l+ , 

and therefore = q, or 9+I; 

and the same may be proved of the other exponents. Therefore 
wigr+r^n =a,+a,+ ... a^ = wig+ the number of indices that are 
equal to ^+1; and therefore r = the number of indices that are 
equal to g+1. 

Therefore the greatest coefficient 



(l9)-([£+l) 

(i5)"x?+iy' 



r 9 



MISCELLANEOUS EXAMPLES- 

(THIRD SERIES.) 



Ex. 1. X^-^.x=l. 



1 



.-. 1-76?= 2; 
.". 2'+32*+S2+l = 2; 

and .'.«■■ A / 17== — • 
V ^2-1 



Ex.2. «*-S« = a'+-5 



. • 



... *'-(-i) =s{-(«4)}; 



.". « = fl+-, or &c. 
a 



Ex. S, (a?+a)(j:+2a)(dr+Sfl)(a?+4a) = c*. 

Let «+-— = V. 
2 ^ 



■••(''-T)(»-^G'*i)(**f)- 

(y-¥)(.--$ = 



« 5 , , 9a* 
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5a^ fba* TUT 

Ex. 4. «"+/j«'+rp-l + — rV+l = 0. 

,*. «'+p*'+(p-l)x+ — j(ar+/j-l)»0; 
.'. (ar+p-l)(a:*+;p)+— ;^(«+p-l)»0; 

.*. «+p-l=0, or «■+*+ — r=0; 
, p-1 

.•. «s»l-|>, or &€• 
Ex. 5. (p-l)V+pa:*+rp-l+— - jj?+lssO. 

Let dr=3-: 

••• (p-l)'+p«+(p-l+^y+«*-0; 

.-. jB'+0>-l>»+-i-{«'+p(p-l)i;+(jB-l)«} = 0; 
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.*. ar 



1-p 



, or &c. 



Ex.6. jr'(y-2)-fl* 

By addition, 

fl"+6*+c'«j!*(y-£f)+y(«-jr)+2"(ir-^). 
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But a*ftV = «*ys*(^-jff)(£f- «)(«-^) ; 

.'. «y^ = -^qf:^^=-R*, suppose. 



i2-6' 



i2*-a« 









.B. 



Similarly, y-^-g^^^^.B; 

^-'^ .R; 



s»« 



where -B" = 






Ex. 7. a^(j/+z)^a\ 
y(z+«)-^'. 

By multiplication, a^^{z*+(x+y)z4'X^}^a*b* ; 

••• «y(yz+zx+xy)=a*&*-c*,"] 
by addition, «(y z + 5fx +xy) = a*+ c*, 

y (y z + zj? + ary) =s 6"+c* ; 



«!y = 






1 
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y- 






Ex. 8. «yjar=a*(y+2)=6*(s+jf)=c*(a:+y); 

.1 1 ___! '^ 

jfjsr dry "6"' 

1 1 1 

2* yz c' 



2^ 



2 
a' 



-:5+p-^> 






zx 



a 



1-lxi-L 



.-. dividing the Srd by the product of the other 2, we have 



«*=2. 



?^"*"c* fl* 



and similarly ^ and 2*. 

Ex. 9. xyz = a(y*+z')==h{^+a^ = c(x*+y''); 



y z 1 

zx xy a 




r2ar_l^ji_l 
yz b c a 


Z X 1 

»y ^2j""6 


• ; 


zj? c a 6 


yz zx c\ 




gar 1 1_1 
xy~ a b e* 


.•• multiplying the last two together and inverting. 


* 



\c a b/\a b cj 



and similarly ^ and 2*. 
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Ex. 10. {s+y){x+z)-a*, 

(jf+«Xy+*)-*', 

(a+«)(*+jr)-«'. 

ca 
6 



and similarly t/ and 2. 

Ex. 11. a^+f^+T^^Sxyz (i)| 

Sa-x+2» 36-^+0? = 3c- £r+^ ,(2)y 

Each of the 3 expressions in (2) = J of their sum, 

.-. 2-jr = i+c-2a] 

Let JP+^+j8r=«; 

A «»««'+(y + 2:)"+Sjr(^+j8:)(«+^+s), 
= a?"+y+2;»+3^z(,y+2)+3jr(y+2;)M, 
= 3xy2f+3^s(^+2)+3x(5r+jar)tt, by (1), 
= 3^2.« + 3x(y+2:)M; 

.*. «, or «+^+«eO; 

also d:-y=a+c-2J, 
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/. eliminating y and z by cross multiplication, . 

we have x^a—h; 

and z^c-a. 
If we take the other values of u we have 

«■, or (j?+^+8)'-3(j:y+J?3+^s); 

.-. a?(a4c-26)+;y(a+6-2c)+«(6+c-2fl) = 0, 
and «— ^«a+(;+26, 

.% «.0 = (6+(?-2fl)(a+6-2c)-(a+c-26)"; ^ 

.*• « B 00 , (whence y and jb: also =00)^ 

, b+c-Sta a+c-2b 

unless -7 = — T — TT > 

a+c-2o a-^o^^c 

or a(a-5)+6(A-c)+c(c--a) = 0, 

and then the values of x, y, z, are indeterminate. 

Ex. 12. Obtain in the simplest form the value of x which 
satisfies the equation 

= (j:-2a)(j:-26)(ar-2c)(x-2cO, 

and investigate three equations independent of x, which include 
all those relations between a, b, c, d, for any one of which the 
equation becomes an identity. 

(jr+a— 6-c— rf)(*-o+ft— c— rf) (jr~2c)(j;-2c?) 

(x-2a){x-2b) (j:-a-6+c-£/)(a:— a-6— c+rf) * 

. difference of numerators 
,'. each = ^iT- 



difierence of denominators ^ 
(a-6— c-rf)(-a+6-c-rf)~4c£? 

= 1, unless c-£? = a-6 (a), 

-2(c+d)ar+(a-6-c-(0(-<*+^-<?-^ = -2(a+6)j:4 4a6; 

19 
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the exceptional case (a), which makes the equation evidently an 
identity, gives 

And so we may have a-hh^c-i-d, 

a-i-c^b-i-d; 

these, being the only ways of combining the letters a, b, e, d, two 
and two, will be me three conditions, any one of which will 
make the equation an identity. 

Ex. 13. Two numbers are as 3 : 5^ and their g.c.m. is 555: 
what are the numbers? 

Since they are as 3 : 5, they will also be so when divided by 
this O.C.M., in whiclii case they become prime to each other. But 
S and 5 are prime to each other ; .*. the (quotients after the divi- 
sion are 3 and 5; .'. the numbers are 1665 and 2775. 

Ex. 14. Each of two points moves uniformly in the cir- 
cumference of a circle : one goes round 5 times while the other 
goes round twice; and at the end of 21590 days they return for 
the first time to the place from which they started. How long 
does each take to go round? 

The first time they arrive together at their starting-point is 
when they have actually been round 5 and 2 times respectively; 
.*. they take to go round ^, and ^, of 21590 days, i. e^ 43 IS, and 
10795, days. 

£x. 15. Four chronometers, which gain 6, 15, 27> 35, seconds 
a day respectively, shew true time. After how many days will this 
happen again? 

If X be the number of days required, the total gain of the 
respective chronometers is 6d7, I5x, 27 jr, 35x, seconds; and each 
of these must be a multiple of 12 hours, i.e. of 12x60x60'; 

.-. X must be a multiple of 2x60x60, 12x4x60, 4x20x20, 
12x12x60; the last being obtained from the consideration that as 
the factor 7 belonging to 35x does not appear in 12x60x60, 5x 
must be a multiple of 12x60x60. 

The question evidently requires jr to be as small as possible; 
.-. «=the L.c.M. of 2x60x60, 12x4x60, 4x20x20, 12x12x60, ue. 
43200; .•. they shew true time after the lapse of 43200 days. 
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Ex. 1 6. Two points revolve in the circumferences of two cir- 
cles. At starting they are in a common diameter of the circles; 
and. before arriving again simultaneously in their initial positions, 
they have been in common diameters n times, or m times^ accord- 
ing as they have revolved in the same or in opposite directions. 
Prove that m+n and m—n must have a common divisor 4, and 
no higher common divisor ; and that the ratio of the periods of 
revolution of the points is m+n : m— n. 

The problem will be the same as if the circles were coinci- 
dent, which we shall therefore suppose. Let 2c be the circum- 
ference, a and b the times which they respectively take for a 

revolution. Then in a unit of time they describe — , -r- , and are 

therefore separated by an interval -r- , over and above the 

distance already between them; therefore the time that elapses 
between two successive instants when they are in common diame- 
ters^ is 

c ab 

2c_2£"'2(a-6)* 

b a 

And in this time they describe 

b 



therefore, by question, 



a—b a—b 



nh na 

C, rC 



a-b ' a-b 
are multiples of 2c, =k.2c, k\2c, suppose. 

So, if they moved in opposite directions, 

nib tna 



c, tC 



a+6 ' a+6 
are multiples of 2c, « ^ . 2c, k'. 2c ; 

for as far as regards their arriving simultaneously at their initial 
positions, the directions of their motions are immaterial. 

nb ^Qi_ »»6 
a-b a+6 



a-b tf+ft' 
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where k, k' are prime to each other^ by the conditions of the 
question; 

.-. n = 2(it'-ifc), iii = 2(it'+it); 

whence m+n, m—n have 4 for their o.c.Ho and the ratio of the 
periods 

ssa : b = t' ; k = m-hn : w— «. 

Ex. 17. Three particles start at the same point to move uni- 
formly in the circumference of a circle, and the period of the first 
: that of the second : that of the third :: a prime number : a se- 
cond prime number : a third prime number. The first and second 
arrive together at the starting-point 6 min. before the first and 
third, and 28 min. before the second and third arrive there 
together; also when the first and second arrive tiiere together, 
they have been together as many times as the second and third 
when they arrive there together; and all three arrive there 
together 1 h. 55 min. 30 sec. afler starting. Determine the periods 
of revolution. 

Let ka, tb, kc, be the periods expressed in minutes ; a^ b, c^ 
being prime numbers: and let s be the circumference. 

By a method similar to that in preceding question, time be- 
tween two successive instants when (1) and (2) are together 

fi=7 ; in which time (1) describes t ** and (2) describes 

b-a ^ ' 6-a ^ '' 

7 s. When they arrive together at the starting-point, (1) will 

evidently have described bs, and (2) as, which will be in time 
k(df, and they have then been together b—a 4;imes. 

So (1) and (3) will arrive together at starting-point at the 
end of time kacy having been together c-a times. 

And (2) and (3) will arrive there together in time kbcy hav- 
ing been together c-& times. 

They all arrive at starting-point together in time kabc; 

.*. by question, kab « kac-G^ or ka^c-b) = 6, 

kab = kbc~28, or kb(c-a) = 28, 

kabc^llS^y 

b—a = c-b; 

be "I15i 6*"? "77' 



6 1 




115j 
28 


, or ' 


115i 


\ 



c-a 28 l_i_^ . 

cfl "" 115A a"'c "^33' 
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••. by subtraction. — t * 777 ; 
^ a b 21 

c— 6 h—a __ 4 4 

a S 
c 11 

But a and c are prime ; .*. a « 8, « s 1 1, 

and .'. h = 7; 

.'. also it=i, 

and the periods are 1^, 3^, 5^, minutes. 

Ex. 18. If the G.C.M. o£ m+n and m— » be 4: prove that the 
G.o.i[. of fft and n will be either 2 or 4; and that when it is 2, each of 

-- y ' , is'odd; and when it is 4> one of — > 7, is odd, and the other 

A % 4 4 

even. 

The o.c.M. of m+ft and m— n, viz. 4, measures their sum and 
difference, t. e. 2m and 2ft ; .*. m and n must be divisible by 2. 

Also the 6.C.H. of nt and n measures m+n and m—n, and there- 
fore measures 4; therefore o.c.if. of m and n is either 2 or 4. 

(1) Let it be 2 ; then one ot •- , -, is odd (for no two even 
numbers are prime to each oUier); and if the other is eveki, 
— — -, ~^* ^^^ ^0^^ ^^9 which is impossible; therefore -, 

and rr, are both odd. 
2 

(2) Let it be 4; then one of -7 , 7 , is odd; and if the other 

4 4 



be odd, — r— , — 7- , are both even, which is impossible ; there- 
4 4 

fore one of -j, 79 ^^ ^^^« '^^ ^^ other even. 



Ex. 1 9. From the longer of two rods a piece equal to the shorter 
is cut off: with the shorter and the remainder of the longer a 
similar operation is performed ; and so on, until the rods are of 
equal length. Prove that if this last length be taken for the unit 
of measurement, the lengths of the original rods will be repre- 
sented by numbers prime to each other. Also, 

19—3 
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£xp1ain that tbere are many relative lengths of the original 
rods for which the cut roda wiU never become equal, however 
long the operation be continued. 

As division is shortened snbtractioii, it ia evident that the 
operation in question is the same as that of dividing the longer 
by the shorter, and the shorter by the remainder, and so on, 
until there is no remainder: the last length spoken of will be 
the last divisor. This is the same operation as that of finding 
the o.c.M. of two numbers representing the number of some com- 
mon unit contained in the rods. If the unit of measurement 
spoken of in the question be taken, the numbers which repre- 
sent the original rods will be those which express the number 
of times this g.cm. is contained in them, which of course are 
prime to each other. 

It is not difficult to see that in many cases this operation will 
never terminate, as for example, if the rods are equal to the 
diagonal and side of a square, the diagonal of a cube and that of 
its ikce, &c. 

£x. 20. Define commensurable magnitudes; and prove that 
magnitudes which are commensurable with the same magnitude 
are commensurable with one another. 

Cdmmensurable magnitudes are those which can be obtained 
by the repetition of a certain the same magnitude, or which 
have a common measure. 

Let B and C be both commensurable with A, t. e, let A^mk^ 
B^nk, where m and n are integers: and A^m'ldy C=n'k^y where 
m' and n' are integers. Also let k^w!\; •*. m'k'ssA^fnk^mw^K^ 
or Jff=m\y whence B^nm!\y C^n'mX, i.e, B and C are both muU 
tiples of some quantity X, and therefore are commensurable with 
each other. 

Ex. 21. The adjacent sides of a rectangular parallelogram are 
respectively equal to the hypothenuses of two right-angled tri- 
angles whose sides are commensurable with the unit of linear 
measurement. Prove that its area will be commensurable or in- 
commensurable with the corresponding unit of square measure- 
ment, according as its sides are or are not commensurable with 
each other. 

The squares of the sides of the parallelogram will be equal 
to the sum of the squares of the sides of the triangles contain- 
ing the right angles; and therefore the sides of the parallelogram 
will be expressed by the square roots of two numbers. As the 
area is represented by the product of the sides, it will be com- 
mensurable with the unit of square measurement, if this product 
involves no surd factor, i.e. if the expressions for the sides are 
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either rational^ or can be reduced so as to have the same surd fac- 
tor^ (for the product of two dissimilar surds cannot be rational). 
In the first case both the sides are commensurable with the unit 
of linear measurement ; in the second case, they can be both 
obtained by the repetition of the line represented by the surd 
factor ; therefore in both cases they are commensurable with each 
other. Q.E.D* 

Ex. 22. Shew how to find geometrically lines equal to th^ 
6.C.M. and the l.c.m. of two given commensurable straight lines. 

For finding the o.c.m.^ see Ex. 19^ above. 

For the l.c.m. If the lines a and h=mk, nk^ where^^ is their 
6.C.M. ; and therefore m and n are numbers prime to each 
other, the l.cm. of the two is mnk, i. e. na, or mb : whence we 
must find the g.cm. of the two lines, and repeat the one as oflen 
as this 6.C.M. is contained in the other. See Euclid^ Book vii. 
Prop. 2 and 36, and Book x. Prop. S, 

Ex. 23. Prove that 

The denominator 

= (J-c)(a-6)(a-c). 
In like manner the numerator 

therefore the fraction 

=:(a + i)(6 + c)(a+c)*. 

Ex. 24. Obtain the continued product of 

a+6+c+</, a+&-c-rf, a-6-c+rf, a-ft + c-i; 
also of 

and shew that the sum of these products = l6a^;cJ. 

* This might have been solved thus :— .If e were put = 6, the denominators: 0, 
and therefore it is divisible by 6 - c; so also by a - 6, and by c-a; these being 
prime to each other, it must be divisible by (a-6)(6-c)(c-a), and therefore 
s^(a-6)(6— c}(o— a), where Ar cannot contain a, h ot c, owing to the dimen- 
sions of the denominator and this divisor. By comparing the numerator with 
the denominator we shall have the numerator =Ap(a'— o") (6*-©*) (o* — a*): 
whence the required result is obtained. This will also apply to Ex, 27, below. 
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The first product 
»(fl'+2aft+ft'-c'-2crf-ir)(a*-2flft-H6'-c*+2cJ-J«)* 

= a*+ 2»*+ c*+ d*-2a"6*-2aV-2aV- 2iV-26V-2c*d*+ 8fl6cd. 

The second is obtained from the first by writing -a for a^ and 
changing the sign of the whole ; and therefore it 

=_a*- b*' c*- d*+ Qa*b'-^2a*c/'-¥ 2/? V+2//c»+ 26 V+ 2c'£p+ SflAc^i; 

and the sum of the two evidently =^l6abcd, 

Ex. 25. Find the continued product of n such trinomials as 
^•-fl^+a% «*-aV+fl*, a;«-aV+a% ^'^-aV+a'^, &c. 

The respective trinomials 

_j:*+aV+a* g'-fflV+g* g'*+<fV+g '* 

the last of them is *"•— a*x'+a"*, 



where wi=2", and « 



«'"+a«««+o'" 



The product of these is evidently 

Ex. 26. Find the sum of n such fractions as 

x«-a«+fl«' «*-flV+a** x»-aV+a»' *^' 

We have _?^±fL_+^^Z^,?^2*'t_0 
ar+ ax + or a: - ax + a* **+ a' a:'+ a* 

2x(2.r*+a*) 2jr(2jr*-fl') 4j:"(2**+a*) 



so . . . — i + 



« -« ^4 = •« I -«4 -.4 J «« ' 



jr*+ a*x*+a*^ x*- a V- a* J:*+ a* j?*+ a 
4j»(2j'*+fl*) 4j'(2j?"~a" ) ^ 8x^(20^+ fl') 

the second of the fractions in the left-hand members being those 
in the given series. We shall at last have 
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where iw«2". 

Adding these all up, and rejecting those that are common to 
both sides of the equality, we have 

2*+ a . - 2".*"^V2j:*+a'") 

-= i + required sum = — s- — ^-— — =-r^ ; 

. , gmjj'^^+ma^j?*-* 2J? + fl 
/. required sum = — 5- — —-- — =- = ,, . 

Ex. 27. Prove that 

~ — /.3 , \. — ^-7 xr-«(o+M(A+c)(c+fl). 

(a-o)"+(6-c)"+(c-a)' v y\ y\ / 

The denominator 

as- S{aftfa-6) + &c(6-c)+ca(c-a)}, 
=- 3{a'(6-c)-a(6'-c*)+6c(6-c)}, 

=-S(6-c)(a-6)(a-c). 
So the numerator 

therefore the fraction 

-(a+b){b+c)(c+a). 

Ex. 28. For what unit of time will the durations 11574^ and 
360360*. be represented by numbers prime to each other ? Re- 
solve the same question for 3'6 hours and 2*76 hours. 

The unit required must evidently be that magnitude which is 
represented by the g.g.m. of the numbers representing the pro- 
posed quantities. Since quantities cannot be compared unless 
they are expressed in terms of the same unit, it will be neces- 
sary to have them so expressed before the question can be solved. 

For (1), the unit will be that number of seconds expressed by 
the G.c.M. of 11574 and 360360, i.e. 18 seconds. 

For (2), if the quantities be referred to the hundredth part 
of an hour as an unit, they are represented by 360 and 276. 
The G.c.M. of these is 12, therefore the unit of time required is 
1 2 hundredth parts of an hour, Le, 432 seconds 
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Ex. 29. Divide 1 +24^*+**^ by 1 +2j?+«": writing down the 
(2n-m + iy* and (2«+m+l)* terms in the quotient; the (2«-my'' 
and (2it+fn)*^ remainders; and the complete quotient. 

l+2«+«* 

-2jr-«' 
-2j?-44r*-2jc* 

Sx"+2a:* 

The law to which the remainders and terms in the quotient 
are subject will hold good until any fresh terms are taken in from 
the dividend. 

The remainders are alternately negative and positive ; there- 
fore the (2»-my*' has the sign (-l)**^, i.e. (-1)". 

The coefficient of the second term is the number of the 
remainder^ and less by 1 than the coefficient of the first term, and 
so on; 

/. (2«-fii)* remainder is (-l)"{(2»-w+l)«*^+(2ii-m)x«-"^»}, 
and the two terms of the dividend, 4-24?*^*+«*^, must be added in. 

The (2«-m+l)*** term in the quotient will be 

(-l)-(2n-»i+l)x*^. 
Proceeding in this manner, we have 

(2»-iy*^rem'....-2ii«'-*-(2n-l>r*'+2«*^^«*^ 

{Qnf rem'. . . . (2n +1 ) ««•+ (2» -h 2) jr*^»+ a?*^« 

(2n+l)a?*"+(4« +2) x^*+ (2«+ l)x»»+« 

(2«+l)*^ rem'....-2iiJ?*^*-(2«+l)j?*^+a;*^ 

- 2ii*^*-4nj?»-+'- 2ii«*"+* 

(2«+2)** rem'....(2ii-l)af*^+2nj:*^+«*^* 

&c.; 

(2»)**' term in quo* -2fiJC^*, 

(2«+l)*»*term +(2«+l)j»", 

(2«+2)*^ term -2im;*"+^, 

See. 
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.% (2ii+m+l)*** term in quotient is (-l)"'(2»-w+l)jr'"^. 

There will be 4ii+I terms in the quotient; and the (4n)^ 
remainder will be found by putting fn=2t| and therefore is 

whence the last term in the quotient is +x^^ and iSnal re- 
mainder 0. 

Ex. 30. Eliminate *, y, z from the equations 

(^+y)(/+0(«'+*')-c*....(s), I 

^- 0). |,=0-!)0-|)0-i)' 



\K y zj \) z xj 
F™.(„,£.(..f)(..|)(..f). 



-.»-gi-S*$*M) (•)■ 



a*^h 



»• , « V 5 



2xy2r y z X 
From (1), (2), and (S), 

which are analogous to (1) and (2) ; 

a»^+c« , jr« v" s« 

si* 
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Again, from (1), (2), (8), and (4), 
which are analogous to (1), (2), and (3) ; 

Ex. 31. Eliminate j? from the equations 

82^=(^Y+10?45(^y, 
a \a/ a \jp/ 

s2£=(£)Vio-+5f?y. 

By addition, SsT^ + ^V 
by subtraction, S2 f j = 

a or \a cj 

f_£=2f£_£y I • 

a a? \a cJ J 
squaring and subtracting, we have 




or 1 



-^;)*-C--f)'- 



Ex. 32. Eliminate x, y, z from the equations 

X y z 

z X y ' 
\^ 2j\z xj\x. y)^^\ 



THIRD SESIES, 229 

From (1), and (3), we have 

(-;X-i)("-f)-« 

\y 9 x/ \ByxzyzJ»yz^ 
sio'-a".a+a.)9-l, by(2); 

. .". a/3-1+7. 

Ex. SS. A symmetrical form of the conditioii^ that the equa- 
tions 

ox + a's 6«+ 6'= c«+ c' 

may be simultaneous^ is 

and a symmetrical form of the value of x is 

aa'ih -c) + hh'(c'-d)+c&(a-'h) 



We have -;p- 



Xa-b)[b^c){c^a) 
a—b b'-c c—a ' 



«^d ••• = / — AW . /A — wTT \I7-; (Art 195*) 

the numerator of this fraction is identically bO; therefore the 
denominator must alsosO, 

or fl'(6-c)+6'(c-fl)+c'(a-6) = 0, 

the condition sought 

^ (a'-'b')ah+(b'''C^bc+(</-(/)ca 
^ (ii— ^)a6+(6-c)6c+(c--a)ca * 

^ aa'ib^c) + bVicd) +c</(fl - b) 
(a_6)a6-c(a«-6«)+cXa-5) * 

(a-6){c-(a+6)c+a6} ' 
•'* '" (a-.i)(6-cXc-a) 

ab'-^a'b b&'-I/c ca'—da 



20 
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and«each of the former; and cadi of diese slm teetions 



1. ^ ^ • («-«0*'-(^*-*V 

Ea6h fracJtiofi - (^/.a//)^'.^^'.^/)^' * 



.w.^ (a-flO-^(&-y)4-(c-cO 

fly-a^A &c^-yc cd-ea 

Ex. 85. Prove that the six equations 

d,(6^,-i,Ci) +«j(Vi-*i<?*) +«i(*i^j-*«<^i) *^* 

<'i(<?A-<?«fla)+^j(cb«i- c,a,)+£i(cia,-c,fli) = 0, 

are equivalent to only two independent equatioiBs : and find them 
in the most simple symmetrical shape. 

Consider the equations 

If y and z be eliminated by cross multiplication, in the result 
the coefficient of or as left-hand memWr of 1st of the ^ven equa- 
tions, and the other term ^ left-hand member of 4th of the 

given equations. Whence «=^. In like manner ^"j^j *~n" 
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Tte given equ«lioii8 therefore aire ^e C0B4iti(Hia th«l tbe equalipns 
(A) ebQuId be i^det^rmins^te ; and if we write d»ew. in the form 

*i *i Pi « • 

we shall find by referring to Comp, p. 64, Ex. 19^ that the con- 
ditions are 

^1 f[| ^1 ^t c^ Cm 

4\ 4* Oi <4 4 ^ 

Oi III A, ^6, Cg p, 

rf, ^3 d^ Jf dt d^ 
The given equations are therefore equivalent to ^ese two* 

Ex. 36. There are p coins c^jCtj c^^.x,. If m\ of the epins 
c, = M, of c,; HI, of c,= », of {?,; Wa of c,= »4 of C4, &c.; w^^ of 
c^x^n, of c,: how many of C|, = »i of c^? 

Establish the " Chain Rule.** 

1 of q-^ofca, 

1 of C, = ^ of Ca, 

1 of CaB — of C4, 
Wa 

&C. = &C. 

1 ofe^=;-^ off,; 

- « W3 w» W4 If- - 

,% 1 of Ci«—^. — .-=-...,..' — ^ of C-; 

Wli Ifia Wla •"p-i 

.-. «. of c, - »■•».•*'»••— "f of c,. 

9 ^b^ft ^WMB ^^^^ ^MMB ^' 

wi| • nta . iTta '"r-i 

The chain rfile is; if m, things of one kindsfi, of a second, 
fTta of these«fta of a third, ^c...., and m, of the last kinds ii| of 
the firstj then 

SftpUfftYlta. ..9tp^lt|. fig* ftf. ..ftp* 

This is proved in the above Example. 

Ex. 37. There are two amalgams of the same bulk, each com- 
posed of mercury and gold, in the ratios of 2 : 9, and 3 : 19^ re- 
spectively. If tney were fused together, what would be the ratio 
of mercury to gold in the resulting amalgam? 
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In the second amalgam S parts out of 22 are mercury : in ihe 
first 2 parts out of 11, t. e. 4 out of 22 are mercury. As they 
are of the same bulk, let each contain 22 units of bulk. Then 
there are 7 units of mercury altogether, and 44 units in the 
resulting amalgam; therefore the ratio of mercury to gold is 
7 : 37. 

Ex. SB* At noon on a certain day a dock and a watch, each 
of which goes uniformly, are set to true time. It was calculated 
that the clock would be as much wrong when it should shew any 
time as the watch would be when it should come to shew the 
same timcL; and that it would be midnight by the clock one 
second beiore it would be midnight by the watch. Find, in frac- 
tions of a second, the daily gaining and losing rates of the dock 
and the watch. 

Let the clock and the watch gain and lose a, y, seconds per 
day, respectively. 

Then 86400 seconds of real time 

e 86400+ X seconds of clock time, 

and B 86400—^ seconds of watch time. 

Let t be any time indicated by the clock ; then the real time 
86400 ^ j^u 1 1 • >. u # 86400 ^ 

" BmoTx^'^ ^""^ '^" "^^^ " ^'^°« ^y '- 86iooTi-'- 

« . 1. ij 1. u 86400 , ^ 

So the watch would be wrong by q^^^^^ <-<• 

And these, by question, are equal; 

86400 86400 

•• 86400-^ 86400+ J?"" * 

Also because it is midnight by the clock 1 second before it is 
midnight by the watch, 

f «6400_ _ ^0_N . 

\86400-y 86400+*/ ' 

86400 ,A 1 \ 86400+1 



• • 



>0 _,fo, 1 U 

86400-j( »\ 43200/ 86400 

86400 ,/ 1_\ 86400-1 

86400+ «"^\, 43200/" 86400 



86400 86400+1' 



86400 86400 



[)0-l J 
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. , , . 86400 
/, the clock gains ^ sec"., 

and the watch loses ^ see", per day. 

Ex. 39. A shilling's worth of Bavarian kreuzers is more nu- 
merous by 6 than a shilling's worth of Austrian kreuzers; and 
15 Austrian kreuzers are worth a penny more than 15 Bavarian 
kreuzers. How many of them respectively make a shiUing ? 

Enunciate the problem indicated by the negative result. 

Let » Austrian kreuzers, or x+6 Bavarian, = 1 shilling; 

12 12 

.•. 15. — =15. — ^+1, 

1 1 1 



X «+6 180* 
«'+6«=1080; 

.*. X = SO, or -S6, the number of Austrian kreuzera in a shilling ; 
and 

x+6 = S6, Gt -30, the number of Bavarian kreuzers in a shilling. 

To find the problem of which the negative result is the solu- 
tion, write -X fox x: and the original equation becomes 

12 12 

15. — = 15.-^-1. 

X x^o 

Whence we see that the question would be : — " A shilling's 
worth of Bavarian kreuzers is le^s numerous by 6 than a shilling's 
worth of Austrian kreuzers; and 15 Austrian kreuzers are worth 
a penny less than 15 Bavarian kreuzers: how many of each make 
a shilling?" This is the same as th^ original question in a 
difierent shape. 

Ex. 40. From a vessel whidi will eontaia a gallons, filled with 
a fluid a,, a gallon being drawn off, the vessel is filled up with 
a fluid a, ; a gallon being drawn off from the mixture, the vessel 
is filled up with a fluid a, ; and so on^ until the vessel contains a 
portion of each of the fluids ai, a,, a^,...a^. How much of each 
fluid does it contain? 

Whenever a gallon is drawn off, the quantity of any fluid 

in thevesielia-^^ or l^-^of what it was before; 

a a ' 

20—3 
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therefore, after the first operation^ the vessel contains 

f 1 — J a gaDons of oi, and 1 gallon of 0^; 
after the second, it contains 

V^ajv fl/ of a„ J-- of a^ and 1 of a,; 
after the thirds it contains 

f 1 — J a of ttj, f 1 — j ofa^ 1 — of a^ and 1 o(a^; and so on. 
•*. aft;er the last, it contains 
(I-IP of «.. (l-i)^' of «„ (l-l)" of «., 

•..(1 — j of a^i, and 1 of a.. 

Ex. 41. Prove that 

(«+&)(& +c)(c+a)>8a6c, and <^(a'+6*+c'), 

3 

unless a^l^c, 

(1) (a+&)(J+c)(c+a)=r8flfic, 

< 

> 

according as fl*6+fl&'+fl*c+flc*+ JV+6c*-=6flfic; 

< 

Le. as a(ft'-26c+c')+6(c'-2ca+fl*)+c(fl"-2aJ+J") = 0; 



a(b^cy+b(c-ay+c(a^hy'^0. 

< 



But fl(i-c)'+6(c-fl)"+c(a-6)*>0, unless as^^c; 
/. (fl+6)(6+c)(c+rt)>8a6c, unless a^b^c. 

(2) (a+ft)(i+cXc+fl) = |(fl»+6»+c»), 
according as 
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i.e. as 27(fl+6)(ft+c)(c+a)=8(o+6+c)», 

< 

or {2(a+6+c)}*, 

or (fl+6+6+c+c+fl)*; 

, s — 5 >(fl+6)+(&+c) + (c+a) 

i.e. a8V(«+^)(6 + c)Cc+a)=- ^ 3 ^ ^ ^• 

But, by Art 221, Ex. 6, 

(a+b)+(b-^c)+(e+a) tt- =-7^ r; 

^^ \ ^ >!/(«+ W+^)Cc+«)» 

except when a +&, 6+c, c+a are equal; 

.'. (a+6X*+0(^+^)'^f (^+^*+^)> unless a = & = c. 

Ex. 42. Which is greater^ 

IIIX+-, or m+n? iii«"+-^, or m-^-n} 

(1) (»ijr+-)-(iii + ii) = m(x-l)+-(l-«), 
.-. when X >1, the former^ or the latter, of the given expressions 

Mm 

is the greater, according as m — is positive or negative; 

,. > « 

t. e. according as ;p — • 



ing as *> — 



So when x<1, the former, or the latter, is the greater, accord- 
< n 

m * 

1 
(2) fli+a.+ff,+ . . . +ff»H> (w +»)(ai-flrff» • • • ^»f«)***. (Art 221). 

Let a,=a,= as=...a5aM~4:*. 



And a»|.|saaH4='<i>H4"* ••=<>»««'='' 

n -11- 

>lft+ll, 

where m and 11 are positive integers. 
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If in and » be fractional, let them^-, -; where p^jtr^ii 
are positive integers. 

Then£^+!:.i:£ + ^, 

according as p*.«*^+9r— ^/ii+qrr; 

I.e. as p^'^-^qr^-ji fw+^r, putting^ for «••. 
But, by the former case, 

.•. iiw*+-;i >»»+«, if m and n be posidve. 

(8) The expressions here being symmetrica], we can without 
losing any quantity suppose the letters arranged in descending 
order of magnitude. 

From Ex. 24, p. 223, we have 

(-a+6+c+rf)(fl-6+c+rf)(a+ft-c+^(a+6+c-rf) 

+(a+6+c+d)(a+6-c-rf){a-6-c+d)(a-6+c-£/)=l6aW; 

therefore the former, or the latter, of the given expressions is 
the greater, according as the second of the above continued pro- 
ducts is negative or positive. 

Now fl>6, b>c, od; 

.'. a+ft— c— J, and a''h-\'C—d, are both positive; 

therefore the former, or the latter, of the given expressions is 
the greater, according as a-b—c+d is negative or positive; 

t.e. as a+d is ^b+c, 

or as the greatest and least of ci^byC^d together is ^ the other 
two together. 

Ex. 43. If a, 6, Cy be in Harmonical Progression, prove that 

a b c 
b+c* ci-a' a+b 
are also in Harmonical Progression. 
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Wc have -, y» - in ^i*» 
a c 



aA-b-k-c a-^bA-C fl+J+c . 



• • 9 

a 



-T — , aremA.p.; 

6c- 






a+ft+c . a+b+c ^ «+&+<? , 

1, — 7 1* lareinA.p., 

a o 

6 + c c+fl a+6 

or , — =— , are m a.p. ; 

a b c 

a b c . 

, — , , — r are in h.p. 

o+c c+a a+6 






Ex. 44. The relative powers of the instruments a,^ a,, a^,*.,a^ 
are expressed by saying that generally Oj, a^, a,,...a^, working 
together can do as much work in one day as a^ can do in p days. 
If a« can do a piece of work in one hour^ how long will it take 
Oi and a^p where r^l^to do it? 

Let Oi do the work in x hours ; 

•*• in 1 hour O} does -th of it; 

X 



px 



«t — > 



a, and altogether do fl-f-j.- of it; 

a, does -(l+-).- of it; 

p\ pj X 

a a,, a,, a, together do (l+-) •- of it; 

04 does -(1+-) .- of it; 

p\ pJ X 



«• 



p\ pJ X 



P 
But a. does the work in 1 hour ; 

p\ pJ X P\ P/ 

the number of hours in which a, does it. 



238 miscelulkeous sxavples, 

1/ i\^ 1 

In 1 hour a, does -( 1+-) .- of the work, 

P\ p/ « 



P\ P/ 



.'. a, does the wbole in ( 1+-) hours. 

Ex. 45. If m and n be any two positive integers of which 
m IS the greater, and ii = 2"', g = 2"; prove that j?'+aV+a^ is 
exactly divisible by botn j:^+aV+a*« and jc^-a'j^+a'*. 

We have («'+ff«+a')(j:'-fl«+fl*) = **+ftV+a*, 

.•. both x'+a«+a%and ar*— flx+a", divide exactly «*'+ay+fl*', where 
the index r is obtained by successive duplication of the preceding 
indices. 

If then we write a*, a^ for x and a in the above (where q=9>% 
p, or 2"*, is obtained from q, or ^", by successive duplication ; 

.'. d:^+aV+a% and a:*-aV+fl% divide j^+c^a^+'a'^ without 
remainder* 

Ex. 46. If flr,= — ; -> prove that 

X ^ ^/ \ <»t «« (-1)""' 

Kw-l) , , ti(>»-l)(»»-2) . - 
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■•■/w-/<"-«-'-o^<r?l=F?-*--(-.r.i?", 

«(b-1) «(«-iXm-2) 




1 
n 



1 . 3 . a **^" 

1-^ 1.2 1,2.3 

+»(-l)"->+{-l)" 




So/(«-l)-/(n-2)-^; 
/(«-«)-/(»-S)=:;^, 

/(2)-/(l)»i, 
also/(l)-l; 

.'. by addition, /(«)=l+i+j4-...+-. 

-n. .^ Ti. l.S.5...(2r-l) . ^ 

Ex. 47. If Pr^' g^g ' g^ S prove that 

We have Pr— T^I' ■ - coeiBcient of a?" In the lexpansion 

1.2.3 ••• T 

of (l-«)-4. 

.\ (l-«)~i= l+piX+paOf*. .. +p*a^+p»n«^*+. .. 

.«. multiplying this by itself, we have 

(l-x)-^ = |i+Piar+Pr«^+ ... +p,«^+p»H«***+ — 

+P«»«*"+P».+i«*^'+...} 
x{l+p,a?+p^+...+p^+p^ia:^*+...+Pfc«'*+PftH.i«*^'+...} 
Equating the coefficients of «"*^\ we have 

1 * PjH+l^Pl'ftn+PS'Pfci-l'*' — +P«-P»fl**'P»+l'P«+ • - • +Pl'Pji.+PfcH^l » 

••• l%i»M+Pi*l^+Pf P«*-4+ • • • +Pii«PiM-j ■ i* 
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Ex. 48. If /«, ti, t» t„ &&» represent the terms of the bino- 
mial expansion of (a+x)", prove that 

«{(/,-<,+/,-...)+V=ift-/8+'.-.-.)} 

- (a +«/^)"(fl-«y=^)"=(aVd:7'. 

Ex. 49. If Oo, tfi, a„ a„ &c be the coefficients in order of 
the expansion of (!+«+;?+... +jf)*, prove that 

(1) their sum — (p+l)*; 

(2) fli+2fl,+Sflr,+...+njp.a^=ifip(p+l)". 

We shall have a^-^t^ypB-^arK^-^a^ +....+0,^4^ 
= (l+«+a:*+...+j:')", identically. 

For X write 1+^; then 

(flo-»-«i+a,+...+a^)+ (Oi +2fl,+3a,+...+»p.fl,v)^+tenns involving 
higher powers of ^^ 

«= |(|i+l)+(I+2+3+...+|})y+ terms involving higher powers of ^ V 
-(p+l)-+»(p+l)-.|k^.y+...} 

= (p+l)*+ ^^^ — ^y+ terms involving higher powers of y. 

This is satisfied by all values of ^; therefore equating the 
first two terms on each side, 

and ai+2a,+3a,+...+np.a,q»=inp(p+l)",* 

* The first case might more easily he proyed thu8:--All the terms are posi- 
tive, and •*. the sum ofthe coefficients will he found hy putting #81; 

.'. the sttm« (l+l+l»+...+l')'=(lH-l)'. 



r' 
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Ex. 50. Apply the general term in tlie Multinomial Theorem 
to prove that the coefficient of x''^"^ in the expansion of 

(a^,+aia?+ ag«*+ . . . )' 

In the expansion of (ao+fli«+ «,*'+..)* *« ^"" involving 
x^^ is 

where aQ+ai+a,+aj+... — 2, '^ 
ai+2a,+da,+ . . .=2/)+l.J 

The solutions of these will be, (1) when one of the as = 2, and 
all the others =0 ; (2) when two of them =1, and the others =0. 

And in case (1) the second equation is not satisfied^ as the 
right-hand side is odd. 

The solutions then ar^ 



ai=l> aap=l> 




a,=l, a^i=l. 




a,«l, a«p_«-l, 




&c. 




«p=l> Vi =1 > 




.'. the coefficient of x^^ will be 




2.{ao.fl«jH.i+«i«ap+fli««HF-i+ • • 


. +«p-«jH^l}- 



Ex. 51. In the expansion of (l+x+x'+.-.+o:')*', where n is a 
positive integer, prove that, (1) the coefficients of terms equidist- 
ant from the beginning and the end are equal ; (2) the coefficient 
of the middle term is the greatest ; (3) the coefficients continually 
increase from the first up to the greatest. 

(1) Let 

(l+a;+a:»+...+»')*"=ao+ai«+aji«"+...+fl8«r-i«*^"Hflj^ra^^ 

Then 

(11 1 N*" fll «a . ^ ^ftir-l . Oanr . 

i+- + ^+...+-j =«o+7 + p+- + is^+^^^ 

21 
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Comparing this with the original expression, we have 

^o^^tM>> Ai>B^(.^i9 As~^sw^» See; Q.B.n. 
(2) and (3) By actaal multiplication, 

therefore in this case the law is true. 

Suppose the law to hold when the index is 2n, and let p^n r, 
and consequently the coefficient ofafi the greatest: and let 

Now 

Multiplying, and observing, that the term involving «^ is the 
middle term of the expansion of 

(!+«+«•+.. .+*')»^% we have 
coefficient of «''^=a^+2flf^,^i+Sa^_,+...+rflrp+,+(r+l)ap+rflp_i+... 

coefficient of «'*^^"flp^,+2ap^,+Sflp^^+...+(r-l)ap+x+rap 

+ (^+l)«P-i+- • •+2ap^+flp^„ 
/. coefficient of j:**^- coefficient of *****"* 

>0. 

In like manner, 

coefficient of j;''**"*- coefficient of af"^*-^^ 

~ ^(hr-t^ tfp4i^^»_l+ ap4^_,_a+ . . . + flp_^i+ ap_. 

Now every term of the upper line is greater than the corre- 
spondmg term of the lower line : for 

general term of upper line=ap+,..^ where r' is not > r, 
and corresponding lower =0^.,^..,. 
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i. Let r~'f^>Sp then ^pir t r'^^p r nr* i 

ii. Let r-^r'^s, then Cp.^,,.^.^— flp,.,,.^+,'_i 

V *-(r— r')<*+r-r'+l; 

therefore coefficient of *'*^^^> coefficient of dr**^*^^* for all values 
of s. 

Hence the coefficient of xp*^, i,e, the coefficient of the mid- 
dle term is greater than the coefficient of any preceding term^ 
and therefore greater than the coefficient of any succeeding term : 
also the coefficients continually increase from the first up to the 
greatest 

That is, if the assumed law hold when the index is 2n, it 
holds when the index is 2»f2. But it holds when the index 
is 2, therefore when the index is 4^ and therefore generally. . 

Ex. 52. If Ao, Ai, a,, a,, &c. be the coefficients in order of 
the expansion of (1+j? +**)", prove that 

( I + « + «')"= flg+ ajd? + aaX*-¥ . . . + flr^i«*"*+ fl,«"+ fl»_iaj^*+ . . . 

for the coefficients of terms equidistant from the beginning and the 
end are equal. 

So, writing — a for x, 
(l-jr+*")"=flo-fl,jr+flja:»--...+a^,(-ar)*-*+flf,(-ar)"+a,.,(-ar)'^*+... 

.'. (l+d:'+j'^)"sthe product of the above two series. 

Also (1+«V«*)"= fl^+aiar*+a,«*+...+a,^i«*'^+a,«**+...+ao«**; 

therefore performing the multiplication, and equating coefficients 
of a^, 

«,= ao'-a,'+a;-- . . . + (-1)"" Vi'+(-l) V+ Hy^'a.,,'+... 



II 
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.-. a.'-a/+«.«-...+(-ir»«^t'-i{«.-(-irV}, 

=i«.{i-(-ir«.}. 

Ex. 53. Shew that, if m be not less than », the greatest coeffici- 
ent in the expansion of (ai+aa+a,+...+aM)* is [5 f ^^^ that the num- 
ber of terms which have this coefficient is 



[» [m-ft 

It is evident, that no two terras in the expansion can com- 
bine into one by involving the same combination of powers of 
ai, a^y &c. ; 

therefore any one of the coefficients can be represented by 

where Oj, a,,. . .a^ are all positive integers, and their sum =» n. 

The greatest coefficient therefore will be that in which the 
denominator of the above fraction » 1 (provided that it be possible 
for that denominator to take the value 1 ), and then it will be \fK 

The denominator can be made equal to 1 by patting a^, a^, 
&c. s=l, or 0; consistently with the equation 

ai+a,+a,+...+a^=» (A). 

And when m ^ n, these values are admissible ; 

/. when m^Tiy the greatest coefficient in the given expansion 

From (A) we see that n of the a's =1, and the rest = 0. 

And the number of terms that we can obtain with the coeffi- 
cient in question will be the number of different ways in which 
we can give the value 1 to n of the m a's in equation (A), t. e. the 
number of combinations we can form out of them n together, and 

therefore is ■ . „ ■ , 

Ex. 54. Prove by the method of Demonstrative Induction 
that the number of different throws which can be made w^ith n 
dice, on the supposition that the sum of the numbers turned up 
is r, is equal to the coefficient of :r''in the expansion of 
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Enunciate the oonre^Mmding proposition when each die has 
p faces, and the nomfoers marked on the p faces of each die are 

Let the throws 1,2^3,^5,6 be respectively represented in 
each die by «, a:*, Jt*, «*, «*, a*. 

First let there be two dice : then in the multiplication 

(«+a^+jp*+«*+j:*+«*)(jf+4:*+Jc'+**+jp*+«*), 

the separate terms representing the possible throws of the two 
dice respectively, we see that any sum, e. g. 8, can be thrown in 
as many ways as a^ will appear in the above product ; u e, the 
number of ways in which two dice can turn up a sum r = coeffi- 
cient of y in tne expansion of 

Suppose this law to hold for n dice, so that number of throws 
which give the sum of the numbers thrown r = coefficient of jf in 

(«+«'+Jt*+«*+jp*+j:')*, =a„ suppose. 

Then from 

(a,«+fl,x'+a,a*...+fl^+ )(«+«•+ a:* +«* +«•+«•) 

we see, that coefficient of jf in 

And number of ways in which the sum turned up with n+l 
dice is r. 

throw 1 of the last die combined with all thel , . vr 

m Na a. 






throws of n dice which turn upj ' ** — ^''^^ "i^i* 

+ 2 r-a, o^, 

+ 3 r-S, o^, 

+ 4 r-4, 11^, 

+ 5 r-5, o^, 

+ 6... r-6, a^. 

^coefficient of 4f in («+«'+«^+4P*+«*+«^'^*; 

therefore if the law hold ibr n dice, it holds for «+l. But if 
holds for 2, and therefore it holds generally. 

Cor. If each die had p faces marked with the numbers 
«i9 «•> af*«<V> ^^ number of throws would be the coefficient of 

4f in («•» -!•«"» +«'^+. . .+4P*0". 

21— S 
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Ex. 55. Prove that the numerators of any two consecutive 
convergents to a continued fraction are prime to each other^ as 
also their denominators. 

This is true for the first 9 or S convergents : let it hold good 

for 2 successive convergents -^ , j^-. 

N 
The next one is ^ where Nt^q^N^+Ni^ D^^q^D^+Di, 

q^ being the corresponding quotient. 

If then iVg, Ng have a common measure, it will also measure 
iVg- Oa^w or N^ ; t. e. it is a common measure of Ni and N^ 
whicn is impossible ; therefore iV,, N^ are prime to each other. 
The same reasoning will apply to the denominators; therefore if 
the proposition is true as far as any given convergent, it will be 
also true as far as the next. But it is true for the first 2 or 3; 
therefore it is generally true. 

Ex. 56. The Cambridge Lent term always ends on a Friday, 
suppose at midnight. Prove that if it commence on the 2p^ 
day of the week, it will divide either on the (p-1)*** day of the 
week at midnight, or on the (3+p)^** day of the week at noon: 
but if it commence on the (Sp+l)'** day of the week, it will 
divide either on the p*^ day of the week at noon, or on the 
(3+p)* day of the week at midnight. 

Let the term commence on the r*** day of the week. If it had 
commenced on the Saturday before it did, there would have been 
an exact number of weeks in it, i. e. r days are wanting to make 
yp an exact number of weeks in the tenn; therefore the number 
of days in the term will be of the form 7n— r, and therefore num- 
ber of days in the half term = ^(7n-r) ; therefore number of 
days between the beginning of the week in which the term com- 
menced and the division 

= 5(7w-r) + (r-.l) = K7n+r)-l, 

= 7»i+i(^-2), or 7»«+i(r+5), 
according as n s 2ii» or 2fit+l; 

U€. the term divides on the i(''""2)*N ^' i(''+5)***, day of the week. 
Let r^2p; then 

i(r-2)=p-i, i(r+5) = 3+^-i; 

therefore term divides on the (p— l)'** day of the week at mid- 
night, or on the (S+p)*** day of the week at noon. 
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Let r = 2p+l; then 

therefore term divides on the p^^ day of the week at noon^ or on 
the (3+p)*^ day of the week at midnight. 

Ex. 57. Prove that 

(1) 1+3+5+ + (2»-l) = ii*; 

(2) l"+2"+S*+ +«■=(! +2 +3+ +«)•. 

Apply (1) to find solutions in positive integers of j:"= v'— 2*, where 
n is a positive integer; and apply (2) to find solutions in posi- 
tive integers of a:'=^*- 2". 

(1) l+3 + 5+...+(2ii-l) = {l+(2ii-l)}| = »'. 

(2) is proved in Ex. 7, of Art. 342, or may be proved by 
demonstrative induction, thus :-— 

l»+2»=9 = (l+2)\ 
Let !•+ 2'+.. .+«•=» (1+2+.. .+ «)•. 

Then l«+2'+...+n»+(n + l)«=|^^^^ti^y+(fi+l)», 

.(.«)-.(^7. 

= {1+2 + .. . + (»+!)}•; 

.'. if the law holds for n, it holds for n+1; but it does for 2, 
and therefore it holds generally. 

To obtain a solution of a?"=^*- 2*. Let « be any odd number ; 
then or" is odd, =2m+l. 

also 2m+l = {1+3+5+.. .+ (27ii+l)}-{l+3+5+...+(2»i-l)}, 

«(wi+l)"-w"; 

.*. ^ = m+l, « = m. 

To obtain a solution of j?"=y-2*. Let a: be any integer; then 

y-2« = «'-(l*+2»+3?+...+j;»)-{l'+2'+. ..+(«-!)'}, 

= (1+2+3+., .+jr)*-{l+2+.. . + («-!)}•; 

jr(a:+l) ^.^C^ 
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Ex« 58. Prove that the product of any r oonseciitive integen 
is divisible hy 

[a,.[a,.[a^,..[a^, if a^-^a^+a^-^ a,^r. 

The coefficient of the general term of the ezpanaion of 



IS 



l£ 



, where ai+a,+a,+ ...+a, = r. 



and must evidently be an integer^ 

\r 
ue. lfi*L5g-L£!a«"[fp=%, where P is an integer ; 

.*. product of any r consecutive integers ^-([0^. [a,... [a^) 
«s (product of the same integers -5- \r)xP 
= an integer xP; 

.% product of any r consecutive integers is divisible by 
Ifi'Iflf [£»••• l?#> if Oj +««+... +a^ = r. 

Ex. 5Q. In how many ways can a line 100800 inches long 
be divided into equal parts^ each some multiple of an inch? 

100800 = 2'.S*.5'.7; 

/. the whole number o£ divisors of it is (6+l)(2 +1X2+1)0+1), 
including 1 and the given number; 

.*. the number of ways required will = the number of diviaon 
of 100800^ not including itself and 1, 

and .*. =7.8.8.2 -2«124. 

Ex. 60. ^ How many different rectangular parallelopipeds are 
there satisfying the condition that each edge of each paralielopiped 
shall be equal to some one of n given lines all of different 
lengths ? 

As the edges may be equal or not^ the number required will 

sthe number of homogeneous products of n things 

of 8 dimensions, 

. w(n+lXn+2) 
1.2.8 

Ex. 61 . Prove that if, in any scale of notation, the sum of two 
numbers is a multiple of the radix, then (1) the digits in which 
the squares of the numbers terminate are the same; (2) the sum 



n 
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of this di^t and the digit in which the product of the num- 
bers terminates is equal to the radix. 

Let the numbers be ar+6, a'r-b; r being the radix, and b the 
digit in the units' place in the first, 

their squares are (a*r+2ab)r+b\ and (a^r-^a'by+b^; 

and as these leave the same remainder when divided by r, the 
digits in which their squares terminate are the same. 

Their product is (aa^r+a^b—ab)r—b*; adding this to the square 
of either, we obtain a multiple of r, i. e. in the sum the digit in 
the units' place is 0, •*. the sum of the digits terminating the 
square of either, and ihe product of them, sthe radix. 

Ex. 62. A certain number when represented in the scale of 2 
has each of its last three digits (counting from left to right) zero^ 
and the next digit towards the left different from zero; when 
represented in eiUier of the scales of 3 or 5, the last digit is zero, 
and the last but one different from zero; and in every other 
scale (twelve scales excepted) the last digit is different from 
zera What is the number ? 

It appears that the number is divisible by 2" but not by 2^; 
also by 3, but not by 3*; and by 5, but not by 5'; 

.*. it may be expressed as 2*. 3.5. m, where m does not contain 
2, 3, or 5. 

The last digit will be zero^ whenever the number is expressed 
in a scale whose radix is any divisor of 2\3.5.m. 

The number of divisors of this number (including 1 and itself) 
is (3+l)(l+l)(l+l)(p+l)(<jr+l)..., where p, q .. are the indices of 
the prime factors in m, i.e. l6(p+l)(g+l)... 

But the question gives only 12 divisors besides the numbers 
2, S, 5; 

.•. l6(p+l)(g+l)...isnot>12 +3 + 1; 

t. e. not > 16; 

.*. p = 0, 5 = 0, &c., and .*. m — l. 

Consequently the number in question is 2^.3.5 = 120. 

Ex. 63. Prove that every even power of every odd number 
when divided by 8 leaves 1 for a remainder. 

Every such power is of the form (2n+l)*", i. e. (4n*+4n+l)"', 
or {4n(ii+l)+l}"'; and as 11(11 +1) is divisible by 2, this becomes of 
the form (8p+l)"*; and when this is expanded, all terms except 
the last involve powers of 8p multiplied by integral coefficients, 
and the last term =1; .*• when it is divided by 8, the remainder 
= 1. 



250 MISCELLANEOUS EXAMPLES, 

Ex. 64. If n be a prime number^ prove that 

l"+2"+S"+ +(r»)" 

18 a multiple of a. 

By similar reasoning to that used in Fernuit's Theorem^ 
(1 +2+3+...+r«)"=l"+2"+3"+. .-+(r«)"+aP, where Pis an integer, 

the left-hand member is evidently divisible by n, 
.*. l"+2"+S"+...+(ni)" is divisible by n. 

Ex. 65. If n be any prime number excepting 2, land N any 
odd number prime to n, prove that N^^^^l is ctivisible by 8n. 

By Fermat's Theorem, iV*"*— 1 is divisible by «; 

Also from Ex. 63 above, N^^—l is divisible by 8, (for n must 
necessarily be odd); 

.*. N*^^—! being a common multiple of n and 8 is equal tO| or 
a multiple of, their l. c. m., i. e. 8n ; 

,-. iV*"*— 1 is divisible by 8n. 

Ex. 66. A gentleman being asked the size of his paddock 
replied:— Between one and two roods : also were it smaller by S 
square yards it would be a square number of square yards; and 
if my brother's paddock, which is a square number of square 
yards, were larger by one square yard, it would be exactly half 
as large as mine« What was the size of his paddock? 

Let a^-^3 be the number of square yards in his paddock; 

^' in his brother's 

••. **+S = 20»+l); 

Now in the convergence to tj2 the quotiaits are 

1, 2, 2, 2, &c., 
and the number of recurring quotients is odd, being ]. 

The convergents are 

1 3 7 17 41 99 239 



1' 2' 5' 12' 29' 70' 169 



, &c,; 
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/. the solutions of the above equation are 

d?=l, 7, 41, 239, &c.; 
y=l, 5, 29, 169, &c. 
The question also gives **+3> 1210<2420; 

.'. « = 41, 
and the size of his paddocks 41*+ 3, 

B l684 square yards. 

Ex. 67- A walks at a uniform speed, known to be greater 
than Sy and less than 4, miles an hour^ between two places 20 
miles apart. An hour having elapsed since A'^ departure, B starts 
after him from the same place, walking at the uniform speed 
of 4 miles an hour. Shew that the odds are 2 to 1 against B*^ 
overtaking A. 

Let 3+J7 miles per hour be A*9 rate of walking. 

Then the time which elapses from A^ departure until his arri« 

.20 
val at the end of his journey is - — hours. 

3 "T" Jf 

20 
The time before B arrives there is 1 + -7- , or 6, hours. 

B will overtake A, or not, according as 6 ^ - — , t. e, accord-* 

ing as ar ^ - ; but x is known to be between and 1 ; therefore 
the odds are 2 : I against ^s overtaking A. 

Ex. 68. When 2n dice are thrown, prove that the sum of the 
numbers turned up is more likely to be tn than any other num- 
ber; and when 29»+l dice are thrown, prove that the sum of 
the numbers turned up is more likely to be 7«+3, or 7»+4, than 
any other number, these being equally probable. 

If m dice be thrown, the number of ways in which the sum 
of the numbers thrown is r 

sscoeflScient of jf in (ar+a:'+j?*+«*+a:*+ «•)"•, 

by Ex. 54, above, 

^coefficient of jf^ in (l+ar+a:'+a?'+a:*+x')"'; 

therefore the most probable sum will be that value of r for 
-which the coefficient of 

.aT'^ in (1+ «+«*+«'+ «*+«*)"• is the greatest. 
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l£m=2n, the expansion has a middle term whose coefficient is 
greater than any other; and then r— m= the corresponding index 
of *s=^ . 5»i, or r^7n. 

If m=2n+l, there are two middle terms whose coefficients 
are equal to each other^ and greater than any other coefficient; 
and tnen 

r— m«|(5wi--l), or i(5OT+l); 

.-. r = 7»+S, or 7«+4, 

these being equally probable. 

Ex. 69. A handful of shot is taken at random out of a bag: 
what is the chance that the number of shot in the handful is 
prime to the number of shot in the bag ? Ex. Let the number 
of shot in the bag be 105. 

Let the number of shot in the bag be a'b^cT,,, where a,hyC,., 
are prime numbers. 

If the natural numbers taken in order be arranged in sets 
each containhig a of them^ the first a— 1 in each arctprime to the 
number a; and since the number of shot in the bag is a multiple 
of a, i.e. contains a certain number of such sets^ the chance of 
the number drawn being prime to a is 

a-1 , 1 

or 1 — . 

a a 

So the chance of its being prime to 5 is 1— y-, &c. : these proba- 
bilities being entirely independent of each other. If the number 
of shot drawn be prime to the number in the bag, it must be 
prime to a^ b, c... ; therefore the probability required is 

(>4)(>-l)('-l) 

Ex. If the number be 105^ i.e. 3x5x7, the chance is 

(-l)(-4)(-^)-lil-M- 

Ex. 70. A coin is to be tossed twice: what is the chance 
that head will turn up at least once? 

Point out the error in the following solution by D'Alembert: — 
Only three different events are possible; (1) head the first time, 
which makes it unnecessary to toss again; (2) tail the first time 
and head the second; (3) tail both times: of these three events 

two are favourable : therefore the required chance is - • 
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The chance of not turning up head in any throw is - ; there- 

z 

fore the chance of not turning up head in the given case is - ; 

therefore the required chance is ]— --a--. 

4 4 

The error in D'Alembert's solution is^ that each of the three 
events are considered equally probable^ whereas (1) might be 
resolved into two, viz. head both times^ head the first time and 
tail the second, thus giving 4 events equally probable^ of which 

3 are favourable. In fact the probability of (1) is ~, but of 
(2) and (3) it is ^ . 

Ex. 71 • In each of n caskets are p jewels worth 1, 2, S,.../7 
guineas respectively: a person being allowed to draw a jewel 
from each casket^ find (1) the most probable collective value of 
the jewels he will draw: (2) the value of his expectation. (3) 
What would be the value of his expectation^ if he were allowed 
to draw r jewels from each casket? I£ p«*2, and one jewel be 
drawn from each casket, what is the chance (4) that the value 
of the jewels drawn is n+r guineas? (5) that the collective 
value of the jewels drawn is that collective value which is most 
probable? 

(1) The number of ways in which the value of r guineas 
can be drawn 

Bcoefiicient of «' in («+«'+«"+.. .+«')", 

-coefficient of «^ in (l+a?+«"+. ..-^af-y. 

If n(p^l) be even^ there is a middle term whose coefficient 
is the greatest* 

If 9t(p— 1) be odd, there are 2 middle terms whose coefficients 
are equal to each other, and are greater than any of the others. 

And the index of jt, or r-it, in these cases 

^^^ip-T^^ and -»(p-l)±-; 

if it(|)-l) be even, t. e, if either n be even, or p odd, 

and r=-n(p+l)*-, 

if It be odd and p even ; these being equally probable. 

22 



254 MISCELLANEOUS EXAMPLES, 

And the most probable collective yalae drawn will be the 
number of guineas which can be drawn in the greatest number 

of ways, i. c. - (p+1), if either n be even or p odd, 

ft I 

'^^ g{P'^^)^a> i^'B beodd andp even. 

(2) The value of his expectation from each casket ia 

- (1+2+3+.. . +/)) =i2i- guineas ; 

therefore the value of his expectation in drawing from it caskets 

«(P+1) 
= -^ — - guineas. 

(3) If he were allowed to draw r jewels from each casket, 

the value of his expectation would become r times as great, 

and therefore would 

rii(»+l) . 
as — ^ — ^ gmneas. 

(4) The number of ways in which n+r guineas can be drawn 

9 coefficient of a^ in (dr+«*)"= coefficient of jf in (l+«)\ 

The whole number of ways in which any drawing can take 
place 

= sum of the coefficients in (:r +4r*)" = 2" ; 

therefore chance oi drawing n+r guineas is 

(5) The most probable collective value is, from (1 ), 

— , if » be even, or -5- =*=3, if » be odd. 

(i) Let fi be even^ o2m; then the chance of drawing 3m 

guineas 

"2"'|m.|« (2-.[w)« (2.4,6.-.»)*' 

(ii) Let n be odd, ^2tn-¥l ; then the chance of drawing 
3iii+l or 3m+2 guineas 

1 [n [» 



2" |m.| m+l {2.4.6...2w}{2.4.6\..(2ot+2)}' 

\n 

.(2.4.6...(»-1)}{2.4.6-.(m+1)} • 
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Ex. 72. A person borrows £c on the following terms. It is to 
be paid off in n years; and at the end of each vear is to be paid 
interest at a given rate r on the sum remainmg unpaid at the 
beginning of the vear^ together with such a portion of the prin- 
cipal that the whole sum paid on account of principal and interest 
together shall be the same for every year. Investigate a formula 
for the sum to be paid every year. 

Let d* = each payment, and let i2ai+r. 

At the beginning of the 2nd year,l _ ^ 
the sum left unpaid J -^^"^f 



Srd mcB^-xR-x, 

4th ^cE^-xR^-xR-^x, 

= cB'-ar(i2«+i2+l), 
^-1 



cjff^x. 



B'\' 



72*— 1 
.... 5th »>icH*-«.p— - .B-x, 

(n+l)"' -ci2"-«.5^ : 



andy by question, this = 0; 






Ex. 73. From the gold fields are brought 2n specimens of gold 
dust^ no two of which are of the same degree of fineness. Each 
specimen is divided into as many equal portions as is necessary to 
the following operation, viz. to form as many different mixtures 
as possible by taking a portion of dust from some specimen and 
mixing it with a portion from some other specimen. Each of 
these mixtures is now divided into as many equal portions as is 
necessary to the following operation, viz. to form as many new 
mixtures as possible by mixing together portions from any n of 

the former mixtures. Prove that 1.3.5.7 (2»-l) of the 

latter mixtures will be of the same degree of fineness as a mixture 
formed by mixing together all the dust of 2n specimens exactly 
like the original specimens. 
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Call the specimens in order 1, 2^ 3, 4^ 2n, 

Let jr^s number of grains of gold in an ounce of specimen r. 

a, e= number of ounces in one portion of specimen r*. 

/ji/ = number of grains of gold in a mixture of one portion 
of specimen r with one portion of specimen p. 

First : — Let there be 4 specimens. 
Then OiXi-h a^^ =/^i'9 

give the first mixtures : from which we get 

Now each of the first mixtures is (by question) to be divided 
into five equal portions. 

Hence three of the second mixtures will contain 

Mi '+^3* Mi'+m/ m/+/^8* __ aiJ?i+agjrg+ 033^8+04X 4 

grains of gold out of 

a|+ ag+ O3+ 04+ 05 

5 

ounces of dust, and will therefore be of the same degree of fine- 
ness as the mixture of the four original specimens. 

Next let there be 2n-2 specimens^ viz. specimens S, 4, 5, 

And let P2»_3 represent the number of second mixtures which 
are of the same degree of fineness as a mixture composed of 
all 2w— 2 specimens. Then the introduction of two new speci- 
mens, viz. specimens 1, ^, will introduce the following first mix- 
tures in addition to the first mixtures when the number of 
specimens is 2n— 2; viz. 

(i) (l)...a,a:,+ 02^:2 = /^/ 



I 

8 



2n— 1 in number^ 



(2) . . . aiX,+ a^^ = /tA, 
(3) . . . a^Xi-\- a^x^ = /ji,* 

(2»-l) . . . ai*i+aft,«j, «/*!*• J 

* These units are arbitrary. 
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together with 




(») 








a,JP,+ aa*8 -/iA,» 


• 2»- 




a8*t+««ii*«»«M,*". 
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2ii~2 in number. 



Now when there are 2»-2 specimens 3, 4, 5, 6. . .2n, each of 
the P„^ second mixtures contains the proportion of 



grains of gold to a,+ a4+... + at„ ounces of dust; add to each of 
them the proper proportion of fjii\ then from equation (1) we 
have P,«., second mixtures of Sn specimens, each containing the 
proportion o£ 01X1+0^x^-^-0^^^ . , .+a^j, grains of gold to 

«!+««+ 03+ • • • + a«» ounces of dust. 

Again^ equations (ii) shew that the mixtures containing spe- 
cimen 2 (excepting that which contains specimen S in addition 
to specimen 2) may replace the mixtures containing specimen 3 
in forming the second mixtures of 2fi— 2 specimens; this gives 
P,«_, second mixtures containing the proportion of 

grains of gold to a^-^o^+,, ,+ou ounces of dust: add to each of 
them the proper proportion of fn* ; then from equation (2) we 
have Ps«_9 second mixtures of 2m specimens, each containing the 
proportion of a^Xi+o^^+,.. + o^x^ grains of gold to 

a^+a ,+ o^+ . . . + a^ ounces of dust 

Similarly each of the 2ii— 1 equations gives Pt.^ of such 
second mixtures. 

Hence there are altogether (2>i~l)P,«_, second mixtures^ each 
of which is of the same degree of fineness with a mixture of 
all the dust in the 2n original specimens. 

Hence P«. = (2n-l)P8^j, 

= (2»-lX2n-S)P^^, 



«(2n-l)(2n-8)...5P4, 

= (2n-lX2n-.S)... 5.3.1; v P^^3, 



22—3 
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2«-(l-73)ii («), 

.-. *=i(i--ys>i. 

Also ar-v*= ^ ^^ ^ =-^ — * from (oL = — ^, 

5. A railway train travels from A to C passing through B 
where it stops 7 minutes; two minutes after leaying B it meets 
an express train which started from Cwhen the former was 28 
miles on the other side of B: the express travels at doable the 
rate of the other, and performs the journey from C to ^ in 1^ 
hours; and if on reaching A it returned at once to C it would 
arrive 3 minutes after the first train. Find the distances between 
A, B and C, and the speed of each train. 

ABE C 



Let x=: speed, in miles per hour, of the ordinary train, 

.'. 2j;= express 

.-. BC=2jrxli = Sx. 

Let E be the place where the trains meet; then JB£s--, 

,28 9 CE BC-BE S 1 
""^"^ X**'60""2x 2i 2'"60* 

28_S_10 804 

•'• X ~2 eo^'eo's* 



a • 



«=21, 2ar = 42, and BC==63. 



., , - ^. EC 3 AE+AC 
Also, by the question, ^'S^^ — o 



2AC^EC AC EC 



AC 3EC 1 S 

X " 2x 



2x X 2x^ 

20 2\ 30/20 2' 
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and JB-JC-J5C=94i-6S = Sli. 

6. To meet a deficiency of m millions in the revenue of a 
country^ an additional tax of a per cent was laid upon articles 
exported^ and the tax upon imports was diminished c per cent : 
in consequence of these alterations the value of the imports was 
increased so as to be n times as great as the exports^ and the 
deficiency was made up. It was afterwards found that if the 
additional tax upon the exports had been a' per cent^ and the tax 
upon imports diminished & per cent., the values of the articles 
being altered as before, the deficiency would not have been made 
up by m' millions. Find the values of the exports and imports 
after the alteration of the tax. 

Let X be the value of the exports t» cents, after the alteration, 

.*. nx^ imports 

.*• ajp « the gain in exports 

ncx^ ... loss... imports 

.*. ax-ncx^tn, by the question. 

Also a'x'^w/x S3 991— nt , ••••••. 

/. {a-a'+«(c'-c)}jp=ffi', 

a-a'+n(c-c)' 
and »jr= ; — t-t — r . 

7. Fifty thousand voters, who have to return a member to 
an assembly, are divided into sections of equal size, and each 
section chooses an elector, the member being returned by the 
majority of such electors. There are two candidates, A and B. 
In those sections which return electors favourable to Ay the 
majority is double the minority, while in those favourable to B, 
the minority forms only a tenth of the whole. After the primary 
elections a third candidate C comes forward, and is joined by so 
many electors of each party, that he is returned by a majority of 
3 over Ay and 14 over B. If C had not come forward, A would 
have been returned by a majority 19 less than the whole number 
of votes actually polled by C, and if the elections had been by the 
50,000 voters directly between A and B, B would have had a 
majority of 6000. Find the number of sections. 
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Let X s the number of sections » number of electors; 

50,000 ^T * . * . 

A = N". of voters m each section : 

let y = N**. of sections favourable to A, 
then «-y» B; 

.*. y X — s N'*. of voters in those sections which are favourable 

to ^, 

tnp aiipfitinn. fl#v — 

3dP 



t. *u -.• 100,000 ^ -, -, 
••. hy the question^ ^x — = votes for A^ 



m^ ^^^ r iQ these sections. 

50,000 . ^ dT 

jrx — «s votes for ^,1 

ox 



Again («— ^). — ^ «= N*. of tw^er« in the sections which ar( 

favourable to B^ 

and («-^). — ^ =s votes for B\ 

> in these sections. 
(j:-^).-^ = votes for A^i 

Now let XT s the N^ o£ electors who voted for C^ then 

«+(«-S)+(;Br-14), or SJBr-17«« (!)• 

Also ^-(a?-y)~z-19j or jr-2^+j8r=19 (2). 

^ - 100,000 . . 5,000 50,000 , . 45,000 ^ ^^ 

or -^ = 40(j:-^)-6j: (S). 

From (S), J^ = ^J?; from (1), a = | + 5|, 

.-. from (2), a,=2^-£+i9= — --_5|+19, 
.% « = 100. 
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II. 

1. ^b{^x+a-b}+Zc{Jx''a-\-c} = a; find jp. 

2fl— 4b J X + a + 4fb'= 4icjx - a + 4c% 

Jx+a^Jx-a = 2(6*c), 
or =p Vj?^- «*=2 {b ±c)*, 

2. V2«^+>/s«-2=is/4«-3+75a?-4; find a?. 

72^^ -JSx^^J^x^-JSa^y 

7ar-5-27lO^-13ar+4=7*-5-27l2«'-17«+6, 
10j:*-1S«+4=12j:'-17*+6, 
2j^-4d?+2=0, 
jp*-2«+l = a, 
(*-t)*=0, 

S. 8«i+81«18j:*+45a?*; find or. 

For « write y*, then 8y+81=18/+45y, 
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2 3 „ 



2 V S 1 ^ 3 

3 2 2 ^ 2 

and x^i/'= S*, or ^-j . 



4. 



I 



^-2a: \^y'-Sx)^^x^ 

1+51 (*-^/^-i) = ^(2n/^-n/5^)- • -(2) ; 
For 2^-Sj? write jbt, then, from (l), 

S.?!lf! _ gy- 3x+2jx.j2y- 3x+x 
s^-x^ . (25^-3ar)-« » 

^ {( %-3j:)^+jrJ}* (2y-33r)i-fjr^ 
(2i^-3a?)-.;r "" (2y^3x)i^x^ ' 

zi+x^ 



find X and y. 





zi 




• . . . ._ 






zi-»i ' 






Sz- 


-S5W+Sjr = 5; 


— j8rij:i+«, 




Z' 


-2j8:W+j:=0, .«. «= 


df, and ys 


=2x. 



From (2), J-|(277-l)5^ + ^(27^-l)'=lf , 



81 



^=|(27r-l-=2). 

»|(2VJ+1), or |(27J"-S) («). 

Taking the 2nd value, and substituting 2x for ^, 



4 2 /- 1 /-I 



|7^-|(1*'«/*n/2+1). 
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A X^^{l^J~ij%^)\ 



16 



And y^Zx = %{\d^J^J^iy. 
8 



Other values of x and y will be found by taking the other 
value of x^ in (a). 

X 



5. The distance between the two termini A and Z of a rail- 
way is 100 miles. A train starting from A runs up-hill during the 
first 30 miles of its journey, the next 50 miles are on a level, and 
the remaining 20 are up-hill. The train may be supposed to 
travel 5 miles an hour faster on the horizontal road than when it 
is ascending a hill. There are to be stoppages at stations B^ C, 
D, and £, at distances 20, 42^, GJit and 90, miles respectively 
from Af and each stoppage may be supposed to cause a detention 
of 3 minutes. Find the time of arrival at B, C, D, and £, of the 
train which starts from A at 8^. 0*^. and arrives at Z at 12^ 42"^. 

Let j;i-N*. of miles per hour up-hUL 

.*. ;r+5= on the levels 

50 50 

and -»- — = whole time in hours for the whole journey : 

x+5 X * .f 

but the whole time«l2\ 42"-8\ 0»-4x3"=4J^ 

50 50_9 



x+5 X 2 
from which we get x^^O, the No. of miles per hour np-hill. 

.*• train arrives at B in one hour^ that is> at 9\ and leaves B 
at 9^ S". 

Between B and C (22^ miles) there are 10 miles up-hill, and 
12^ miles on the levefl, each of which occupies half an hour, 

.% train arrives at C in one hour after leaving Ay that is, at 
10\ S", and leaves Cat 10>». 6^ 

Between C and D the whole 25 miles are on the levels and 
will occupy 1 hour ; .-. train arrives at D 1 1^ 6"", and leaves D at 
1 1* 9" 

Between D and.E (22^ miles), 12^ are on the level, and 10 
up-hill^ each of which occupies half an hour, 

/. train arrives at E at 12\ 9". 

23 
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6, A number of vessels A^^ J^, Agy Ar, Ar^^.^.A^ are 

arranged in a row. Ai contains a quantity of vine, A^ a quantity 
of water, and the remaining vessels Az,'..Ar, A^i,...A^, contain 

any quantity of any other fluids. - of the wine in Ai is taken 

^om At and added to the contents of A^^ - of the mixture is 

taken from A^ and poured into Ag, - of the contents of ^3 is 

poured into A4, and so on to the end of the series of vessels. 

Again, - of wine remaining in At is poured into A^, — of the 

contents of Ag into A^^ and so on. Ai is supposed never to receive 
any addition. It is found that 60 times the quantity of wine in 
the vessel Ar after r— 1 abstractions of fluid from that vessel =31 
times the quantity of wine in the same vessel after r abstractions. 
Also 59 times the quantity of water in A, after r—l abstractions 
of fluid from that vessel »31 times the quantity of water in 
the same vessel after r abstractions. Find the numerical values 
of r and n. 



Let d?= quantity of wine in J.|, then 
for 1st ab9traction we have 

X 



in Ai X at 1st, 



..•is. 


X 

n ' 


•••iZg 


X 

n» 


• •tAf 


X 



n 



- taken out, 
n 



n' 



n" 



X 



*(l-i^ left in, 

=(-i) 



^(■4) 



for 2nd abstraction, 
in A^ xll — j at 1st, 

■■■-. ?('4) 

• ■'. i'(-i) 



•••^- .-('-s) 



- ( 1 — ) taken out, 

?04) 

r.(-i) 



» (l-i)" Irfl in, 

??(,-iy 

n \ nJ 

??(i-iy 

n* \ nJ 



?(-!) 



.^(-y 



• • 
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for 3rd abstraction, 
m Ai x(l — J at Ist, 

...A, 5ffi_iY 

n\ nj 
...yf, — J ( 1 — J 



-(l — ) taken out. 
H\ n) 

s('-i)' 

^(-1)' 






left in. 






»-(r+l) jr^/ 1\' r(r+l) */ 1\« r(r+l) «/ iV 

•••^' T7%'n'A: «j-jT72"-«'V «/ "••[i:2~-iFJV »/■> 

and 80 on to the r"* abstraction. Hence the quantity of wine 
left in A, after r abstractions is 

r(r+l)(r+2). . ,fr+r-2) « /, IV 

1.2.8 ... (r-l) '»^' (^-^) "♦"' «"PP°'*' 

and after r— 1 abstractions is 



r(r-H)(r+2).,.(r+r-3) ^ / 1 V"*^ 
1.2.3 ... (r-2)'»'-V «/ " 



.% by the question, ^^ •— r-* «1> 



or 



31 w, 

60 r-1 
31 

60 1 w 



•fc^-O'n) ~^' 



or -- .-. 



31 2 »-l 



« 31 



Similarly, observing that the maier will have to come through 
one vessel less than the wine, we have the water in A, 



after r abstractions 



(r-l)r(r+l)...(2r-3) y / IV 
'°°'° 1.2 . 3 ... (r-l) -^V^-«;' 

after ^^i abstractions= i-f ('•V^-q--g .-4(l-T> 

1.2.3 ... (r-2) n'"^\ w/ ' 

.•. by the question, ^A\ — ) .- — ■« = !, 
^ ^ ' 31 \ »/ 2r-3 



.-. r = 31. 
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7- Two points P and Q are connected by a wire (A)f ^th ci 
an inch in diameter and 50 miles in length, which is usra for 
transmitting a galvanic current It is required to replace the 
wire (^A) by three others (a), {b), and (c), composed of different 
metals, and of lengths 50, 60 and 70 miles respectively. These 
new wires must be of such diameters that the current, which 
previously passed along (A) may be divided so that the quan- 
tities which pass along (a), (h), and (c) may be as 3, 4> and 5. 
The quantity of galvanic fluid that will pass along a wire is 
supposed to vary inversely as the resistance, and the resistance 
to vary directly as the length of wire to be traversed, inversely 
as the sectional area of the wire, and inversely as the conducti- 
bility. Also the sectional area of a wire varies as the square 
of its diameter. It is found by experiment that the quantity 
of galvanic fluid which will pass along a portion of the wire 
{A)y ^th of an inch in diameter and 15 yds. long, may be de- 
noted by 1000 k. Also portions of wire — th of an inch in dia- 
meter, composed of the same metals as (a), (6), and (c), of lengths 
20, 10, and 40 yds. respectively, are capable of transmitting 
quantities of galvanic fluid 750 k, 5400 k, and 3500 k respect- 
ively. Find the least possible diameters of wires (a), (fi), and 
(c), in order that the above conditions may be satisfied. 

Let X, Vy s, be the required diameters of the wires (a), (6)^ (c), 
respectively in inches, 

Q the quantity of galvanic fluid passing from Pto Q along (A)y 

?.i ?M ?o quantities (a), 

(6), and (c), respectively. 

K the conductibility of the metal of which (A) is composed, 

K,,Kt>K, (a),{b),(c) ,re. 

spectively. 

Now quantity of galvanic fluid passing along a wire 



1 1 

resistance lengtb 



sect*, area ' cond'. 
(sect^ area)xcond^ (diam'./xcond^ 
length length 

Q 15 n ^ f 



1000^ 50xl7t)0' ^ 176 

Also y> - ^^^' . (10)'^' ora-^^ k:^ 
^^^ 750&^ 50x1760 • 20 ' ""^ "^^'176' 
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q, __ ^'xK , \lb) '^' 9000 ^ . 

5400)fc~ 60x1760" To ' ®' ^*" 176 ^^ * 

9, _ z'xg, yloj'^' 20000 , . 

S500ifc" 70x1760 ' 40~ ' ^' ^'^ 176 

Now q, : g, : g,=S : 4 : 5. . .(lU , ^^ Question 

and g.+ g6+9e=Q (2)J "^ ^ ' 

,\ from (1) 5'«+g'A+5'fl : g« :: 12 : 3 :: 4 : 1, 

5'«+94+5'c : g* :: 12 : 4 :: 3 : 1, 

•••by (2), 9.=^Q» 9* = 5Q' ?-"^^' 
/. S000.y^ = -.S0.p^, a: -— , /. ^-g^- , 

9000.-^ = -.30.-—,, v'«7:T;r, .'. ^ = ^. 
176 3 176* "^ 900' -^ SO 

20000.— ^ = — .30.— ^, ^-t-^T^j •'• ^==17;; • 
176 12 176 1600' 40 



HI. 

(a:+a-^2aa:)(j?+a+^2aa?) 

x+a+j2ax+ 7 «2, 

x-^a+j2ax 

ar+a+^2a«=l, 
«*+ 2ai?+a*-2a:-2a+l = 2fljr, 
a:'-2jp+l = 2a-a*. 



23—3 
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2. 



6x*-7«+2 12x'-17x+6 
1 1 



(2aj-l)(Sj-2) (Sj?-2X^-^) 



-8x"— 6jr+l; finder. 



= (2«-l)(4ar-l), 



.*. Sj:-2»0, 



.-. «-3, 



(2x-l)(3x-2)(4«-S)""^^ 0(^-l)> 

and 2«(2x-1)»(4jp-1)(4«+3), 

=/(2j^-l)(2^+l), writing j^ for 2dr-l, 



TB 



16~16' 



5. (j:'+y"+O* + (^-J^+^)'"'2(4^)*-0V 



111 > find jr and y, 

y X c 

Since (ar-j^+c)'^ j:*+j^+(?'+2ar^(?( j, 

and from (2), = 0^ 

^ '^ y X e 

and from (1), (jf-y+(?)*=4jry, 

but from (2), jm^ = ^(^-^X 

ex 
from (2), y-=— -, .-. a:*-c*=car, 

'-^^4'T' 
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2(*"-*«+JB«-6')+V3(«*-«*) = 0...(2),[ find x and j^. 

Multiply (1) by 2, S(«+jf)'+(ar-^)'+2V3(«*-y)-4a% 

.'. ^/s(jt+y)+«-^=2a. 

Similarly from (2), Js{x-z) +Jt4-5: = 2*, 
.-. subtracting, ^/3(^■^•^)-(y+JBr) = 2(a-6), 

2 /" 

.'. y+z=-j= — (a-6) = (^S+lXa-6)=m, suppose. 

Again from (S), 2/+ 6yz* = Sc*, 
or (^+5:)«+(y-ar)»-8c', 

and « = -(m-4^8c*-iii'). 
Also (Vs+l)aP=26+(^-l)5:«a+6-|(7»-I)78^^^S 

.% or - -7^ {«+ 6-l(>/3-l ) Usd^n^}. ' 
^+1^ 2 ^ '^ 

5. il lends one half of his money to jB at 5 per cent, per 
annum simple interest, and the remaining half he mvests in the 
three per cents, at 90. B pays the interest regularly during 
the first five years, but afterwards neglects to do so till other 
five years' interest is due^ when A calls in all his money* and 
B becomes a bankrupt i>aying lbs, in the pound. A sells out 
when the funds are at 81, and then he finds that the whole sum 
he has received as principal and interest in the ten years exceeds 
the sum that he originally possessed by £34. 13^. ^* How much 
did he lend B. 

Let jejCsthe sum lent to £=sum invested in the 8 per cents., 
/. interest received from the funds in 10 years for every 9OJ& 

is 30jS, that is, for x is -; and the principal at last is sold for 

3 

81 9« 

90*' *" To- 
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.*. whole sum received on tliis account »- + ?^ , or — — - • 

3 10 ' 30 

X X 

B pays in interest ^-oprt ^"^ t- ^^ ^^ ^^^ ^^ ^^ 10 years 

X 5x 

he owes J^ in principal and interest, ^+7, or ---; and he pays 

only — for this; .'• whole sum received on this account 


X 5x 7x 

.•. by the question^ — — + ~« 2jr + 34| , 

148jr+105ar = 240jr+ 4l60, 
1 3d; » 4160, 
.-. ««S20£. 

6. ^, J?, and C, are three villages. The road from ^ to ^ 
is level, and C is on a hill above A and B, The distances JBy 
BC, and CAy are respectively 2^, 14*4, and 28*8, miles. P walks 
up hill ^th slower, and down hill ^rd faster, than when the road 
is level. Q walks up hill ^th slower^ and down hill ^th faster, 
than when the road is level. P travels round in the direction 
ACB in 30 minutes less than Q requires to go round in the 
opposite direction. Q travels round in the direction ACB in 1 
hour 48 minutes more than P takes to make the circuit in the 
opposite direction; find the rates of each on a level road. Also 
supposing them both to start together from A in opposite direc- 
tions^ find their points of meeting. 

C 
I. Let 12x=s Ps rate per hour on the level, in miles, 

then9^a up-hill, 

and l6jr=s down-hill ; a" 




^J9s 24 miles, 

J?t7=14-4 

A0==28'S 



let 5y^Cts on the level, 

then 4y= up-hill, 

and 6ys down-hill 

, ^, ^. 28-8 14-4 24 24 14*4 28-8 1 

.'. by the question, --—+ -^- + ---*--- + + — , L^ . /^^ 

^ ^ » 9ar 16a: 12* 5t/ 4^ 6y 2* ^^ 

J 28-8 14-4 24 24 14*4 28-8 ,« 
^^ l6J-'-9i-'l2i-5^-^-g7'*-4^-l*»'-(2) 

from (1), (3-2+0'9+2)i=(4-8+3-6+4-8)i-i 
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6-1 13 2 1 

or =*-«» 

* ^ 2' 

61 132 , 
or «— 5. .. 

X y 

Similarly, from (2), — ^1> •' 

- ,^. 122 264 
from(S), -; z-=-10, 

(4). ??-?«i=-S8, 

23 _^ . , 

8 3 
And -r=- + l-i4 .«. «=2. 



.*. P's rate is 12 miles^ and 0*8 10 miles^ per hour. 

II. Ist. Suppose P to go in direction AB, then P will 

arrive at C in -7:1- + -:;—* or S'6, hours; and Q in — — , or 3*6> 

124: 9« * 4y ' 

hoars^ that id, they will meet at C. 

2nd. Suppose Q to go in direction AB, then P arrives at 

28*8 24 

C in — ^, or 3*2, hours. Q reaches J5 in — , or 2*4, hours, and 

14*4 
would reach Cin — -- , or 1*8, hours more, and .% will meet P 



before that time, suppose at z miles from C ; then 

8-2+jg=2-4+— g-, 

Sz 
Yg«2-4+l-8-8-2=l, 

7. Suppose that in the course of any one year the number 
of births in Ireland is on an average 32 for 1000 living in the 
island at the commencement of that year, the number of deaths 
and emigrations to the colonies, 21 m 1000, and of migrations 
to England 1 in 100. In England suppose the number of births 
in the course of any one year to be 3 for every 100 inhabitants 
living at the beginning of the year, the number of deaths and 
emigrations to tne colonies 289 in 10,000, and of migrations to 
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Ireland I in 10,000. If the number of inhabitants in England 
was twice the number in Ireland at the beginning of 1850^ in 
what year will the population of the former be three times that 
of the latter^ according to the law above stated ? 

Let p — amount of increase per annum per head in Ireland, 
, 32 21 1,1 



1000 1000 100 1000' 

Ps similar amount for England, 
^3 289 1 1 

100 10,000 "10,000"' ■*"iooo ^' 

Bs migrations from England to Ireland, 
1 



10,000 



, per head per annum. 



6 = Ireland to England =»—- 

iV=N^ of inhabitants in England at the beginning of 1850, 
n= Ireland 

^,= England 1850+jr. 

!!,=» Ireland 

then 



ni=pn-¥BN^ 

nr=p (pn + BN) + B{PN+bn\ 

^p*n +pBN+PBN+Bbn, 

^p^n + 2pBN+Bbn, 
ng=jfn + 2p''BN+pBbn 

+ B(p'N+ 2pbn + BbN), 

^j^n+Sp^BN+SpBbn+bB'N, 



N,:=^PN+bn, 

N^= P{PN+ bn)+ b(jpn-\- BN), 

^P'N+Pbn +pbn+BbN, 

^p'N+Qpbn-\-BbN, 
N^=p''N+2p^bn+ pBbN 

'i'b(p'n + QpBN-k-Bbn), 

=p"iV+ Sp^bn +SpBbN+Bh\ 



and so on. Now to detect the laro of these successive results, we 
have 

'^l{f.p*jBer*{f-jBm*T'J^vit*jBhr-(j?-jm, 

Similarly 
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so that n, and N, may be put down at once^ observing that « , 
»a, nj, &c. and so likewise.^,, JV,, ^3, &c. diflfer from each 
other only in the indices of p^jBb, 

Now N=2n^ sjid N„ = 3ng, to find x; and substituting the 
numerical values given above for B, b, P, p, we get from Ng=3n,, 

/501\'_26 log26-log21 

\500 j " 21 ' •"'*■" log 501 -log 500 "" ^^^• 

i^ i_ A 1 \' , * x(x—l) 1 0-5 

from which, by approximation, jj-106'5 nearly. 
Hence the year required = 1 850+ « = 1 957. 



IV. 

. ^•+2d?+2 a?'+8jr+20 jr'+4ar+6 «'+6ar+12 ^ , 
i. + — = ^ — + — ; find or, 

x+l x+4t x+2 aj+3 

14 2 3 

a:+l+ — r +ar+4+ - = ar+2+ — -+x+S-\- 



jp+1 x+4t «+2 a?+S' 

14 2 3 

+ 7 = — z + 



4:+l «+4 d:+2 j:+3' 

_4 3_^_2 1_ 

x+4 x+S^x+ii x+l* 



.-. * = 0. 



^•+7«+12 j:V3a:+2' 
a:*+ 7^+12 =:JP*+Sa?+2, 
4x = -10, 
.*. jp=t-2i. 

2. (5«'+«+10)"+(a:»+7ar+l)"=(3i:*-«+5)"+(4j:*+5a?+8)*; 
find jr. 

. (5jt'+*+10)'- (4*"+5j+8y= (3«'-jr+5)"-(4:'+7«+l)*, 
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3. 



4. 



(9jp*+6x+18)(«'-4ar+2) - (4«'+6x+6)(2^-8«+4), 



«*-64P+6=0, 

.-. x^S^Js 






(2). 



(j:»+4«-2)'+S = 4x(3«"+4)j find «. 

«*+8ar*4-l6j:'-4x'-l6x+7=12x'+l6jr, 

x*-4x"-»-12«'-32x+ 7-0, 
(x"-2x+l)V6(x'-2x+l) = l6x, 
(x-l)*+8(x-iy«2(x-iy+l6(x-l)+l6, 
(x-l)*+8(x-l)*+l6 = 2{(x-l)V8(x-l)+l6}. 
(x-iy+4=V2-(j?-l+4), 

(x-l)--V2(x-l)+i = 4V2-^, 
.\ x = |{2+V2-fcyi6^^7^}. 



3x+3^-s^»3, 

, , 14-9* 
^+y-2:' g— , 

x*+y+J8" = 3xyar+ — ; ...(3) 



(2) 



find X, ^, and z. 



Prom (1), ,3(«+^+«)"4«+3, (o) 



(2), y+y+«»-2z»+7-^, 



(8), g(,'+y+*»-3xyz)=II^, 



OS) 

(r) 



Mult, (a) by (yS), and subtract (7), then 

or (x+^+z)'=82»-12z'+21+^-— -22, 

« 8j&'-12jb«+ 6;?-1 = (2;s-l)», 
/. x+y +£r = 2;2r-l (8). 
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4 2 

from (a), jr+v+z = -2+l, .*. -52 = 2, and z^S. 

5 
From (1), d:+y = 2, and from (2), JC*+y=-, 

.-. dr = li, or -, andy = -, or 1^. 

5. ^ derives his income from a fixed rental^ B from his pro- 
fession^ C from both. In the first year A pays as much income- 
tax as B and C together, but in the second year B*s and Cs 
professional incomes being doubled, B pays as much as C, which 
is ^ths of what A pays ; also the total amount of their incomes 
in the two years is £5.500. Assuming that the income-tax is 
higher for a fixed rental than for professional income in the ratio 
3 : 2, find the incomes of A, B, C in the first year. 

Let x£ssA's income the first year^ 

tf^B-s 

2+u = Cs , u being the professional part, 

then X, 2^, z+2u, are their respective incomes the 2nd year. 

Let 3r and 2r be income-tax per £l for fixed rental and 
professional income respectively; then, by the question, 

3jp = 2^ + Sz+2w, (1) 

4, 
4y=Sar+4.tf = -.Sj:, (2) 

and 2x+S^+2z+Sti = 5500, (S) 

From (2), 54: = 5y> from (1), Sy = Sj8:+2ii,1 

... (2), 4^ = S2 + 4fi,/ 

.'. y^2u, and 2 BB—ti^ and x=— 5-, 

.% from (S), -—+911-5500, 

.% ti«r300, « = 1000, y = 600, z»400. 
.*. required incomes are £1000, £600, and £700. 

6. A and B start at the same time in a boat-race; A has 
100 yards' start and has to row to a post X), B to a post C. At 
first A's rate : ^'s :: 40 : 39, but when the distance between A 
and B is 4th of the remaining distance A has to row, A*9 speed 
is diminidied in the ratio 79 • 80, so that two minutes after- 

24 
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wards the distance between them is three yards more than half 
the remaining distance B has to row. At this point of ^s 
course, his rate which has hitherto been uniform is increased 
eight yards a minute, while A's is still further diminished six 
yards a minute ; and in one minute more B arrives at the post 
C, A being then three yards from the post D. Find the dist- 
ance between C and X). 

Let 40x» J.'s rate at first in yards per minute, 

S9x^Rs 

y s N"*. of minutes occupied by B in the whole of his course, 

.*• y^S » A before he changes hisspeed, 

S9xy+S s length of B's course in yards, 

4ar(y-3)+2x^+^^-6^+3 = length of A's course. 

Now dist. between A and B, when A first changes his speed, 
= 4r(y-3)+100; and dist A has then to row = 79x+-|^ — 3, 

.•.*Cy-S)+100 = J(79*+^-3) = l(Z?^-l) (1). 

Two min. afterwards dist. between them is x(^-'2)-(-100, and 
the dist. B has then to row = 39jr+8, 

.-. x(y-2)+ 100 = i(39x+ 8) +3, (2). 



Prom(l), x(y-2)+100 = l(^-l). 



5* 
.*. -^=^15, .*. ;r = 6. Also from (2), y = 6. 

.% length of ^'s course = 240x3+3x79x3-3= 1428 yards, 

^'s =39x36+8 = 1412 yards, 

.% dist. between C and D= 1428-1412+100 »ll6 yards. 

7. Three men. A, B, C, walk in the same direction in the 
circumferences of three concentric circles, starting simultaneously 
from points where they are at their least distances from each other. 
A walks his circuit in an even number of hours, (greater than 
four), B and C their circuits in one hour and two hours less re- 
spectively. Whenever A and B are at there greatest distance from 
each other, they alter their rates in such a manner, that the times 
they would take to walk their circuits at the rates they are then 
going are interchanged; and whenever A and C are again at 
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their least distance their times are interchanged in a similar 
manner. When A and B are at their greatest distance the first 
time, A has walked a distance equal to twenty-two times Cs cir- 
cuit; and when they are at their greatest distance the third time, 
jB has walked a distance equal to forty-two times A'% circuit, and 
C has then walked ten miles less than forty times ITs circuit, 
and is at his least distance from J9. Required the rates of A^ B, 
C, at first. 

Let x+1, X, j?~l, be the N**. of hours in which A, B, C, 
will go their rounds at first; 

y, 2, Uy the three circumferences of A, B, C, in miles ; 

then, since B goes his round in less time than A^ B will have 

gained half a circumference* on A when A and B are at their 

greatest dist., and this will be in ^x{x-\-\) hours. Again, A and 

C will be at their least dist. when (J has gained slQ oi\ A, which 

will be in \{x—\.)(x-\-\) hours \ .\ A and C are at their least dist. 

before A and B are at their greatest. Also, since A and C are 

at their least dist. every i(.r-l)(j?+l) hours (so long as they 

retain the times x^l, x—l^ respectively), B will in this time 

*r— 1 
gain on A^ (so long as A retains his 1st speed), -- — of a 0> 

for he gains the whole O ^^ ^(^+1) hours; and A will in the 
time ^(j7— l)(x+l) gain on B, (after A has assumed the time 

x+1 

x—l for his circuit), — — of a Q, for he gains the whole O on 

mX 

B in x(ar--l) hours. 

•-. when A and C are again at least dist. Ist time 

B is -T — ofaO^-J^e^dofi^, 

x,X 



Sndtimeiiis— — or - B, 

9.x ^x X 

3rd ^is—; or -;r— A^ 

2x X Qx ' 

*F+1 •!?— 3 2 

4th -^ is -^ — or - JB, 

/bX AiX X 

5th ^18-- or--— A^ 

2x X 9.x 

•17+1 x^5 S 

6th A is — — - or - JB, 

2x 9x X ' 

and so on. 

Hence, the dist. B is a-head of A, when A and C are at 

* A> this word will occur often let it be repretented by o* 
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their least dist. for the 1st, 3rd, 5th, &c. time, is always less 

than half a O9 <uid keeps decreasing ; but the dist. A is a-head 

of B, when A and C are at their least dist. for the 2nd, 4th, 

6th, &c, time, keeps increasing. Also when A and O are at their 

least dist. for the x^ time, (*.* x is odd), the dist. B is a-head of 

j?+ 1 
-4=0, and at the (j?+1)*** time A is — — of a 0> (which > ^0)> a- 

head of JB; .% in the interval between the x^^ and (x+l)* times 
of A and C being at their least dist. A and B will be at 
their greatest dist. for the Jirst time. 

Now, since after the a^^ time of A and C being at least 
dist. A goes his round in (^—1) hours, and B in x hours, .*. A 
gains half of a O on B in ^x^x—l) hours, that is, A and B will 
be at their greatest dist. for the Jirst time ix(x^l) hours after A 
and C are at their least dist. for the x*^ time. Previous to A and 
B being at their greatest dist, A would gain on C a whole O 
in ^(x—i)(x+l) hours, .-. when A and B are at their greatest dist 

he will have gained — - of a O? *°d he still gains on C after A 

X'tL 

and B are at their greatest dist, because he now goes round in 
Xy and C in (j?+l), hours. Now, when A and B are at greatest 

dist the part of a Q which A has to gain on C is 1 , or 

X'rx 

— -; and he would now gain a Q ^^ «(«+!) hours, .-. he gains 
»i?+l 

of a O in X hours, that is, A and C are at their least dist. 

x+1 

the (dr+1)^ time x hours after A and B are at their greatest 

dist the Jirst time. 

The times now taken by A, JB, C, are x+l, ^—1, x; and be- 
fore A and C are at least dist the (ar+1)* time, the times of cir- 
cuit were x, ar-l, x+l, /. fi would gain a O on ^ in x(x—l) 

hours, and .-. in x hours he will have gained — - of a O- But 

X—'L 

A was half a O a-head o^ B x hours before, .*. A will now be 

, or — ; r of a O a-head of B ; that is, when A and C 

2 a?-l ' 2(j?-l) ^ 

are at least dist the {x+Vf" time, -^ is — —of a O a-head of 

J ^ g jr 2 

B; .\ B will have to gain 5 + ^7 — tv , or — - of a Q, before A 

and B are at greatest dist. again; and since B gains a O in 

«ir— 2 
i(a?+l)(x-l) hours, .'. he will gain — - in i(x-2)(x+l) hours, 

which <a;(jr+l), the time A and C take to be at their least dist 
again ; .*. i(x-2){x+l) hours after A and C are at their least dist. 
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the (jr+I)^ time A and B are at their greatest dist the second 
time. 

Previous to this the times of A, -B, C, were «+!, Jr-1, x, 
.*. C would gain & Q on A in d:(x+l) hours, and ,-. in i(«— 2) 

(x+ 1) hours he has gained — — of a O > ^^^ o/ler A and B are 

at greatest dist. the second time, the times of A, B, C, are x —1 , x+1 ^ 

•r— 2 
x; .*. A has to gain on C — — of a 0> before -4 and C are again 

zx 

at the least distance; and he gains a whole O ^^ ^( ^'~^) hours, 

X— 2 
.*. he gains -- — of a O Jn ^(x-l)(x-2)hours, which <J(x-l) 

^x 

(x+1), the time A and B take to be at greatest dist the Srd 
time. .'. ^(x— l)(x-2) hours after A and B are at their greatest 
dist. the second time, A and C will be at least dist. the (x+2)*'^ 
time. Now^ previous to this the times of A, B, C, were x^l, 
x+1, X, .'. A would gain a Q o'^ -^ ^"^ i(*~l)(*^+l) hours, and 

.'. in i(x— l)(x— 2) hours he will have gained — - of a Q, .*. 

x+ 1 

since, when A and B were at greatest dist. the 2nd time, B was 

half of a O a-head of A, A is now a-head of B — - — - , or— 7 ^ 

^ ' x+1 2 2(x+l) 

of a O* B^^ ^^^^^ ^ *^^ ^ ^^^ ** letLSt dist the (x+2)**' time, 

the times of -4, B, C, are x, x+1, x-1, .\ A would gain a O on 

1 X— 5 3 

5 in X (x+1) hours, and he has to gain --^7 — i-r, or — -of a 

Of before A and B are at greatest dist. the third time. This will 

take him Sx hours, which <x(x-l), the number of hours A and 

Ctake to be at least dist the (x+S)^ time; and in 3x hours C 

3 
will have gained — - of a O on ^ (a). 

Now, when A and C have been x times at least dist, A has 

11 J ^ (x-l)(x+l) y (x-l)(x+l) ^ ^ 

walked -^—.^ -^ - + ^^.- 77 ^ + &c., to x terms, 

x+1 2 X— 1 2 ' 

or f {(x-l)+(x+l)+(x-l)+&c. to X terms}, or'|(x'-l), '.'xisodd, 
2 -^ 

.*• dist. A has walked when A and ^ are greatest dist the 
lsttime=|(x«-l)+^.ix(x-l), or|(x'+x-l), 

.*. by the question, |(x*+x-l) = 22ti, (1). 

Again, dist B has walked when A and C are at least dist the 

x"* time 

s (x— l)(x+l) z, ,, ,. 

= -.x^^ ^ -> or -(x-l)(x+l); 

24—3 
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tiso, dist B has Walked when A and B are at greatest dist. the 
3rd time 

= -(x-1Xjp+1)+-. -«(«-!)+ — r.x+ — r. ^ ^ 

s («-l)(d?-2) jff ^ s^ , 

.'. by the question, - (j:*+3«+2) =42^ (2) 

Agajn^ when A and B are at greatest distance the 3rd time, 
C has walked 

2^ '' ar+1 2 or+l 2x2 x-1 

*/_« « * ON 5«ar 
or -(a:*+Sa:-3)+^-Y, 

.•. by the question, -(ar*+3a?-3)+—— =405-10 (3). 

Again, *.* C is at least distance from B, when A and J3 are 

at greatest distance the 3rd time, .*. t7 is at his greatest dist- 

3 1 

ance from ^, and .•, from (a), «-, and .*. jr=7. 

•t— 1 2 

/, (1) becomes 55^b44u^ or Sy^isu, 

(2) 362 = 42j^, or Gz^ty, 

(3) -g- +-^ = 405-10, or 37m =402- 10, 

from (1) and (2), 30z=28w, .«. 402= 



3 



112m 
A S7m=^ 10, .% M=30, y = 24, je=2d, 

;4's rate at first=-^= 3 miles per hour. 

«+l '^ ' 



Jffs.. ......... « £ =4 

C'« =A:=h. 

x—l 



[Thii tinffulatly complex Problem and its Bolution are both due to the inge- 
nuity of Mr. Bower, late Fellow of St John*s College. It is to be hoped that some 
•borter and simpler soluticm may yet be hit upoft; but it is no small trial of 
patience and skill to get any solution at all. T. L. J 
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V. 



1. (a+ 6)*dP+ (-^f ) • (4 — ) = 2a6 ; find x. 



ab 

4(c*-l)x*+4J?-3 = 4cx-4a?, 
4c V-4cjr + 1 = 4x»- 8 J? + 4, 

3 1 

*""2(l+c)» ^'2(l-c)' 

3fl6 —aft 

or 



• • 



""(a+ft)" (a- ft)"' 

2. (x+27i)4-(a:-27*)*=2(ar»-4j?)4; find «. 
Squaring, 2jj-2(j;'-4a:)i=4(a:*-4x)*, 
(j:»-4x)4+2(«"- 4x)i +1 = a?+l, 

(a;"-4«)*+l = ±(«+l)*, 

(aj*-4r)i=«+2=F2(ar+l)*, 

«■- 4a? = x"+ 8a? + 8 «F 4(d: + 2) ,y«+i, 

4(jr+l)=F2(a?+2)7i+l+i(*+2y«i(*-2)', 

2,yiTr=«fcJ(«+2)«fci(a?-2)=ifca?, or *2, 

/. 4Jf+4«a?', or 4, 

.-. a?=0, or 2(1*72). 



1 



3. (124P-l)(&r-l)(4dr-l)(3a:-l) = ^; find a?. 
(S&r*-1 5x+1)(24j:*-10j?+1) ^^g , 
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{3(iar'-5*)+lH2(l8*»-5*)+l} =^ , 
or (3y+lX2j+l) = ^, if 12*'-&r=jf, 

.•.36x«--.fe+y-— g^-. 

... ox- ^ ^ 

^ 4 "x+^^2' ^^> 

^ find X and v* 

*^+y = r-^a+ 22, ....(2) 

Let x+y^v, and x-y — 2^ 

then x=:i(t;+jEr), and ^=»i(»-«), 

.•. from (1), -.= +-.- 

^ ^' 4 4t; 2* 

t;'x=t;'-j5'+2t?, .-. 2' = 2t; (3). 

From (2), l(i;+£:)«+l(t^-2)» = ^?^4^" + 22, 

t;*+t;V = t;*-2t?V+js*4- 44t;», 
St; V = z*+ 44t;», 
.-. by (3), 6i?*«4ir*+44y"-=48w*, 

.'. » = 8, /. js:"=l6, and 2 = ±4. 
.-. ar+j^«8, ar-j^ = ±4, 

.-. x^6, or 2, and .y«2, or 6. 



5. ^ and B set out at the same time from the same place, 
and walk in the same direction. Whenever the distance between 
them is an even number of miles, A increases his speed ^ mile 
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per hour; and when it is an odd number of miles^ B increases his 
speed ^ mile per hour. When A is ^ miles in advance^ B has 
walked S0| miles^ and A has walked 1^ miles more than he would 
have done in the same time^ had he walked uniformly at his first 
rate. Required the rates of A and B at starting. 

Let X and y be the miles per hour of A and B at starting^ 
^1= hours between starting and time when J[ is 1 mile a-head, 

/,= time when ^ is 1 mile a-head and when 2, 

fa= 2 miles 3, 

t^* 3 4; 

then A's rate during /,, /,, is x miles per hour, 

»8, *45 ... 4?+—.. 9 



B's rate during /, is y miles per hoar, 
'«. 'a. ..^+2 



.•. by question, ('3+07 = 1^ 0) 

also (ti-^U+t,+t,)y+(t,+Ql-ht,^30l (2) 



{x+l^{y+l)}t,^l; 
.: from (1), ^ + ^ = -j ; write e for «-^, 



2Z-1-— - 



(^-.+ ^). 



jb" — 5-*=-o» ^^"^ which 2 = 1, or -. 
8 8 8 

Taking ar=l, /, = !, /,= 2, /, = |, /,-4, 

,*. from (2), -s-y=25, andy«S, .*. d:=»4. 

6. Three vessels, A^ B, C, contain liquids in the proportion 
5:2:1, and their prices per gallon are as 1 : 2 : 3. A certain 
quantity is poured from A into B, and the same quantity from 
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the mixture in B into C\ the same quantity is now poured from 
the mixture in C into B, and from the new mixture in B into 
A. The value of the liquid in A is thereby increased in the 
ratio of S5 : 27 ; but had the quantity poured out each time been 
one gallon more than it was, its value would have been increased 
in the ratio of 3 : 2. Find the quantity of liquid in each vessel. 

Let Sx, 2x, Xj be the number of gallons in A, B, C, at first, 
y> 2^, 3y, the prices per gallon of the liquids, 
z, the number of gallons taken out of each ; 
then Ist^ A becomes Sx—z, in quantity, and (Sx— 2)y in value, 
B 24P+Z, , ,..(4x+z)if 

then C x+2, , ... Sxy + - (44:+2}y, or 

(6x^z)(x+z) 

^r—^ -'V 

and, at the same time, B is again reduced to 2j; in quantity, 

and to 

2x V 

^^-j^.(4«+%, or .^^{80^+2x2} in value. 

Next, B becomes again 2jr+2 in quantity, and 

2a?+5;^ ' x+z 2x+2 ^' 

- -^ {8j^+Sxz+z'} in value. 
A then becomes 3x in quantity, and in value 

or ylsx-k-ifxz,-- r-A, by reduction; 

^ I {2x+zyy ^ ' 

u *L s.' ,4. x+z 35 ,,. 

.-. by the question, i+-z.^g-j^=— (I) 

or 72*+jrz-8ar* = 0, 
or {7z+Sx)(z-x) = 0^ .\ x = z. 

3 35 

Again, putting z+l^ or «, for z, and - for — in (1), we 

have, in the same manner, 

(5m+6)(m-2) = 0, .•. M = 2, or ;s+l = 2, .*. x^l, 

and the number of gallons required are 3, 2, 1. 
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7. Reckoning meat by the stone, wheat by the quarter, and 
hay by the load, the price of hay at first was equal to that of 
wheat together with 4 times that of meat. The rise or fall of 

meat is ^th of the rise or fall of wheat, together with -2;th that 

of hay, except during the first month, when from scarcity of fod* 
der, hay rose 8^., and the effect on meat from this cause alone was 
a fall of 6d. The variation in hay was 8#. each month, and 
wheat rose 2#. a month from the first, until, afler a certain 
number of months, there was the same relation between the 
prices as at first; wheat being now 50s. and remaining stationary. 
After as many months more, hay was 12 times the price of meat. 
Required the prices of wheat and hay at first, that of meat being 
6s. 

Let the prices at first of meat, wheat, and hay, respectively, 
be 6, X, and jr+24, in shillings; 

let n =s number of months in which wheat rises to 50f ., then 

«+2« = 50, or » = 25-- (l) 

let 8(y+l)a the rise or fall upon hay in n months, 

8z — 2n months, 

where y and z are integral ; then by the question, 

x+24+8(y+l)-50+4(6+^ + §|-i), (2) 

(Omm Silt 1 fi 9V 

From (1) and (2), 5jr+l 8^ = 220 (4)-^ 

also from (1) and (3), 3jp+2y+2£r = 134 . . .(5)) 

from (4), 15jr+ 54^-660, 1 
(5), 15jr+10y+10j5 = 670,f 

.'. 10ar-44y=:10, 

or 5z-22^=5, (6) 

"* ' > is the general solution of (6), 

and from (4), .'. d;= 44-18/; and it » 9/ +3. 

Let / = 0, then x = 44, the required price of wheat, and x+24 
=6Sf the required price of hay. 
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To shew that this ig the only solution, we have from (1) and 

(2), n^^-^-S^Qt-^S, .'. t cannot have a negative value^ for then n 

would be negative, which is not allowable^ by the question. The 
only other values of t which will permit j; to be positive are i = l, 
and i = 2, both of which make n less than z, whereas we know 
that n is never less than s. 



VI. 

1 (jf-fl)(jr-3) 1 (*+3)(jp-5) 2 (f+5)(jr-7) ^ 92 
5'(a?-f2X«-4)"*"9'(a?+4X«-6) " lS'(dr+6X«-8) 585 

Let (x^iy^y; then the equation becomes 

1 jr-4 1 y-\6 2 tf-S6 92 
5>-9^9\y^^"l3>-49""585' 

^"^^ 5^9 13 585" 
.*. subtracting corresponding terms^ 



2. 



1/-9 y-25 j^-49 

Jl 1_ I 1 

^^5^-9 5^-49 ■*"5^-25 5^-49" ' 

40 24 ^ 

or -+ ;rr = 0, 

y-9 ^-25 

or 5^-125+3^-27-0; 

.*. 8^-152, or y=19; 

/x+6\ /Jr-4Y /jr-6\ /^-*-9V_ ^ ^jti? 

U-6;Wv '*"W6y U-9/ v-36* 

The right-hand member = — ^ + — ^ ; 

- (S?)-{(^^)'-}-(f^>-(S3}-- 

. «-6 36x a+e l6x 
" 4r+6*(af-9)'"ar-6'(«+4)*' 
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the upper sign makes x impossible ; 
the lower sign gives 5«*— 12« = 180 ; 

... *-|(i-=72S). 



3, («-!)•+(«- 1)' = 2 (iMr+l)+V3(ar+a)"+4fl«; find a?. 
.-. ar'+a*-2flrx-2(ar+a) =^(3JP+fl)(jr+Sff) ; 
.•. dP+Sfl+2^(3«+fl)(jr-fSa)+Sjf+a = 2(«-fl)"; 
,-. ^j?+Sa+^Sar+fl = * *y2 . (x-fl), 

-*-7^K3*+fl)-(*+Sfl)} (a). 

is/2 

This resolves itself into the two equations, 

^yix+a+^^x+Sa = 0, 

(from which « = n, which satisfies the original equation, if nega- 
tive sign be taken before the root)> and 

Js^^-Jx-\'Sa =^J2 (J3): 

adding (a) and (fi), we have 

.-. (a?-fl)'+2(«-a)+l»6x+2a; 
.•. x = a+Z^JSa+3, 

> find X and ^. 

by addition, **+6'-^(fl«+Ay), 
by subtraction, y*-^c^- J^{xy-ab)i 
multiplying these together, 

.*. (xif-aby+ (ax+byy= Z{ax^hy){xy^ah) ; 

25 



290 



COLLEaE EXAMINATION PAPERS. VI. 



.•. x-h^ajiy or x^ajz-^h^ 
and y^^a^'^^^hjz-k-a. 



5. 



A rectangular field is divided by. two lines parallel to 
two of its adjacent sides into four parts, of which the least has 
its longer side in the shorter side of the field. The ratio of the 
perimeters of the greatest and least parts is 4 : 1, and that of the 
other two is 3 : 2. Had however the sides of the least part been 
double their present lengths, the ratio of the areas of those 
parts which would then have been greatest and least would have 
been 4:1, and of the other two, one would have contained an 
acre more than the other. Find the number of acres in the 
field. 

Let X « longer side of least part 
{A) in yards, 

y = semi-perimeter of the field. 

Then since the greatest and 
least parts are oppasite^ the sum of 
their perim". =perim'. of field. 

.*. by question, 

iperim'.of^=|,ofC = |?,ofS = |?, of D = ^; 

•*. original sides o£ A are x and ^-^ «> 

5 



B 2_, 


•?+* 


5 


•5 ' 


C ...|+a? 

o 




D ... jf 


• 5 *' 


and in the supposed case. 


# 


sides of A are 2x and 2 1 


$-')■ 


^-KH-f' 




c s. ^ 

••• 5 "5* 




D... 2* .J^. 




5 
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Sx 

— • • • ojs ; 



• • 



Now, by question, jr>^-ar; .•. 2«>~; 

•'. new area of D > that of C, 
and (?> B. 

Hence B and D are nofv the least and greatest parts ; 
.'. by question, 2arx-^ : 2r^-ar\^ :: 4 : 1, 

or 2a?±:t40-a.j; .-. 5^*^; 
.*. the sides of A in supposed case are 2x and x, 

C 

by question, 

-— - - 24?» = 48^, the No. of square yards in an acre ; 

.*. sides of the field are -^ and 4r; 

.•. area = 14j?' = /I, J acres = 5 J acrels. 

4840 * 

• • * 

6. Four points A, B, C, D, move uniformly with velocities 
in Geometric^d Progression in four equidistant and equal paral- 
lel lines, whose extremities are situated in two parallel lines 
from one of which they start together, and when they reach the 
other extremities^ they return, and so. on continually. After a 
certain interval B, C, D, are in a straight line for the first time ; 
after twice that interval A, B^ C, are in a straight line for the 
first time ; 36 seconds after this. A, C, D, are in a straight line 
for the second time, and the space that has been passed over by 
jB is 14 inches more than that passed over by A^ when A, jSy 

C, Z>, are again in a straight line. Required the velocities of 
A^ By C, D. 

Let Xy rxy t*Xy r*x be the velocities of A, B, C, 

D, in inches per second, 

y = length of each line, 

then the consideration that B^ C, D, are ih' a 
straight line before A, B, C, are in a straight line, 
shews that the velocities of A^ B, C, Dy are in 
increasing order; and it is clear that B, C, D, 
will be first in a line when B and are moving 
forward, and D is on its first return. 



« 
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Let t be the time (in seconds) from starting when this takes 
place^ then the distances of B^ Cy D, from the starting points are 
trx, tf^Xj 2^—tr^x; and since they are in a straight line^ we have 

A ter(r»+2r-l)-2^ (1). 

AgaiUj to find when A^ By C are in a straight line, change t 
into 2/, and x into - ; 

••. 2/a<r«+2r-l)«2y (2). 

Hence, (1) and (2) shew that r=2, that is, the velocities of 
A, By C, 2), are «, 2*, 4fl?, 8*. 

Now the velocities of A, C, D, being as the Nos. 1, 4, 8, a 
little consideration will shew that they are a second time in a 
straight line, when C is on its first return from jP, and D is a 
second time moving towards G; .*. if t^ be the time from starting 
when A, C, D, are a second time in a straight line, we have the 
distances of Ay C, D, from original starting points 

'i*> 2y- ti4iXy tiSx^2y ; 
/. since they are in a straight line, 

(2y-/,4*)-M=2{(^8jr-2y)^(2^-^,4r)}; 

lOv 

Now, by question, /i=2/+ 36, and from (1), t^^; 

"X 

...l^ = 2Sf+36 (3). 

29* 7x ^ ' 

Again, from the relative velocities of A, By C, D, it is easily 
seen, that they will first be in a straight line again when A hia 

moved over -^; 

.% by question, -J^+^^^g^^^** 
.•.^Q5-l)=7; .-.^=3x7x29; 

/. /«N S0x7 6x29 «^ 
.•. from (3), -^ - + 36; 

X X 

.% — =36; .•. j:=1: 

X ' 

.*. required velocities of A, B, Cy i>, are 1, 2, 4, 8, inches per 
second respectively. 
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7. A town is supplied with gas at a stated price per thou- 
sand cubic feet whenever the annual consumption and price of 
coals are certain fixed quantities; but it is agreed, that in any 
year when they differ from these values^ a variation in the former 
at the rate of m per cent shall cause an opposite variation in 
the stated price of gas at the rate of n per cent. (n<m) and a 
variation in the latter at the rate of p per cent, shall cause a 
like variation in the stated price of gas at the rate of q per 
cent. After r years the average annual consumption and aver* 
age price of coals have accorded with their assigned values, 
and yet the town has paid £P more than it would have done, 
had there been no variation from the assigned values of the 
annual consumption and price of coals. But if the above-men- 
tioned relative variations in the consumption and price of gas 
had been p and g per cent., and those of the prices of coals 
and gas m and n per cent, the town would have paid £0, 
less. Supposing that in any year, the x^, there is a variation in 
the consumption and price of coals from their fixed values of 
X per cent, find the greatest sum the town could pay for the 
gas it consumed in any given year. 

XiCt tt = annual consumption in thousand cubic feet, 
V = price (in pounds) per ton of coals, 
^= price (in pounds) per thousand cubic feet of gas, 

originally Jixed upon, 

then in the x'** year the consumption = «[ 1 + tttx), where x may 
be positive or negative; 

also price of coals in or*** year = v\l +77^;)* where (to avoid con- 
fusion in algebraical signs) we use x^ instead of x, and Xi may be 
positive or negative. 

Now in «* year — xsaper centage variation in price of gas 
arising from variation in annual consumption, 

also in «* year ^jri=per centage variation in price of gas 

arising from variation in price of coals; 

.*. since variations in consumption and price of gas are opposite^ 
and those of price of coals and gas are like, the price per thou- 
sand cubic feet of gas in x^ year 

_ / n _x_ q Xi \ 
"A m'iOO'^p'lOo)' 

25—3 
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•*• whole cost of gas in x^ year 

/• whole cost of gas in r years 

Now since the average price of coals and average consump- 
tion have been the same as their fixed values, 

•'. (a) becomes 

and this^ by the question^ 

Now for l'+2»+S*+ r» write S, 

then i^u I^SCararO-^-sJ = (100)»P. 

Similarly, in supposed case, 

,«{l2(x*.)-|sj=-(100)'a 

Hence the cost of gas in a given year, the /"*, 

(100)' ? 76 - M /i^p" J-*2 _L\ 
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There are 4 cases to be considered, 
Isty when consumption and price of coals both increase, 
2nd, when consumption increases, and price of coals decreases, 

Srd, decreases, increases, 

4th, decreases, decreases, 

Now evidently cost of gas in case (1) > cost in case (2^; also 
cost in (S) > cost in (4); also cost in (1) > or < cost in (s), ac« 
cording as 



or 



V"^ioo)v'"fii-ioo"*"p-ioo) 
V"'ioo)v'*'«'ioo'*'p-ioo)* 



that is, as 1 + 77;^.- > or < — : 
* 100 p m* 

but since n '<m^ the left hand side is the greater ; 

•'• cost of gas in case (1) is the greatest; 

•*• greatest cost of gas in f^ year 

100; ^'m^% ( t\ L(n^f\_L\ 



VII. 

x + l Jp-2 ar-3 ar+4 . ^ , 

1. -'^' — r + - + 7 = 4; nndx. 

df-l «+2 « + 3 «-4 

jf+1 «— 2 x^S ar+4 



x-l ar+2 x+S J:-4 

4 3 2 1 



x-4 x+3 Jr + 2 «-l' 

«+24 3?~4 

• * «"-x-12~x*+«-2' 
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.-. d?{jc^+d?-2-(jr'-j:-12)} = -24(«»+dr-2)-4(4P*-x-12), 

2«»+10x« 96-20«-28x', 
300:*+ SO* =95, 

. (fl +4r)''+(a*+ J?0*- cV; find jr. 

\ flor J \ ax J a* 

for write v— 1, 

ax if i 



then (y+iy+(y-l)*= J,; 

ory+6y+i=— ; 

" y^ IV ' 2fl* "^^J ^^* suppose. 



Hence, from (aV - + - = m-1 : 

^ ' a X 



'•• ~| = {(«-l)'-.4jL*(m«-2iii-S)* 



Adding, — = m-l ^Jw^-^m-S; 



••• «-|(»»-l=*=>/(w+lX»»-3;), where ^ = (v 8+^*-^) 

S. (ar+l)(a:'+l)(«'-l)=pxX«-l); find*. 
(j:+l)(a:'+l)(«'+l)(a:*+jr+l) =/?«*, (also or = 1 is a solution,) 
or («+l)*(a:*+lXa?*+a:*+l)-par*; 

Let «+;:=j^: then (j^+2)5((/-l)=|); 

X 

y+2/-y«2^=p; 



I 
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.% y =» p{ -1 W=*«4^p+i + 5J - »i, suppose. 
.•• d?+-=:w, and jp — = *iL/m*-4; 

,-. d? - - (iff «fc^in*-4), where iii is given above. 

a" ^ c'* 

4. — +Sy5 =— +S5«« -+Sxy = iry+y2+5jr; find j?, y, 2. 

Let each of these four expressions s ^9^ and let Sxifz s m ; 
then m+a^sspx, »t+6*=/)y, m+c^^pz; 
.'. (m+a')(m+6')+(m+fl*)(m+c')+(ro+6*)(i»+c*) 

''p\xy+xz+ys)^p* (a). 

Also (m+a^(«i+yX»»+0 = ^ (/*)• 

From (a) and (/3), S(wi+a«)(wi+&*)(ifi+0 

« «{(w +a^)(m-^ A")+ (m+fl*)(»i4<?^+(m+ 6*)(m +c*) }, 

or S{in»+ m\a«+ &'+ O + w(«'^"+ fl'c»+ 6»c») + a»& V} 

- Sm*+2m\a\ &•+ c") + »i(a"6"-«- a V+ 6 V). 
Hence i»V+^*+ ^)+^m{a''V-^a''^-^Vc'')^Sa^h*^^ 0. 
Now let flV6"+c'*-p„ aV-¥c^c^-^bV=pi, a^bV-p^; 

then ,„«i±^/^zSz^); 

Pi 

and from (a), p*a=Sin'+2mpi+|>a; 
or _ y _ ^ 1 1 



• OT+fl» wi+6» m+c" /> ^sm'-^^mpi+p^^ 
where m„ pi, p^ j?^ are given above. 

5. A person starts to walk^ at an uniform speed, without stop- 
ping, from Cambridge to Madingley and back, at the same time 
that another starts to walk, at an uniform speed, without stop- 
ping, from Madingley to Cambridge and back. They meet a 
mile and a half from Madingley; and again, an hour afler, a mile 
from Cambridge. Find their rates of walking, and the distance 
between Cambridge and Madingley. 



298 COLLEGE EXAMINATION PAPERS. YII* 

Let «ae distance in miles between Cambridge and Madingley, 
then while A walks j;—!^ miles, B walks 1^ miles; 
also while A walks 2x-l miles, B walks x+l miles; 
/. «-li : 2af-l :: 1^ : «+l; 
(2ar-3)(«+l) = Sf2«-l); 
2j*'— or — 6jr; •". x^S^* 
Also in an hour A walks l^+4;-l » 4 miles. 
B walks«-l^+l»3 miles. 

6. Sovereigns in number equal to four hundred times the 
number representing the ratio of the weight of pure gold to the 
— :-!.-. -!• J .•_ _ o — (reign contain as much pure gold as 

th Napoleons in number equal to six 

representing the ratio of the weight 

of pure gold to the weight of dross in a Napoleon. Also there 
is as mudi pure gold in 400 Sovereigns as m 503 Napoleons; 
and 11000 Sovereigns weifi^h as much as 13581 Napoleons. How 
much of (1) a Sovereign, Qi) a Napoleon, is pure gold ? 

Let X represent ratio of pure gold to dross in a sovereign^ 
y • Napoleon, 

u =s weight of a sovereign, 
v = Napoleon; 

then, by the question, 400« sovereigns contain as much pure gold 
as 133+600^ Napoleons; 

•'• *^'^=0^3+600j^)^ W 

400^ = 503-^ (2), 

ar+1 ^+1 ^ ^' 

I1000«=1358l» ....(3). 

From(l)and(2), 503x=133+600y (a), 

(2) and (3), 55^«54^ <^); 

. 55 636+600y y-H 
•• ^^'133+600^"^* y ' 

55^(106+ lOOy) « 9(y+l)(lS3+600^), 

5500y + 5S30y = 9(600/+ 733^ +1 33) ; 
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10q5r»-767jf»ll97, 

^ 100 \200/ \200y' 



767 loss 



• • 



200 200' 
using podtiye sign jf s 9, or ratio required is 9 : 1 ; 
.-. from (a), 50Sjr»lSS+5400«55SS; 
•*• «sll, and the ratio required is 11 : 1; 



11 .9 

.*. r^ths of a sovereign, and— ths of a Napoleon, is pure gold. 

7. Suppose that each of the Uniyersity Presses at Cambridge 
and Oxford has a fixed demand, every new year's day, for 5000 
copies of an edition of the Bible containing SO sheets, the price 
of the paper for which is 12s. 6d* per ream of 500 sheets, the 
expense of setting up the type J&140, and the cost of press*work 
$*• for every thousand sheets printed. The custom is, at Oxford 
to keep the type continually standing, at Cambridge to take it 
down as soon as the printing of what is thought proper at any 
particular time is completed: in consequence it is necessary to 
purchase (suppose) twenty times as much type at Oxford as at 
Cambridge. Assuming that at Oxford the 5000 copies are always 
printed just before they are wanted, and that at Cambridge a 
supply is printed at one time for the most advantageous possible 
number or years (simple interest being reckoned at the rate of 
5 per cent, per annum on all money laid out in the mjitortu) and 
workmanship of any stock kept on hand one or more years), the 
capital requured for the above purpose at Oxford is £417. lOx. 
less than ue avera^ capital required for the same purpose at 
Cambridge. What is the cost of the type for this edition of the 
Bible at Oxford and at Cambridge? 

Cost of 500 sheets is 12«. 6d.; 

«*• cost of SO Qd.; 

press work for 1000 sheets is 5s.; 
.\ SO is VSd.; 

•% cost of paper and press- work for one copy of Bible - 9^.+ VSd. 

- 10-8rf. 

-•9*. 

•9x5000 



for 5000 copies » £ 



20 
£225. 
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At Cambridge let a supply for n years be printed at once. Then 
as simple interest is reckoned at 5 per cent., at the »^ New Year's 

ft— 1 
day, the money value of the 5000 copies is £225 +£225. -^;r-. 

And this must not be greater than* the expense of bringing out 
an edition at the time, i. e. £225 + £l40, the latter being the cost 
of composition. 

^r.^ «-l . ^ ,.^ , . ^ 20x140 

112 
.". n not >1+-^ > !• e« i^ot > IS ; 

*^ 

.*. a supply for 13 years is the most advantageous. 

Let ar= cost of type at Cambridge, 
20jrB Oxford; 

.*. money invested at Cambridge in type — £x, 

composition si40, 

paper and press- work =225x15. 

Let ar+140+225xlds=lS^. 

Then during the 

1st year there is a dead stock whose prime cost «12y, 

2nd =lly, 

Srd. = ipy, 

&c. &c. 
12th ^y; 

the average of which is:^ (12+11 +10+ +i)--5?; 

.% average capital at Cambridge = ' ^ — , 

and the capital at Oxford = 20 j;+ 140. 

.•. by question, 417i = i{«+140+225xlS)-(20*+140), 

= i(2785-S9jr); 

.*. «s£50^the cost of type at Cambridge,^ 
and £1000= Oxford. / 



r 
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vm. 

^*i^;^^=*' theny+- = 2j; 

., 5 25 25 9 

* "2^"^ IB" 16" 16' 

5 8 „ 1 

J'-i'-i; .-.^, = 2,0,-; 

;^-2*+S_ 1 

•'• «'+2x+4"*' **' i' 

the former value gives ar=-(-5=fc^/-14); the latter gives *=2, or -. 

2. J'+Saay +y = 6") . . .(1), 

. dr+^«c J. ..(2); find * and ^. 

Cubing (2), we have af-\-Sxt/c-^y*'*c*; 

•^ 3 a-c 



Squaring (2), and subtracting (3) from it, 

/ , 4 6»-cM 



3. j:H-x 

JC3 




4-^/iF^> 






26 



x+ 
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let«*+-T=»^, then «+-=y-Sy, 
2y.(y+l)», 

4. ar«+5^«+«*=S8, (1)1 

2ar+Sy + 52 = 29, (2)[; find «,5^>«. 

From (3), 19(jf'+y+^)«(2J? + S;5)'+(3y+2j8r)«+297; 
.-. (2«+Sj?y+(3y+2j5y= 19x38-297 - 722-297 = 425. 
For 2a?+S« write «, and for Sy+2j8r write », then M'+t;' = 425, 

and from (2), ti+v-29; 

.-. 2Mt; = 841 -425 = 416; 

.-. («-«)»=9; ••• «-»=«fc3; .-. tt = l6, or 13,1 ,^x 

v-lS, or 16.J 

Taking first pair of values, 2ar+3a=l6,| (o). 



-lt),| 
= 13,/ 



S5^+2z = 13,J 03). 

Substituting in (1), ^(l6-32)*+i(13-2z)'+JS*=38, 

9(l6-3;5)*+4(13-2£:)'+36js'=lS68, 
lSSj8r-1072£r = -l6l2, 



f5S6\'_/536\\ 1612 72900 ^/270Y. 
* "■'■^ •^"*"\1SS>/ " VlS3/ 133 " (133)' \133/ ' 



, 1072 
133 



536 270 806 _ 

••• ^-isJ^-'liS' ••'^"133'^'^' 

••, from (a) and (^), Jg=5, ^=^3. 

Similarly we shall get diflPerent values of or, ^, 2r, by taking for 
u and V the other pair of values in (4). 
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5. A person who copied a manuscript in a regular manner 
found that the number of lines copied in the first half hour was 
less by ten than the square root of tlie whole number of lines 
in the manuscript; and that the square of the number of lines 
copied in the first 49 minutes was equal to twice the number of 
lines then remaining to be copied. How many lines were there 
in the manuscript? 

Let j?*« No. of lines in MS. ; 

.*• No. of lines copied in first half hour = jr-10; 

49 
.% No in 49 minutes "^^^C^-IO); 

.-. by question, (|5)V-JO)'=2p-^{*-10)|, 

or (49)'(« -20ir+100) = 1 800**- 60x49(«-10), 
or 601j:'-20jrx2254 = -100x49x43; 

.•. a?*-20J?.-;c:rr-+100 



601 



/2254V /1953V ,^^ 



,/. 2254 ^1953 ,^ 

•••^"^^•■6or='''6or^^^' 

using positive sign, d?»70 : 
.•. No. of lines in MS. =4900. 

6. A, By C walk uniformly in three roads, starting at the 
same moment from their point of intersection. The roads in 
which A and B walk are at right angles ; and the road in which 
C walks lies somewhere between them. A line joining the posi- 
tions of A and C at any time is parallel to the road in which 
B walks; and a line joining the positions of B and C at any 
time is parallel to the road in which A walks. When C has 
walked 8 miles more than A, he begins to return, and when he 
has walked 5^ miles more than B^ all three are in the same 
straight line. Find the relative speeds of Ay By and (7. 

Let X, y, z be the rates in miles ^ 
per hour of Ay By C. 

Now it is clear that A, B, C, walk 
in the adjacent sides and diagonal of 
a rectangle^ respectively; 

and if m be the position of C when 
he has gone 8 miles more than A, 

by dropping perpendiculars on OD 
and OE from m, we get positions of 
A and B at that time. 
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Also suppose C, instead of returning^ had gone as farfortvard, 
as he comes back again, before he is in a line with J and B ; and 
let m\ A', B^ be the simultaneous positions of C, A^ By on this sup- 
position; join A'B' cutting Om' in N, then ^is clearly the posi- 
tion of C when he is in a line with A and B. 

8 

Now time that C takes to travel Om— ; 

z—x 

and time C takes to travel Om and back again to N^ —^ ; 
and since mN^mm'^ \ ON- \ Om ; .•. Om + m^= J Om ; 

S z-x 3 z-if ^ ' ^ 

But ar««««+y; 

.". 4y-4yj?+«'=«'+y*; .•. 3^=4*, and 2=-- — ***-«-; 
.*. or : ^ : jer :: 3 : 4 : 5> the relative speeds of A^ B, C 

7. A farmer has between 270 and 280 quarters of wheat, 
which he agrees to sell to a miller on the following terms. Not 
less than 20, and not more than 30> quarters (the exact number 
being at the option of the farmer) are to be delivered at the be- 
ginnmg of eacn month of the year, for which the farmer is to be 
paid according to the market price of wheat at the time of each 
delivery. The price of wheat at the beginning of June is the 
same as the price at the beginning of July; and the price in- 
creases uniformly a certain number of shillings per quarter each 
month during the first six months of the year, and decreases uni- 
formly the same number of shillings per quarter each month 
during the last six months of the year. The farmer, by making 
the most of his wheat under this contract, receives £7* 8^. more 
for it than he would have done had he delivered the same average 
quantity each month. If, however, the number of quarters to 
be delivered each month had been not less than 20, and not 
greater than 25 (the exact number being at the option of the 
miller), the miller, by arranging the delivery in the way most 
advantageous to himself, would have paid £ll. 12s, less than he 
actually paid; and the amount paid in April and September 
together in the latter case would have been £33. 12s. less than 
the amount paid in May and August together in the former case. 
How much wheat had the farmer^ and what did he receive 
for it? 

Let 270+xsNo. of quarters, ^ a price (in shillings) per quar- 
ter at beginning of June and July, 

j8r= monthly increase up to June, and corresponding decrease 
during latter half of the year; 
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then price of wheat in Jan. and Dec.«y— 5«; in Feb. and Nov. 
By-4j8:; in March and Oct=.y— 3z; in April and Sept.sjf~g^; 
in May and Aug.=^— s; in June and July i-^. 

Now clearly the farmer, in order to make the most possible of 
his wheat, must deliver as much as he can (consistently with the 
conditions and limitations of the problem) in the middle months 
of the year. Hence he must deliver 60 quarters in June and 
July, 50+d; in May and Aug., and 20 quarters in each of the other 
8 months; 

.*. what he makes of his wheat 

= 40{(j(-55)+(^-4-&)+{5^-32)+(j(-2^)}+(50+«)(5(-5)+6qy, 
and this, by question, 

=.?Z^(6y_155)+148 (I). 

In the supposed case the miller would have 

50 quarters delivered in Jan. and Dec. 

50 Feb. and Nov. 

50 March and Oct. 

40+x April and Sept, 

and 20 quarters during each of the remaining 4 months; 

.*. cost of wheat 
= 50{(y-52)+(j(-4a)+(y-3z)}+(40+j:)(^-22)+40{(jf-5)+jf}, 
and this, by question, 

= 40(4y-14z)+(50+«)Cy-z) +60^-232 (2). 

Again, (40+J')(y-22) = (50+ar)(y-5)-672 (3). 

From (1), js ^65 + ^) = 148 . 
(2), j8r(110 + «)=232 

.-. 232^65+ ~^ =148(110+*). 

From which x = 6,) 
and ,". 2 = 2./ 

From (3), 46(j^-4)«56(y-2)-672; 

.-. 10^ = 672 + 112-184 = 600; 

.-.^ = 60; 

.-. the farmer had 276 quarters of wheat, and he received for it 

40(240-28)+56x58 + 3600 shillings = £766. 8*. 

26—3 
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1. 



+ r + 



21 



IX. 



5 4 21 £ , 

+ — ::+ :-7-^; find a?. 



«-! «+2 d:-3 x+l *~2 «+3 

JO 16 12g__Q 
«»-l j:"-4 j:»-9 ' 

5(«*-13j*+S6)-8(x*-10*«+9)+63(«*-5««+4) 

a:*-5a?*+6 = 0; 
.% «• « 2, or S, 
and « = ±^, or^Js. 



= 0, 



9'*'«»""3\3 J' 

/«_4Y 10/a:_4\ 8^ 
\3 jr/ 3\3 a:/ 3' 

* 4 4 ^ 

•••3-r3'°'^-_^ 

.-. ar = 6, or -2, or 3 ±721. 



Let a+ft = a+/3 -^ 






Let j^ = *+a, then Q^+^y+^^/^y' ^' 



•'• y+10y^''*+5j^/3'*"/3'«' 

.'. ^ = 0, and « = -^(a+ft+c+rf), 

y+10//3*4-5/3* __^ 
^^y+10//3"+5/3'*"/3'«^ 
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t t w ^ 



.'. 08'»-/3>«+5(/3'»/3«-/9'^*)=O; 



(flc-H)(j^'+l)_(c'-H)(xy+l) 



; find jv and y. 



Subtract 1, then (^J-Q^J; 









, or 



c-a 



fl— c 



xy+1 ac+1 flc+1 

Taking the 1st case, and writing m for " , 

^(1+Jwx) =«— m; 
xy-»-l_ a?*+l 

.'. from Ist of given equations^ 

«•+! fl'+l «•+! 

_ — . ^^.^____ _^__^_______^^— i— • 

jp+1 ac+1 '1+wij:+ J?- in' 



or 



fl'+l 



«+l (ac+lXl+»«j?+j?-OT)* 
l+fl , 1+c 



Taking the 2nd case we have 

1-a 



l+a 



, and ym - 



1-c 



+c 



5. Each of three cubical vessels A, By C, whose capacities 
are as 1 : 8 : 27, respectively, is partially filled with water, the 
quantities of water in them being as 1 : 2 : 3, respectively. So 
much water is now poured from A into J9, and so much from B 
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into C, as to make the depth of water the same in each vessel. 
After this^ 128^ cubic feet of water is poured from C into B, and 
then so much from B into A, as to leave the depth of water in 
A twice as great as the depth of water in B. The quantity of 
water in A is now less by 100 cubic feet than it was originally. 
How much water did each of the vessels originally contain? 

Let c, 2c, 3Cf be the sides of the vessels in feet, 

X the height of water in A ; 

then quantity of water in A = (^x, 

B = 2c*x, 

C = 3c^x; 

/. height of water in B =: — 5- = - , 

^ Sc^x X 

^=^=3- 

Let y be the common depth of the 1 st pouring. 
Then (c'+4c*+9c")^ — whole quantity of water ■- 6c"jr ; 

S 



• • 



tf^^x. 



128f cubic feet of water being now poured into B, the height 

. „ 128^ 3x 225 

ofwaterm5=y+--^ =y + ^. 

The whole quantity of water in A and B; 

= (c*+4c»)^+128t, 
15c*ar 900 

7 7 
After the next pouring, let 2z, z, be the depths in A and B; 

then cV22+4c«.2 = l^ + 52?. 

7 7 

_5x 150 

•*• ^"li'*"??' 
Also, by question, 

c'.g^sc'ar-lOO; 

5c'a?+ 300 , ,^^ 



• • 



7 

.•• c*jj = 500; 

•*• the quantities of water required are 500, 1000, 1500, cubic 
feet. 
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6. A fraudulent tradesman contrives to employ his false 
balance both in buying and selling a certain article; thereby 
gaining at the rate of 11 per cent, more on his outlay than he 
would gain were the balance true. If however the scale-pans, 
in which the article is weighed when bought and sold respec- 
tively, were interchanged, he would neither gain nor lose by the 
article. Determine the legitimate gain per cent on the article. 

Let n> and n>' be the apparent weights of the article when 
bought and sold, respectively ; 

TV being less, and tv' greater, than the true weight 

Let p = prime cost of an unit of weight, 
jr = the legitimate gain per cent, 

then the article costs pw, and is sold for P'*''( 1+ 77^) * 
.'. by question. 

Again, in the supposed case, the article costs pw\ and is sold 

f<"-i'«'(i+j^); 



- (-is.) = 



1+ 



100 ' 
which gives a: = 10, 
or the legitimate gain is 10 per cent. 

7* A metallic lump m, is compounded of the metals a and 5, 
another lump wia of the metals h and c. The ratio of the weight 
of a in m^ to that of c in m^ is three times the ratio of the weights 
of 6 in »i„ fWj, respectively; and three times the weight of m^ is 
ten times the weight of m^ In two other lumps /iii, fis, of the 
same volumes and compounded of the same metals as mj, m^ 
respectively, the ratio of the weights of a and h in /Aj is equal 
to the ratio of the weights of h and c in m,; the ratio of the 
weights of h and c in /x, is equal to the ratio of the weights of a 
and 6 in 97I1; and five times the weight of /ui| is eighteen times 
the weight of /*,. Having given that the weights of equal voliunes 
of a, b, c, are as 3 : 2 : 1 respectively, determine the proportions 
in which each of the lumps is compounded. 
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Let Vy V, be the bulks of a, 6, in ni], 

F,, Vj &9C, ... Illt^ 

Vy u a, 6,... Ml, 

J^i, «i *, c*-- /*a» 

and 3X, 2\, X, the weights of unit of bulk of a,byCi 

SV 
.*. ratio of weight of a in m, to c in m, is — , 

6 in in, to 6 in fit, is 1^ ; 

.*. by question, — ss—^ (I). 

Again, *.* S times weight of 971,= 10 times weight of m,; 

.-. S(sr+ 2t;)= 10(2r,+«,). .* (2), 

and 5(3Z7+2tt) = 18(2 1^1+ tti) (S). 

Also as the lumps are of same volume as original lumps, 

V+v^U+u (4), 

Ti+Wie Z7i+», (5), 

SU 
Also ratio of weights of a and b in fi^ is -^— , and of b and c 

. 2C7. 

. SIT 2^1 ,^ 

.-. by quesUon, — = — (6), 



«, 2t; ^^^• 

r V 

From (1), —^-y=x, suppose. 

From (2), 8»(3a?+2)-10t;Y?+l^ (a). 

Taking into account (6) and (7), we have from (3) by trans* 
posing, 

18«/.(|;ir+l) = 5«g+2) (^, 

from (6) and (4), "(gi-^-O^'^C^+O (7), 

from (7) and (5), ^(i-^0""»(T''0 ^^^^ 
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Multiply (a), (/3), (7), (I) together, and we have 

9(S*+2)*«25(x+2)', 

S(S«+2) = 5(ar+2); 

.% * = 1; 

-- ^ U 4 Ui 8 

* * *' « 3 «i 4 

.'. ffti and m, are compounded of equal volumes of the metals, 
/111 is compounded of volumes of a and b in ratio 4 : 3, 
/is & and c 3:4. 

If the proportions of the weights be required, 
in nil the weight of a : weight of & :: 8Vi 2v :: 3 : 2, 

... Hit b : c :: 2Fi : V| :: 2:1, 

... fAi a : b :: 817 : 2tt :: 2 : 1, 

/ii, b : c :: 2Ui : «| :: 3 : 2. 



. • • 



X. 

1. (j!+l)'+(«-l)»=19{(«+l)»+(«-l)»}; find*. 

«• + 1 Oaf'+ &c = 1 PC** + 8«) ; 

/. «»0, or«*+10«*+5 = 19(*'+8); 

««-9a*»5S; 

.*. **=13, or-4j 

••• « = *yi3, or*2,y^l. 

2. («+lX*+2)(*+8)(*+4)=(«+l)*+(*+2)*+(*+S)*+(*+*)'; 
find X. 

For «+2i write y; then (j'-f)(y-|)(i'+i)(^+^ 

=(jf-DV(y-|J+(y+iy+(j'-^^'. 
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(*+^)(-«3'-»)'= 8;/ ' 

The first equation is, otherwise written, 

(«5r-l)«+(«+^y-10, 
adding and subtracting twice the second, 

{(xy~l)+(x+jf)}'=l6,) 
{(^-l)-(*+jr)r= 4J 

(*y-l)-C*+^)**2j 

«+^8sdEly or ikS,/ 

in each of these pairs the same sign is to be taken; 
•". we have from the Ist pair. 



from the 2nd, 






= 4, J J3f=-2,J 



«s 






or 



jr+y = -S, 






y= 






2 ' -^ 2 

«-»l, or -2, ^ = -2, orl, 
j?«2, or 1, y «1» or 2, 
ar«S, or 0, ^ = 0, or -S.J 

4. «'+/-Js;"=(«+y-J8:)*+ 2. 

«•+/-£:• = (j:+^- 2)'+ P,}- findjr,^, 5. 

Let «+y— 2 = «, 

then x+y =*+«, 

jt*+y=a«+ttV 2, 

«'+y-^+«"+ 9, 
jr*+y=2*+tt*+29;^ 
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squaring the 1st of these^ subtracting tbe 2nd, and dividing by 2, 

xy^zu-^l (a); 

cubing the 1st, subtracting the 3rd, and dividing by 5, 

xy(x-{-y) = 2«(jgr+«)- S ; 

•*• ^y («)* *+^«3-;lf + « (/3). 

Also j:*+y*+4xy(a?*+y) +6a:y = z*+»*-h45tt(jB*+tt*) + 6jB*tt"; 
.*. from the 4th of the above equations, 

29 + 4j:y(«* +y ) + Sa'y = 42m(z" + «*) + 62 V ; 
.-. 29+4apy(a:+^)'-24ry = 4««(z+tt)*-2zV; 
.-. 29 = 4(2ti-x^).9-2(;5'M*-«*y*), from (/?), 
— 36 — 2(artt + jy), from (a) ; 

7 

.-. ZU+Xf/=-, 

also 2M— xy = l; 

••. z-««0, x-y = Ji2, 

3 5 115 

jsratf = -; x = --^ or-; v = -, or-. 
2 2' 2' -^ 2 2 

5. Alfred, Edward, and Herbert come each with his pail to 
a well; when a question arises about the quantity of water in 
the well: but none of them knowing how much his pail will 
hold they cannot settle the dispute. Luckily Mary comes up with 
a pint measure, by aid of which they discover that Alfred's 
pail holds half a gallon more than Edward's and a gallon more 
than Herbert's: but before the precise content of any pail is 
found out an accident happens and Mary's measure is broken. 
They are now however in a position to ascertain the quantity of 
water in the well : for they find that it fills each pail an exact 
number of times; and that the number of times it fills Edward's 
is ffreater by eight than the number of times it fills Alfred's, 
and less by forty than the number of times it fills Herbert's. 
How much water was there in the well? 

27 
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Let s = content of Herbert's pail 

«+2- Edward's ... 

x+4 = Alfred's ... 

y= well 



• in qaarts ; 



jT+z jr+4 X 

X * 

.*. Jr = l, 
and ^ = 20a?(« +2) = 60 quarts =15 gallons! 

6. Seven-ninths of the stronger of two glasses of wine and 
water of equal size is mixed with two-ninths of the weaker^ and 
the remainder of the weaker with the remainder of the stronger. 
The stronger of these two new glasses is a certain number of 
times stronger than the weaker; and the stronger of the two 
original glasses was twice the same number of times stronger 
than the weaker. Compare the strengths of the two original 
glasses; the strength of a glass of wine and water being defined 
to be the ratio of the quantity of wine to the quantity of the 
whole mixture in the glass. 

Let X, y, be the quantity of wine in the two glasses ; then as 
they are of the same size, these represent the relative strengths. 

The quantity of wine in the mixtures 

«=-.(7«+25^), and g.(7y+2af); 
,•. for the same reason as before, the relative strengths of these 

" 7^f ^^'^^ " ^' W» ^y ^^® question. 



X 



Let - « tt, then we have 2m* -7m = 4; 

.'. M=4, 

i. e. the strengths of the original glasses are as 4 : I . 

7. Two Tyrolese Jager agree to shoot at a mark on the 
following terms ; each is to shoot an even number of times fixed 
for each beforehand, and for every time that either hits he is to 
receive from the other a number of kreuzers equal to the whole 
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number of times that he misses. They have two matches with- 
out varying the conditions. In the first match, the second Jager 
misses as often as the first hits in the second match, and the first 
Jager misses twice as often as the second hits in the second 
match ; and the second Jager has to pay to the first a balance of 
4 kreuzers. In the second match, each hits exactly, the number 
of times most favourable to him, and the second has to pay to the 
first a balance of 36 kreuzers. How many times did each hit and 
miss in each match? 

In the second match it may be easily seen that each must 
miss as often as he hits* 

Let then x be the number of times the 1st Jager hits and 
misses in the 2nd match, 

V the number of times the 2nd Jager hits and misses in the . 
Snd match ; 

.*. in 1st match, 1st Jager misses 2y times, and hits 2«— 2y 
times ; 

2nd Jager misses x times, and hits 2^-« times; 
.*. by question, 

(2jp-2^).2y-(2^-*).a? = 4, or 2^-4y+«*= 4,^^ 

and a:*-y = 36. J 
Let « = « + », ^sstt— «; 

.'. 2(ii'-t;*)-4(»"-2tt»+»")+«'+2ii»+c" = 4; 

.-. 10ttt;-tt'-5t;* = 4; 

also 4«t; « 36, or uv = 9, 

Combining these two, we have t<' + 5v'>" 86; 
.-. tt«+5t;'=fc2«»V5 = 86*18^: 

i. e. tt = 9> f = l; 
.". a?-10, y 8; 

.*• in 1st match, 1st Jager hits 4 times, and misses 16, 

2nd Jager hits 6 times, and misses 10 ; 

in 2nd match, 1st Jager hits 10 times, and misses 10, 

2nd Jager hits 8 times, and misses 8. 
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XI. 



For — r write «, and for — 7- write », then 



v 5 ' .a' 



or 1 « T > or - , 

x—a.x—h a 



x^—ab a+b a4-b 



xia-b) a-b' b-^a' 
x*-ah*^^(a+b)x, 

2. »iar'+2n^=s»f, (l)^ 

• ^ //^N r find X and v. 

(l)xwi-(2)x» gives (m«-»)'=(n^-»i)\ 

.'. »fa?-M*±(«y-«i) (o). 

ffii(l-a:«) \ 

(a^+l)'-— , or (x-iy=-~. 



1^ A» t^ / 2« 
.% a?a=-l±^/ — , or I^a/ • 
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From (a), n(y+l)=iii(a?+l), or n(y-l)=OT(l-jr), 

/2m , / 2W 



3. - •'' 



a+^+5 ft+d:+J8r c+»+^'l find jp, ^, and z. 

For j?+^+a write u, 

then — ^^ = 7-^ = 



a+tt-x b+u~y c+M-Jfc* 
... « --y— - — — , 

a+« O+M C+M 

and .% each fraction = ^^j;j^^^^j3g^, (Art. 195*). 
Also each fraction -^.^^,^^.^^^^^^^^^. 



Hence, equating these two values of the fraction, 
X V z V 8 

_1 fl'+y+c'+a73K+6Vc') 
""3* fl+ft+c+73(a'+^'+<?") 

Similarly y and z. 

27—3 
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^""" (^)' (*+6)'+(y+a)«-6' 

Saiu'-v*) a-b' 

3a{u-v) ~ a-b' 
or «("-^)//"-^y-^^^°' = a.H&. v2„=a-J. 

.-. S(M-v)'+(tt+t;y+3(a-6)'=6(a+6)(!/-t;) 
(tf+vy+3{(ii-v)'-2(a+ft)(«-t)+(fl+A)"} = 12a6, 

.-. (ti+t;)'+3(M-t;-a-6)'=12a6 (3). 

From (2), x^-{y+a+by=-2ab, 

or (M+i;)(tt-v-a-6)=-2fl6 (4). 

From (3) and (4), multiplying (4) by 2 ^, adding and sub- 
tractings 

«+v;+V3(«-t;-a-ft)=±27a6(S-7^)*,| 
tt+t;-^(M-»-a-6)=±2Vfl5(3+^3)V 

or (1 +j3)a!+(l'j3)y={a+bXj3-l):^2j^(3''j3)K\ 
(1 - ^3);!?+ (14-^3)5^ =-(a+^X>/3+l)±27^(3-t-^)4, J 
two simple equations for determining x and ^. 

5. Lady Sadler's lecturer, being in haste, had to ascend his 
staircase of three (lights, of which the number of steps in the 
lower flight : that in the upper :: 8 ; 9; and half that in the 
lower flight is greater by 2 than one-seventh of the whole staircase. 
He begins running at 3 times his usual pace of ascent, which 
would take him up the upper flight in 13^ seconds ; but for the 
middle and upper flights his pace becomes diminished in the 
ratio 6:5:4. When he had ascended trvo thirds of the upper 
flight, he had to wait 31 seconds to recover his breath; walks the 
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remaiDder at the rate of 1 step less than usual in 5 seconds ; and 
discovers that he has been longer about it than if had walked up 
in the ratio of 69 : 50. What was the number of steps in the 
staircase? 

Let 47=:N^ of steps he usually takes in l"y 

.'. ISj.df^N*. of steps in the upper flight, 
■|^xl3|.a?«12a?=N^ of steps in lower flighty 

(6«— 2)x7=N^ of steps in whole staircase, 
.•. N**. in 2nd flight = 7(6jr- 2) -IS^.x-lgjr, 

the usual time of ascents — ^^ -; 

X 

12x 
time actually taken to ascend 1st flight = — — «4, 

, 16|.J?. 14 33 28 

2^.« 5 5x 

3 * Q 

s«f^'"* ir-=l' 

1 Q 

^.13i.4r ^x 
. . , 3 • 2 
remaining^ .... = sr—— . 

JT — — 4? — — 

5 5 

'-5 

5 

45x 28 46l_483 6 J- 2 
2(5ar-.l)"'5a:"^ 10 "* 50 ' a? ' 



45j _28 461^ 483 
2(5x-l)~5ar"' 10 "*" 50 

^_343 59s 
254r"*" 50 ' 



(«-i). 
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45jr 5933? -686 

45« 593jr-686 



5*-! 254? 

9 ^ 368jr-686 ^ 368 (3?-2)-f 50 
5j?-1 25* ~ 25jp 

368 (j: -2) 2 9 «-2 



25j? j: 5x-1 «(3«-1)* 

^ ^ 368 1 

...x-2«0, or— = 3—^, 

.«. jr=2, or &c. 
Hence N** of steps required=7(6;c— 2)—70. 

6. A room is to be papered with paper 2 feet in width at 
Sd» a yard, and carpeted with carpet at Ss, Qd, per square yard; 
but one-sixth of the surface of tne walls is taken up by a door 
and windows. Now the dimensions of the room are taken by an 
inaccurate foot-rule; hence the estimated cost is less than the 
actual cost in the proportion of 1 : 1*0201. Had however the 
Rule been 4 times as much less than a foot as it was more than a 
foot, the estimated cost in this case would have exceeded the 
actual cost by 17^. 0}^. Having given that the cost of the carpet 
is double that of the paper^ and that a square whose side is equal 
to the diagonal of the room contains 84 yards, find the dimensions 
of the room. 

Let jr, y^ z, be the lengthy breadth, and height^ of the room, 
in feet, respectively; and let the foot-rule be l+n feet in length, 
(n being a fraction), 

, are the estimated dimensions ; 



l+ii' !+«' l+n 
.'. actual cost = (1 + n}'x estimated cost, 
.-. (1+»)"=1'0201, .-. ii=-01. 

The area of the 4 walls « 2z(x+t/), 

.\ area to be papered = — (a? +^), 

5z 
A N° of yards of paper required — Tq (« +^), 
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20z 
.% cost of this in pence » -^(j?+^)# 

and cost of carpeting = -^ x45 = 5xy^ 

QQZ 

.'. total actual cost = 5xy + -^ (* +^) * 

1 205 

and, in supposed case, estimated C08t = ^rj — t~\«{5^ + — {^"^sdh 

4z, . 245 576 ,„^ 
••• ^^+9 C'+i^)=-6-><-4^=480, (1). 

Again, since carpeting costs double the papering, 

5*y=-g|^(^+5^) (2)- 

And, by question, a:*+y+3*=9x84=756 ... (3). 

From (1) and (2), x^=320, «(ar+^)-360, 

••• Z(pnf+xz+yz)=zl360, 
.'. (ar+j^+2)*«21l6, 
x+y+z^4S, 
.-. 360+2'=46z^ from nvhich 2=86, or 10. 

l£ z = 36, X and y are impossible, 

.*. 2=10, x-¥y=36y 

xy 
and dimensions required are 20, I6, 10, feet. 



^=3% \ .'. *=20,| 
=320,/ y=l6j 



7. n men iii, A^, A^,.,,A^, enter into partnership for nm 
years, the capital df the firm at the beginning of the (m+iy^ year 
being £P; and they agree, after deducting their respective ex- 
penditures at the end of each year from their gain in that year to 
employ the remainder in the trade. Now the gain of the firm 
and the sum of the expenditures of Ai, Ag^ A^, in any year 
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are p ropor ti oual to the capital cmplojed 

expenditures ciA^, ^9«— in any jear are ^oportional to 
tpeedre gains in that jear. Supposing ^,'s cafntal at 
beginning of the (st+ljf^ jear: ^'sat b^;inningof the (Sat+l)*^ 
: A^9 at b^inning of the (Sar-fl)^... as Oi : a, : a^...; and that 
the ratioof thesom of the ezpenditnies of ^„ jI,... during the 
{r-iy and (r-i-1)^ periods of m jean to that of their ezpoidi- 

ture during the r^ period of m yean is a-^- : 1 ; find the 

or^pnal ci^tals of the several partners. 

Let Zi, x^, • • • x^, be the original capitals of Ai, A^^ ... A^ 
Thea, '.* gain of the JCrai in any year is proportional to the whoU 
capital employed that year, the separate gains of ^i, ^a,... in 
any year will be proportional to their respectiTe capitals in that 
year* 

.'. uxiy ux^^nxg,.. • will express the gains ciA^ A^,., . in 1st year, 

vjTi, VJftf tur,, expenditures , 

A (l-l-tf- v)xif (l+«— i^)^s,. • . are capitals of Ji, Aj,,, Sot 2nd year- 

Tbe gains in 2nd year are »(!+«— v)x,, u{i+u—v)xt. Sec 

... expend*. v (1+ «-»)«„» (!+«-»)*„ &c. 

capitals for drd year are (l+w-i;/*,, (l+«-»)*«,. Sec; and 
soon. 

.% capitals for (in+l)* year are (l+«-»)"Xi, (l+«-»)"JPf, Sec 
Write Ffor l+«-r; then, by question, 

a, a, a, fl» 

Also sum of expenditures o£ A^, Ag,... during the (r-1)* 
period of tn years is 

Similarly, the expenditures during r^ and r+1'^ periods are 
and t>(ari+jr,+ ... +xjr"^{l+r+P+... +F*-'}. 



••• by question, — ^^.^.^ ="■*■«» 
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or 



r- 



a 



> 



r--i~a-i' •'• '^""^ • 

.-. Irom(l), —=-^«-^=&c. = -^-^, suppose. 
Now, by question, F*(a?i+jf, + ... + jp.)«P, 

aitt*" + a^a + . . . + a« 

&C. a &C. 

Pa.a-' 



*» — ^ _»_| 



aiQr*+a^ar^'{' ... +flf. 



XIL 

1. ar»(m*-n')+«{m(2flm-p)-n(26«-/))} 

«(a»i-67i)(p-a»i-6«); find jr. 
«i*(arV 2«jr) - n*(j:'- 26j:) - jpj:(7w - n) =p(^am - ^;i) - a W+ ^'n*, 
»i*(ar+a)*-n*(d?+6)*=p{m(x+a)-n(ar+6)}; 

.% wi(ap+a)-n(jt+6)«0, or fn(ar+«)+«(a;+Q=p; 

Jn-am p— am— 6« 

/. d? s , or *- . 

m— It i7i+it 
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^2 xz ory > » J? 

and ^. 

«(«+«Xar+ft)-5^(y+fl)(y+&), 

«"-y+(a+«^)(a?»-j^')+fl6(ar-j^) = 0; 

Similarly ^«ar, or y+^z+s*+(«+6)(^+z)+a6=OJ 

1 St. If d: ss^ « 5, then (j: + a)(ar + ^) = hwj*, from which 

_ a+b I ah (fl+6)* 

* " 2(i»-l) "^ V m-1 **■ 4(i»-l/ ' 

2nd. If xs^, but not 5, 

then y+^£r+jar*+(a + 6)(^+£r)+a6=:0,^ 
then (z + a)(2 + ^) = my*, / 

from which ^+yz+(a-hb)y+m^^O; 

,\ ^ = 0, or y+2+a+b+mys:0; 

from ^ = 0, we get z=—ay or — 5 ; 
from the other value oft/, — 5=(m+l)y+a+5. 



Then (sr + a)(2 +b) = my^ gives my* = (wi + 1 .^ + 6)(»i + 1 .^ + a) ; 

and j; =^. 

3rd. If Xy y, z are unequal, then from (a), by subtraction and 
division, 

x+z+y+a-\-b^O, 

a^+ xy +y*+ (a + b)(x +y) -i-ab- 

(z+a)(z+b) = tnxy. 
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from which we get, (ap+^+^)(jt+y+a)s=mjry, from 1st and Srd; 

.'. (a? +^)*+ (a + b) (x +y) + a6 = mxy, 
and from 2nd, .*. x^ = mx^, and .*. x-=0, or ^ s 0. 
In either case zss^a, or -b; .*. the solutions are 



x=i 





-6 


i,=-b 


—a 





s^'-a 


-6 


— « 




3. «'+^4.j,« = Kl-273)*+5mj, (1) | fi„d*«idy. 

3^^xy^5mx-^m{\-^JS)y (2) J 

Multiply (2) by «, and add; then 

(l+«)a:*+(l-n)jr^+y«»ix(l-2^+5«) 

+m^{5 + «(l-2^)}. 

Now, if the 1st side be a perfect square, 

(l-n)' = 4(l+w), whence « = S + 2^, 



and we have (4+273)a?*-(2 + 2^)jr^+y, i.e. (Vs+l.x-^)* 

-inx(l6+8^S)-»iy(4+4y3), 

-4iii{(4+2V3)ar-(l+7%}, 
= 4(7s+l)m{(V3+l)x-^}; 

.-. (73+l)x=y, or (y3+l)x-y=4»i(73+l)- 
Taking the 1 st, by (2), 

«"-(^5+l)j:«=5mx+»w(l-2V3)(V3+lK 
.% x = 0, or m; andy = 0, or {Js-h\)m, 

Taking the 2nd, ^= (^/s+l)(x-4m) ; 
.-. from (2), x'-(73+l)(x*-4wx) 

= 5lwx+m(l-275X^/s+l)(x-4OT); 



and 



^=?('-7?)*'"\/-b('*-'^^^)- 



J-^ 



28 



326 COLLEQE EXAMINATION PAPEB8. XII. 

4. (^/5-.l)(ar+j^sX^+ar)(af+Jry)«^/5+l (l),j 

(V5+l)(l-a:•)(i-^•)(l-0-^/5-l (S^P^^^d'/' 

jr»+y+jB»+2jys=75+l (8)J 

Write u for *y«, then (1) becomes 

and (2) becomes 

subtracting, 2«*+tt-l+(ii+l)(«'+y+s')=y5; 

or (K+l){2tt-l+d?*+y+JB'}=^. 

From (3), 2«-l+i»'+y+2*=iy5; 

/. M+l=l, i.e. tt-0. 
Hence, either x-0, or ^«0, or £r = 0. 

1st. Suppose 2 = 0, then from (1), **y=o(^+^/^)' 

from (8), ar*+y«V^ + I* 
.'. (a:*+/)'= 4ary, i.e. (jr*-y)'=0; and .-. ar==fc^, 

and ••. Ji!'=a(/j5+l); 

••• * = *y aCV^+O-y^ and ^=-^- 

2nd. Suppose ^ = 0, then *=:*jBfa*^-(^+l). 

Srd. Suppose a: = 0, then y=*« = *>v/-(N/5+l). 

5. The Cambridge University Musical Society consists of 
half and full (or performing) members, who have respectively 1 
and 2 tickets each to the concerts : a permanent list of persons 



r% 
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invited is kept, which may be considered as arising from the 
full members (known to be even in number) assigning 1 and 2 
names alternately. On the occasion of a concert each member 
applies for an invitation for a stranger ; the last 20 are rejected, 
and still from the smallness of the room, 9 had to stand for every 
20 seated. When the new Town-Hall is built, (to hold S times 
as many people as the present one), if we assume the Society to 
receive an addition of 40 half and 20 full members, and that each 
member shall be allowed 1 more ticket, and shall obtain an invita- 
tion for 1 and 2 strangers respectively, and that the Committee 
moreover will increase the permanent list in the ratio of 10 : 9> 
and will invite 50 strangers, the Hall will be filled, and there 
will be present 30 more strangers than twice the number on the 
permanent list. 50 full members are to be supposed to perform 
at the first concert, and to sit amongst the audience at the second. 
How many will the Hall hold? 

Let the N"". of full members at 1st be x, 

and half jf. 

3 
Then the N^ on the permanent list is -x; 

and the N°. of strangers = x+ff -20. 

Then, since each full member has 2 tickets, and 50 full mem- 
bers perform, 

3 
the N**. of people presentss2j:+^+-4r+(a?+y— 20)— 50, 

.-. N^ the Hall will hold = |5^|j:+2y»7o\ . 

Afterwards, there are (x+20) full members, and ^ + 40 half 

members; 

3 
.-. permanent list from this cause is - (a?+20), 

and therefore the actual permanent list will be 

10 3, ^ 5, ^ 

~x-(j:+20), or-(jr+20); 

N«. of strangers = {2(a?+ 20)+(^+40)}+50; 

«2a:+^+130. 

28— « 
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And N®. of performen is (jr+20)-50, or x^SO; 

.-. N^ in the hall = 3(ar+20)+2(y+40)+|(ar+20) 

o 

+ (2*+^ + 1 SO) ~ (« - SO), 
17 o 1000 

this fiUs the new hall; 

17 o 1000 „ 20/9 « ^A ,,. 

5 

Also, 2«+^+130 = 2x-(ar+20)+30; 

o 

•••y = 3*-3- (2>' 

1? {27ar+(l6ar-820)} - i(29«+700), 

43^820 29^+700 . , . , 

. 8s — - — , irom wnicn dr=100. 

29 SO 

And y = i(4x-100) - 100. 

20 /O \ 

And the present hall holds oq(|^+2^"70J =400. 

6. The perimeters of 3 rectangles -<4, B, C, are as 2 : S : 5, 
and their areas as 2 : 3 : 7. Now a rectangle, equal in area to 
A, By C, together, and similar to B, contains as many linear inches 
in its perimeter, as A and B together contain square inches ; also 
the perimeter of a rectangle, equal in area to the excess of B 
and C together over A^ and similar to ^, is 8 inches less than the 
perimeter of a square equal in area to A, B, C, together. Find 
the sides of the rectangles A^ B, C, 

Let 2p, Sp, 5p, be the perimeters of A, B, C, respectively, 

2a, 3a, 7a, areas ; 

.'. areas of ^, B, C, together = 1 2a = 4 xarea of jB. 

Hence a rectangle equal to A^ B, and C, together, and similar 
to B^ will have its sides double of those of B; and .*. its perimeter 
:=6p; 

.*. by question, 6p^5a (l). 
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Again^ side of square^ equal to A^ B, C, together = Jl2a==zj3a; 

••. its perimeter = Sj^. 

Also, a rectangle equal to B + C—A^ 

=7fl+Sa-2a = 8a = 4xarea of A ; 

.*. since it is similar to A, its sides are double those of A ; and /. 
its perimeter = 4p ; 

.-. 4p+8 = 873a. Or, by (l), Sa+U^ujsa; 
12 /— 36x3 108 go _ 48 

12 
.•.a«12, or — . 

Hence> if j? and if be the sides of ^, we have 

d?+j(=ps=-g-=lo, I using the first value of a, since 

r the other makes x and ^ impossible. 
xy^2a = 24, j 

.'. we have x^G^ or 4, and y = 4, or 6. 

.'. sides of A are 6 inches, and 4 inches. 

Similarly, -B ... 12 , ... 3 

C ... 21 , ... 4 

7. A railway crosses obliquely a river flowing due East and 
West, and at a certain signal-post a branch turns off, making an 
angle with the main line equal to that made with the same by a 
road running due South from the junction to a wharf 1 mile from 
the bridge. A barge starts from the wharf at the same time as a 
train passes a station before it crosses the river ; 45 min. after- 
wards the train is observed from the barge and found to be on 
the branch, 9 miles from the junction, and in a straight line with 
the signal-post, having passed the junction when the barge was 
under the bridge. On tne return of the barge, which was towed 
at half its original rate (the stream being contrary), when it was 

-^ of a mile from the wharf, a horseman set out from the junc- 

tion and arrived at the wharf simultaneously with the barge, hav- 
ing travelled at a rate which is the mean proportional between 
that of the train and the original rate of the barge. What was 
the rate of the train, and the distance of the station from the 
bridge? 
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Let A be the station, AC the railway, C the signal-post, CE 
the branch, FD the river, and D the wharf; E the point on the 
branch 9 miles from the junction, F being the intersection of EC 

Produced with the line of the river, and CD perpendicular to 
*D, by the question. 




Then, iFCB=^lBCD, BD^l mile, £0=9 miles. 
Let « be the rate of the train in miles per hour, 

y barge , 

.'. Jxy= horseman , 

and let AB ^ z miles, BC= u miles ; then 

=s time in AC— time in DB = - , 

or z-\-u^- (1). 

Also — -time in -BF-time in CE^^ ; 

y * 

/. J?F=r9^. 

X 

AneiBFiBDv.CF'.CD; .% 5F=^, v J5D-1. 

"CD^" CD"' 

3 
Also time in DF^ - hours: 

4 

••• »+9i=f (3)- 
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Again, time taken to ride CD » ^ _ - hours, in which time 



the boat (on its return) goes ^ .- miles ; 



(4). 



From (2), o.l.(9f)%'-;;rf^, 

.'. 1+9- = 0, (which is inadmissible), 

1+9- 
orO = l-9|f^; 

9^+1 . 

.'. — — =M*-1, or 9---1-7;; 
V a; « -2 

9^-1 

.-. from (4), | = («-1)^.;J^2. 

.-. m*-m*=6m*-12; 
.•. tt'=4, or 3. 

Take the first value, then u » 2, 

, w 1 M* 2 
and - = — • — = — - = 3: > 
X 9 «'-2 9 

and, from (3), ^=1+9^ = 3; 
.*. ^b4; and d? = 18. 

From (1), ;5 = -tt+| = -2 + | = 2i; 

therefore rate of train =18 miles per hour, 
and distonce of stotion A from the bridge » 2^ miles. 



CAHBBIDOB: PEINTBD BY 0. J. OLAT. MJL AT THB UNIVBB8ITY PBBSS. 



A OATALOSCS 




01 


HEW WORKS IS GENERAL LITERATURE 


LONGMAN. OKEES, lOSGMAN, AKD KOBEKTS 


39 Patirnoitik Row, Loudon. 


CLASSIFIED INDEX 


.^rindttiM Md Buol Affain. 


S; :'.:■■;.:>'■■.';! "'M^n,.-,,. ■ - 


ij 


■^"psSC^"' 


'■ I 


^S.SM?^i^^by. 


i 






SI 


lt%,™-:r.''i,:i'„".';^!,Vn,o,^i,h, 


i 






uJii^'J^lSd^Efm™"? 


: i" 


^ ■■ lV..le. .... 


i 


Axti, HaiinfutniaB, ud Arehl. 










twitnra. 


W-! "> l«!..'.lO^-^'ph, .Ej E.M„ 


M 


'x^^HX. 


; 


Books of General TJtUity. | 


5 




J 


fiSSi ^rltbS^ m'*^^"?" 


10 




" 




15 




^ 




la 


'iim,i:.!.f\i'^,\<r"'"'' * " 
















•' dD tr.kinB Willi : : 








KeiliiMi'i nonnllo MitlkUi' 




^te- 


i 


^:^:-.r.Lu^f7r^ff;i" 


1 


HwrwlT. 


PU..--.A.rt^(P,nJ.m^JV 




ie 


s2!ta''. M^^^IT.u" "'■ 




! 


pJ5li.""En"''irt E..di ■ ■ 




ii 






• 






B~UH>(d?7\^ : : 








1° 


g^j™.l«,„.l 




M 


K«^'"™ ; 




n 


SsalS^lSSfS,'.,. 




i£ 






H 


LudlW. QbfaH C)lJor*!i. 




ig 






























*"'""■■ ='"'"°" ■ '■ ■ ■ »• 1 



CLiBBinXD imtEZ TO CATAXOQDE. 



CiiUusm, Hiitory, ukd XmloIm. 



■Sippm tni uiHtrt 

CaafbHn Ind Howm'i M. f J 









Tarlor'A LoyoU 



OMg^aphy uid Atluet. 

BbUn'i OaofmpliT and AtluH 



Muir.,'. B..™lop. 
Bhfrp'i Bnliab Qm 

InTGnile Booki. 



Kedieins, Bugu?, < 



Klamlluieoiui UtaMtBM. 



CLAUIUBII aVEX HI Cl,r«MM>VS. 



^Si 



to'£4^'u«"J^ ^"''■ 



TddcVi EDjtlUh-GrHll ht 

ITatanl Hlitor; In gt^wti. 

Utu^A^'i Ttaloi^ Hiring . 



Kcdiglou ind Koral Warki. 

Biiaj4a'i Fk^du'i F< ^i b< 



I .'ClnnijTD&aimPHrBdt . 



PoetiT uid ttia DnuDft. 






ISMX TO OATAMJOITB.. 






UounUuuiUd) . 
nal Hilodia 

'.SMSf'- 



Rnial Sports. 



Ucf^l'i'Eli^u'A I'l. 






Urft FMUh EunidiiDi, 



VetsrinkTy Ibdioiiie, fte. 



HnoUlIII-rlEU (Th>) . 
UUri'i Ham-gWu . 



ToT^ei and Travais. 



WorkB of FiotUn. 



ALPHABETICAL CATALOGUE 
of 

NEW WORKS and NEW EDITIONS 

LONaMAN, GEEEN, LONGMAN, AND BOBBETS, 
PATERNOSTER ROW, LONDON. 



Miss Acton's Modem Cookery 

for Private Families, redaoed to a 
System of Easy Practice in a Series of 
careftilly'teetea Receipts, in which the 
Principles of Baron Lieoig and other 
eminent writers have been as much as 
possible applied and explained. Newly- 
revised and enlarged Edition ; with 8 
Piates, comprisinK 27 Figures, and 150 
Woodcuts. Fcp. 8vo. 7s. 6d. 

Acton's Englisli Bread-Book for 

Domestic Use, adapted to Families of 
every grade. Fcp. Svo. price ia. 6d. 

The Afternoon of Life. By the 

Author of Mornincf Clouds. New and 
cheaper Edition, thoroughly revised. 
Fcp. Svo. 5b. 

Aga88iB.^An Essay on Classi- 
fication. By Louis Agassiz. Svo. 12s. 

Aikin^s Select Works of the 

British Poets from Ben Jonsou to 
Seattle. New Edition; with Biogra- 

fihical and Critical Prefaces, and Se- 
ections from recent Poets. Svo. ISe. 

Arago (F.)— Biographies of Dis- 
tinguished Sdeutinc Men. Translated 
by Admiral W. H. Smyth, D.C.L., 
F.B.S., &c. : the Rev. Badbit Powsll, 
M.A. ; and Robbbt Gbaitt, M.A., 
F.R.A.S. Svo. 18s. 

Arago's Meteorological Essays. 

With an Introduction by Babon Huh - 
BOLDT. Translated under the super- 
intendence of Liettt.-Col. E. Sabikb, 
B.A., Treasurer and Y.F.R.S. Svo.lSe. 

Arago*s Popular Astronomy. 

Translated and edited by Admiral 
W. H. Smtth, D.C.Ly F.B.S. ; and Ro- 
bbbt Gbakt. M. A., F.R. A.S. With 25 
Platee and 858 Woodcuts. 2 vols. Svo. 
price £2. 5s. 



Arnold. ^ Herope, a Tragedy. 

By Matthbw Abkold. With a Pre- 
face and an Historical Introduction. 
Fcp. Svo. 5s. 

Arnold.^ Poems. By Matthew 

Abitold. Fibst Sbbtes, Third 
Edition. Fcp. Svo. 5b. 6d. SxcovD 
Sbbies, price 58. 

Lord Bacon's Works. A Kew 

Edition, oullected and edited by B. L. 
Ellis, fif.A., Fellow of Trinity College. 
Cambridge; J. Spbddiko, M.A. of 
Trinity College, Cambridge; and 
D. D. UBXTH, Esq., Barristei-at-Law, 
and late Fellow of Tnnity College, Cam- 
bridge. Vols. I. to V. comprising the 
Division ot Philowphical Works ; with 
a copious IKSBX. 5 vols. Svo. price 
£4. 6s. VOL.YI. price ISfl. 

Vol YII., completing the Division of 
Literary and Frofntional WorkSt is just 
ready. 

Joanna Baillie*8 Dramatic and 

Poetical Works : Comprising Plays of 
the Passions, Miscellaneous Dramas. 
Metrical Legends, Fugitive Pieces, and 
Ahalya Baee ; with the Life of Joanna 
Baillie, Portrait and Vignette. Square 
crown Svo. 21s. cloth; or 42a. morocco. 

Baker.— -The Bifle and the Hound 

in Ceylon. By S. W. Bakbb, Esq. 
New Bdition, with 18 Illnstratlous 
engraved on wood. Fcp. Svo. 4s. 6d. 

Baker. — Eight Years' Wander- 

inzs in Cevlon. By S. W. Bakbb, Esq. 
With 6 coloured Plates. Svo. 15s. 

Barth.— Travels and Discoveries 

in North and Central Africa : Being the 
Journal of an Expedition undertaken 
under the auspices of Her Britannic 
Majesty's Government in the Years 
1810—1865. By Hbitby Babth. Ph.D.. 
D.C.L., &c. With numerous Maps and 
Illustrations. 5 vols. Svo. £5. 5b. doth. 



NBW WOBKS AND ITEW EDITIOKS 



Bate. ^Memoir of Captain W. 

Thornton Bate, ILN. Br the Bev. 
JoHH Bailub. Anthor of ** Memoirs 
of HewttMm.** ^'Memoir of Adelaide 
Newton," &c New Edition; with 
Portrait and 4 ninstnitioiu. Fcp. 8to. 
price 5a. 

Bayldon's Art of Yalninff Bents 

and Tillagee, and Claims of Tenants 
upon Quitting Farms, at both mdjael- 
mas and Lady-day ; as revised by Mr. 
DoKAU>BOW. Seoeuth Edition, en- 
larged and adapted to the Present 
Time. By Bobbbt Baxbb, Land- 
Afleni and Valosr. 8vo. price Ida. 6d. 

BayUUm's (B.) Treatise on Bead 

Legislation and Management; with 
Bemarks on Tolls, ana on Repairing . 
Tarn^k»-Boadfi and Highways. 8vo. 
priMSs. 6d. 

Blaek's Piaetical Treatise on 

Brewingf based on Chemical and Eco- 
nomical Principles : With Formnlae 
ftr Public Brewers, and Inafcmctions 
for Private Families. 8vo.10s.6d. 

BLaiae^s SneydepsBdia of Bural 

fihwrts: or, a complete Aeooont, ffisto- 
neaL PraeticaL and Descriptive, of 
Hunting, Shoottng, fishing. Racing. 
^ JlTsw-BiitMoii. revised and corrected 
to the Present Time ; with above flOO 
Woodcut Ulustrations, including 20 
Subjects now added from Designs by 
JOKV Lbbch. In One Volume, 8vo. 
Sri«etta.half-booBd. 

Bloomileld.^The Greek Testa- 

BMnt: with oopiona EneUsh Notes, 
CtttkaJL Phitologieal. and faplanatonr. 
Bnedally adapted to the use of Theo- 
ki^lMl SCndenfisand Mtaiatera. By the 
Bav. 8. T. IfihOOUWiMLD, D.D., F.S.A. 
Ninth Edition, revised. 2 vote. 8vo. 
withMi«w£S.8a. 

Br. Bloomfleld's CeUege 4 Sehool 

Edition of the Oreek Ttetamant : With 
WafBngUah Notes, chiefly PhUological 
and Sxplaaatofy. Seventh Edition; 
with Map and Index. Fcp. 8vo. 7s. 6d. 

Br. Bloomfleld^s College ft School 

LexUxmtotheafeakTestammit. New 
Edition, revised. Fcp. 8vo. price 10s. 6d. 

I Boyd. — A Xannal fbr Vaval 

Cadsto. Published with the sanction 
I and approval of Uie Lords Commis- 
sioaers of the Admiralty. By Johv 
M'Nbiu. Botd, Captain, BJf. With 
ggmpasH-Bignaln in C<doun, and 286 
W«Qdcnt8. Fcp.8vo.10s.6d. 



Bourne. ^ A Treatise on the 

steam Engine, in its Application to 
Mbiea, MilU, Steam NavWion, and 
BaflwiQfB. By the Artisan Clab. Edited 
by JOHV BouBiTB, C.E. New Edition; 
witti SS Steel Plates, and SI0 Wood 
Engravings. 4to. 27s. 

Bonme's Catechism of the Steam 

Sagiiie in its various Ap^cat&ons to 
Mines, Mills, Steam Na^estion, Rail- 
ways, and Agriculture : mth Practical 
Instructions for the Manufacture and 
Management of Engines of every dass. 
Fourth Edition, " 



Woodcuts. 



. enlarged; 
Tep. 8vo. 6s. 



with 80 



Braadel IHetionary of Seienee, 

Literatore, and Art ; comprising the 
History. Description, and Scientific 
PrlndhplBS of eveiy Branch of Hmnan 
Knowledge: with the Derivation and 
Definition of all the Terms in general 
use. nird Edition, revised and correct- 
ed; with numerous Woodcuts. 8VO.60B. 

Professor Brandons Leetmres on 

OrganleChemistiy, as applied to Mann- 
ftccures, including Dyemg. Bleaching, 
Calico Printing, Sugar Manufitcture, 
the Preservation of Wood, Taanias, 
Ac. Edited by J. Scovnmv. MJS. 
Fcp. Woodcota, 7s. 6d. 

Brewer.(— An Atlas of History 

and GeogTHihr, frmn the Cfii—fiife 
noent of the Christian Eta to the Pie- 
sent Time: Cranprising a Series of 
Sixteoi Colooied Maps, arranged in 
GhronologiQil Order, wi& niaatntive 
Memoirs. By the Rev. J. S. Bbxwbb. 
MJk.. fitooaa JBdtlioK, revised and cor- 
rected. BQyal8vOh]2s.6d.hatfboimd. 

Brialmont ^ The JAA of the 

DokeefWelUngteB. From flie French 
of Aums Bbiaucoht, Captain at the 
Staffof the Belgian Army : With Etaicn- 
dations and ABditiona. By the Rev. 
6. R. 6i.Bie, M Jl., Chaplain-General 
to the Forces and Prebendaiy of St. 
Paul's. With Maps, Plans, and Por- 
traits. YoLS. I. and II. 8vo. price 30s. 

The TBiao and FouavH ToLvms (com- 
pletioB) sre bow in tte pmB, aad «ill take 
up the histmy of tfie Dakc'ftom Uw Battte 
of Watcrio«, rtprtsentfaBir faun •• i 
r, M A MiBlit*r, aad «• a ( 



Brodis.^— Psjrohologieal In%iiip 

riea, in a Series of Essays intended to 
Ulustiate the Influence of the Physieal 
Organisation on the Mental Facolties. 
Br Sir Bairjikjoar C. BBODiBt Bart. 

Third Edition. Fcp.8vo.&a. 



! 



PUBLISBXD BY LONaHAK, aSSSK, AKP CO. 



Dr. Bull on the Maternal Ka* 

nagemant of Children In Healtli and 
Disease; KeirMltloB. Vop.BTO. ta. 

Dr. Bixll*i ffintt to Xotheri on 

the Management of fheir Health daring 
the PeriMl of PrMmancy and in the 
Lyina-in Room: With an Expoeure of 
Popmar Errors in connexion with those 
•obleete, Ae. ; and Hhits upon Nonlng. 
Kevr Edition. Fcp.8vo.6s. 

Dr. BulVs Work on SlindneM, 

entitled the Sense of Vision Denied 
and lost. Bdit«d Xiy the Rev. B. O. 
Johns, Ohaplain of the Blind School, 
St. George's Fields. With a brief in- 
troductory Memoir of the Author by 
Mrs. Bulk. F«p. 8to. 4s. 6d. 

Bnnsen.— >Cliri8tianit7 and Man- 
kind, their Beginnings and Proepeots. 
By Baton C. C. J. BmrasMV D.D., 
D.C.L., D.Ph. Being a New Edition, 
onnwoled, re-modeUed. and extended, 
of BimftAytiM omd k$9 Age, 7 vols. 
8yo. £§. Ss. 

*.* Thi* Bditioa l»«oMpoMd of threa dis- 
tinct works, as folio wt :— 

1. Hippolytw aad hi* Ag«; or, the Bogta- 
nin^ and Hroapecta of ChruUuutf. % 
voU. 8to. £1. 103. 

9. OulltB* vf the Philoflophy of UnivemI 
History applit^ to Lanipiage and Reli- 
gloB ; cuatainittK na Account of the Al- 
pfluibetleal Coafiereaeet. 2 rob. SSs. 

S. Aaaleeta Aati-NioMBa. S vols. 8vo. SX> 3<. 

B nn s e n. — Lyra Germanioa. 

Translated ftom the German \fs Cathb- 
BiKs WiNKWovrB. Wiflh BdUAom of 
the FiBST Sbbibs, Hymns for the 
Sosdays and ^Mtlvals of the Christian 
Year. Nmo BdiUon of the Sbcokd 
8BSIB8, the C9uri8tlan JUife. Fop. 8vo. 
6s. each Series. 

HYMNS from Lyra (?drman«ca,18mo.l8. 

* ," These selectloas of Germaa Hymns have 
been made from coUaetkiae pabllahcd in G«r- 
maaf by Baiwi Bombbm ; aad Ibrm oompaaioa 
Tolamsate 



Theologia Germanioa: Whkth 

settsth fbrth many ftiir lineaments of 
Divine Truth, and salth very lofty and 
lovely things touching a Perfect Life. 
Tranmafted DySvBurNA Wutkwobth. 
With a Preface by the Rev. Chablbs 
KuroeLBT : and a Letter by Baron 
BuKSBV. Third EdiUoB. Fop.8vo.5s. 



Bonsen.— XgypVs Place in Uni- 
versal History : An Hlatorieal Inveetl- 
gsMon, in Five Books. By Baron C.O.J. 
BuireBir, D.C.L., D.Pl). TranoUted 
ftom the German by C. H. CorniBLi:., 
Esq., M.A. With many Illustrations. 
Vol. I. Syo, 88e. ; Vol. II. price 90s. } 
and ToL. nl. price 2Se. 

Banting. — The Life of Jabei 

Banting, D.D. : With Notices of con- 
temporary Persons and Events. By 

his Soil, THOlCi.8 PBRCIVi.L BUKTINO. 

Vol. 1. with Two Portraits and a 
Vignette, in post 8vo. Ts. Od. : or 
(large paper cmd Proof BngreroinffJ 
in square orown 8vo. lOs. 6d. 

Bnnyan^i Pilgrim's Progress: 

with a Prefhoe by the Rev. Ciiuix.bs 
KurosLST. Rector of Everaley ; and 
a Series of 126 illustrations engraved 
on ^teel and on Wood from Orl^hial 
Designs by CsjlBLhs Bbnnbtt. Fcp. 
Mo. price 2Is. doth, gilt edges. 

BtirtOB.«^Fir8t Footsteps in East 

Africa; or, an Exploration of Harar. 
By Richard F. Burton, Captulo. 
Bombay Army. With Maps and 
coloured Plate. 8vo. 18s. 

Bnrten.-»Personal Narrative of 

aPUffrimagetoElHedinnh and Meccah. 
By KICHARD F. BlTBTON, Captfliii, 
Bombay Armv. Second Edition, re- 
vised; with coioored Plates and Wood- 
oats. S vols, crown 8vo. 2As. 

Bishop Btitler^s Sketch of Ho- 

dem and Ancient Qeography. New 
Edition, thoroughly levised, with such 
Alterations mtroduoed as continually 
progressive Discoveries and the latest 
information Itave rendered necessary. 
Post8vo.78.6d, 

Kshop Butler's Oenwal Atlas 

ofModem and Ancient Geography; com- 
prising Fifty-two full-coloured Maps ; 
with complete Indioes. New Bdltton, 
enlarged, and greatly improved. Edited 
by the Authors Son. Royal ito. 2(a. 

The Cabinet Lawyer: A Popular 

Dlnsst of the Laws of England, Civil 
and Criminal: with a Dictionary of 
Law Terms. Maxims, Statatee, and 
Judicial Antiquities ; Correct Tables of 
Assessed Taxes, Stunp Duties, Eftdse 
Licenses, and Post-Horse Duties ; Post- 
OfSce Regnlations; and Prison Disci- 

J line. 18th Edition, comprising the 
*ublic Acts of the Session 1868. Fop. 
8vo. 10s. 6d. 



BEIT WOBES 1 



I The Cabinet Oaietteer: APopn* 

I 

. Clird. — Pniria Fannmg in 

Cliudi ind tbn United Etulci. B; 
Ae. lSiio,3<.ed. 
Calvert — The Wife's Manual 1 

or, Prwerft, ThauRbU, and Bongs on 
KdvenlOcculDni of « UUron'i Life. 

nmtvl f^im Dniiiu ^ Ui« Author la 



Catlow*! Popular Conehologr; 

DTt the Bhflll Cftblnat urannd (voor^ 
Inir to IJ~ "~" — o--*—?- Mii.t _ 
dSulM, 



withMIWoodnitt. l\»tBvo. 

Cati and F B k 



— Tlie Stud Farm 

Sreedl e H twix Tori 



Cadl'sStablaPracticei or, Hints 

onTniinlnKfor the Tnrf theChoM, nnd 

Edition.' Fop. Sio. wilta POta, te. 

' Cbapman.— history of GnitaTni 
Adolphni. ud of the Tblrtr Years' 
War up to the Klni^a Daalh; With 

I ^« o'fn^Wplinlla. Indole™ &'b! 
CBiFiuii, Mjt. 8vo. Plain. UiTSd. 



Coninston.— ^Handbook of Che. 

micETAnalnla, adapted to the DniUiT 
Syitam of NoUUon. By F. T. Cob. 

Alu. Ttiljim of t^iaUtatiBe Au^r^a^ 
arel^zwd u a Grrmou^xm to tlia Hud- 



Connali^.— The BomanM of the 

Social' ind^DU ol HAltiiry Ufc! Uy 
T. W. J, CovrfoLLT, QuTtenuitor 
of Iha Royal Engineers, t tdIb. 6to. 

CounoUy'i Eiitory of the Kojral 



i£piatleaorsalntFBnl!CoDi|ifl>lii« 

a comptsl* Bkofnoby of Iba Apoitlb ' 
and ■ TranSSoB ot hia EpMtaa [ 
Inaarted in ChnAolocica] Or* — w'— ' i 
Sditiom, Kviud and eonai 
aavaral Una and Wooilci 
Plalaa. aTob.aqi 



id noadcuU. 'and t 



Cepluid'i Difitlonarj of ; 

stlDdlfeAeliiai CmniciiluOaiie. 

PMMdct, flwHatan^lMrt- . 

Ill/KSiiaS ' 



F v^aoTUfa; irith B 

ovad Fononto of Oi* 1 

liop Cottoi 

s Dodlins aj 
Coimrniatlon. lib Edition, iSi:io,£a.fld. 

Creay'i Eocyclap^dia of Civil 

and Pnullci). liiuitralad by I 
of S,<iao Woodeiila. Stecmd 



Pro^flTUon. Bi 









Croiie. — XemoiialB, Soientiflc 

Eiennctan, ^dltfd by Mrs. CtOSSK. 
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Crowe.— The Hiatory of France. 

By Etbh Evuitb Cbowb. In FWe 
Yolunies. Vol. 1. 8vo. 14a. 

Cmiksliank. ^ The life of Bir 

John Falstaff, iUuHtrated iu a Series 
of Twenty-four original Etchings by 
George Cruikshank. Accompanied by 
ail imaginary Biography of tlie Knight, 
by Robert B. Bbough. Boyal 8vo. 
price 128. 6d. cloth. 

Lady Cust'B Invalid's Own Book : 

A Collection of Recipes from various 
Books and various Countries. Second 
StUOon. Fcp. 8vo. 2s. 6d. 

The Rev. Canon Dale's Domestic 

Liturgy and Family Chaplain, in Two 
Parts: PabtI. Church Services adapted 
for Domestic Use. with Prayers for 
Every Day of the Week, seiected from 
the Book of Common Prayer; Pabt 
II. an appropriate Sermon for Every 
Sunday in the Year. Second Edition. 
Poet ito. 218. cloth ; Sis. 6d. calf; or 
£2. lOs. morocco. 

{The FAMir.T Chaplaix, I2«. 
ThB DoMEaTIO LXTOBGT, 
lOt. M. 

Davy (Dr. J.)*—^!^® Angler and 

his Friend; or. Piscatory Colloquies 
and Fishing Excursions. By John 
Davy, M.D., F.R.S., Ac. Fcp. 8vo. 8s. 

Bu the fOMM Author t 

The Angler in the Lake District ; 

or. Piscatory Colloquies and Fishing 
Excursions m Westmoreland and Cum- 
berland. Fcp. Svo. 68. 6d. 

De Fonblanqne.*— The Admini- 
stration and Organisation of the British 
Army, witli eei^ecial reference to Fi- 
nance and Supiiiy. By Edward Bar- 
BiMQTOir DBVoirBi.ANQUB, Assistant 
Commissary-'jleiieral. 8vo. 12s. 

De laBive'B Treatise on Elec- 
tricity in Theory and Practice. Trans- 
lated for the Author by C. V. Walkbb, 
F. K.S. 3 vols. 8vo. WoodcuU, £S. i:iB, 

Domenech.^Seven Years* Eosi- 

dence in the Great Deserts of North 
America. By the Abbb ' Dokbkbch. 
With a Map, and about Sixty Woodcut 
Illustrations. 2 vols. Svo. \Ju»treadif, 

Abbe' Domenech*s Missionary 

Adventures in Texas and Mexico : A 
Personal Narrative of Six Years' So- 
journ in those Regions. Svo. lOs. 6d. 



The Eclipse of Faith ; or, a y\At 

to a Relisioas Sceptic. 9M BdMim, 
F<9*8vo.68. 

DefSsnoe of The EeUpio of Faith, 

by its Author: Beiuff a Rqtoinder to 
Professor Newman's RtplM .* xncluiUng 
a ftill Examination of^tiiat Writer's 
Criticism on the Character of Christ ; 
and a Chapter on the Aspect! and Pre- 
tensions of Modem Deism. Second 
iS(U4<(m. revised. Post 8vo. 58. Od. 

The Englishman's Greek Con- 
cordance of the New Testament : Being 
an Attempt at a Verbal Connexion 
between the Greek and the English 
Texts ; including a Concordance to the 
Proper Names, with Indexes, Greek- 
English and English-Greek. New Edi- 
tion, with a new Index. Royal 8vo.4&8. 

The Englishman's Hebrew and 

Chaldee Concordance of the Old Testa- 
ment: Being an Attempt at a Verbal 
Connexion between the Original and the 
English Translations : with Indexes, 
a List of the Proper Names and their 
Occurrences, Ac. 2 vols, royal 8vo. 
£S. ISs. 6d. ; large paper, £4. 14s. 6d. 

Ephemera'sEandbookofAngling; 

teachii^ Fly-fishing. Trolling, Bottom- 
Fishing, Salmon-Fishing: With the 
Natural History of Kiver-Flsh, and the 
best Modes of Catching them. Third 
Edition, corrected and improved; with 
Woodcuts. Fcp. 8vo. 58. 

Ephemera's Book of the Salmon : 

The Theory, Principles, and Practice of 
Fly-FishingforSahnon; Ltotsofgood 
Salmon Flies for every good lUver in 
the Empire ; the Natural History of the 
Salmon, its Habits described, and the 
best way of artificially Breeding it. 
Fcp. Svo. with Gcdoured Plates, 14s. 

FairbainL—Usefol Information 

for Engineers : Being a Series of Lec- 
tures delivered to the Working Engi- 
neers of Yorkshire and T«anoashlre. 
By WiLLiAU Faibbaibk, F.R.S., 
F.G.S. Second EdUionj with PUtes 
and Woodcuts. Crown 8vo. lOs. 6d. 

First Impressions of the Hew 

World on Two Travellers firom the Old 
in the Autumn of 1866. With Map by 
Arrowsmith. Post Svo. 8s. 6d. 

Fischer. ^ Francis Baoon of 

Verulam : Realistic PhUoeophy and its 
Age. By Dr. K. Fibohbb. Translated 
by J. OXBBVOBD. Poet Svo. 9s. 6d. 
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7QNf ter. — Bambles in the 

Idaods of Corsica and Sardinia : With 
IVottoes of their History, Antiqaitiea, 
and present Condition. By Tbokas 
FoBUXXB. With coloured Blap ; and 
BVOMTOIM Llfliographlo and Weodcnt 
nkwtrMtUms firom Drawlniipi made 
diuiiiK the Toor bj Lkot-Gol. IL A. 
BIddwph, B.A. Imperial 8ro. IBs. 

FraBMr. — I«tt«ri of Sir A. B. 

Frasar. K.C.B. Comnumdlng the Boval 
Horse Artillery under the Duke of Wel- 
lington: Written during the Penin- 
a«teraadWalerk>oCaBwalfns. Edited 
by BlUJOB'OBirBBAXi Babxitb, B.A. 
with Portrait, 2 Uaps, and Plans. 
8V0.18B. 

ArMman and Salvin.— >7alconi7: 

lai Oaims* History, and Practloe. By 
€to.«BlBABBB Fbsbkak. M.A. (" Pete- 
flnrine" of the Field newspaper) ; and 
Captain F. H. Salvxk. Post 8vo. with 
Wwdcut Illnstrations from Drawings 
hgr Welf, iHioe lOs. 6d. doth. 

Oarratt.— Xarreli and XysterieB 

of iMfincfe : or. Cariosities of Animal 
liA. By Qbosob Qabbatt. SBoond 
JMM(o»» improved. Fcp.8vo.4a.6d. 

GU])art— A Fraotioal Treatiie 

on Btuikins. By Javxi Wiij.iax 
GiTVBAXS, F.lt.S. atxtk Bdition, 2 
vola. ISmo. IflB. 

Oilbarf s logio of Banting : A 

Familiar Exposition of the Principles 
of Reasoning, and their Application to 
tte Art and the Selaiioe of Banking. 
ISmo. with Portrait, 12s. 6d. 

Oleig. — > EaaayB, BiograpMoal, 

Hlaiorioal, and Miscellaneous, oontri- 
iMtad chiefly to the JBtUnburffh and 
Quarttrlp Eevietn. By the Bev. Q. R. 
OuttO, M.A., Chaplain- General to the 
Forces, and Prebendary of St. Paul's. 
2 vols. 8vo. price 2l8. 

The Poetieal Works of Oliyer 

Qoldsmith. Bditedby Bolton CoKBTET, 
Xe^ Illustrated by Wood EngravinKS, 
from Daslgns by Members of tne 
Etohing Cuib. Square orown Bvo. 
doth, 21s. ; morocco, £1. 10s. 



KatnraUit'i Sojonm 

la Jamaiaa. ftr P. H. Oomb, Esq. 
With Plates. IHMt Svo. 14a. 

Oreathed.— Letters from Delhi 

written daring the Siege. By H. H. 
Qbbathbd, lat« of the Ben^a Civil 
Service. Edited l^ hla Widow. Post 
8vo. 8s. 6d. 



Green.— Lives of the Princesses 

of England. By Mrs. Mabt Anni 
Etbbbtt Gbxbit, Editor of the L^Urt 
of Royal mud TttuttrUnu Ladiet. With 
numerous Portraits. Complete in 6 
vols, post 8vo. 10a. 6d. eadu 

GTe3r80tt.-»Seleetions from the 

Correspondence of R. E. Oarrsoir, Esq. 
Edited by the Author of T?l« BcUp$e of 
Faith, Brew Edition. Crown 8vo. 7s. 6d. 

Grove.— The Correlation of Phy* 

sical Forces. E^ W. B. Gbotb, Q.C., 
M.A. Third BchtioH, 8vo.7». 

Gamey.«-8t. Lonis and Henri 

rv.: Being a Second Sevies of Histo- 
rical Sketches. By the Bev. Josir H. 
GUBVBT, M.A. Fcp. 8vo. 6b. 

EveninffBeoreations; or. Samples 

from we Ijectuf»>Room. Edited by 
Bev. J. H. GuBirxT. CrowuSvo. Ss. 

Gwilt's BnojrolopflBdia of Andd- 

tecture. Historical, Theoretical, and 
Practical. By Jobbph Gwilt. With 
more than 1,000 Wood Engravings, frt>m 
Designs by J. S. Gwilt. 8vo. 42s. 

Hare (Archdeacon).— The Life 

of Luther, in Forty^eight Historloal 
Engravings. By Gusxav KOnio. 
With Explanations by Archdeacon 
Habb and SvBAjntAR WurxwoBXH. 
Fcp. 4to. 286. 

Rarfiird.— Xife of Michael Angrio 

Buonarroti : With TraaslatiottB of 
many of his Poems and Letters : also 
Memoirs of Savonarola, R aphael, and 
VlttoriaColonna. By JohvS.Habvobd, 
Esq., D.O.L., F.R.S. Second Edition, 
revised; with 20 Plates. 2 voIs.Svo. 26s. 

Illnstrations, Arehitectnral and 

Plctorical, of the Genius of Michael 
Angelo Buonarroti. With Descriptiona 
of the Plates, by the Commendatore 
CAirnrA: C. R. CoOKBBBi.i^Bsq.,R.A.; 
and J. S. HABFOBD, Esq., D.C.L., F.R.S. 
Folio, 788. 6d. hali^bound. 

Harrison. — The Light of the 

Forge : or. Counsels from the Sidc-Bed 
of E.M. By the Rev. W. HABBzaoir, 
M.A., Domestlo Chaplain to the 
Dnnhass of Cambridge. F^^Svo.Sa, 

Harry Hieover's StaUe Talk 

and Table Talk; or. Spectadea Jbr 
Youns Sportsmen. Kew Edition, 2 
vols. avo. Portrait. ^ 



PUSLISHID BT LOKOIUK, < 



Enrrj EieoveT. >-Fnotic*t 

Bonnnuuhlp. *w«I WWm; wltb 
XPlnMi. ¥011. Svo, ti. bBU'biHiiia. 

Barry B^v«r.-^lM Pocket and 

Miinilgimidtofll^Htable, fif 1U»« 

Earrr Bltonr.— The Stsd, fOr 
Fiullrjil PuniwM anrl Prsctlcul Men ; 
IMiis>OiiM«latheCluiiceofa Horn 

ITm^n V — » HiitoiT of tlie Brl 
DwrtpUom of thu T)«m i«H >nil 



HaMftll — AdnlteraUoni Dateot 



Col Eawfeer'B Initrncttimt t 



Ml Ijy uia 



S^ 



rIoiM u tha Pnn 
■lUi ttw Oannii 



Eaydn't Book of DiniitleB : 
ConUlidng Boll" of th« OffloW Perwn- 
^luu'cJ, Judicial, H'lUIuy.Navol, 

il Tlma. Tegtiher 
u of BQFOpe, from 

BUl«B : ue I'aAngfl and KoWl^ of 
Qmt BrttalBtAa. Bio. Bit. 

HaTWud. — BioKTSpbiMl and 

viewi «llh aSmOoiii snil ComctlDiii. 
lly A. lUTViBD. Kan.. Q-C. a voli. 
8va.U>. 
air John EorwhBl'i Ontline* ol 

Allionomy. Firth &11H011. rtvlfri 
BatroniMbloal knowledge ; wfili P]Kt« 
uidWoodcuU. Bvo.fti. 



BIt John EoTtokeVt 



,*I^TH01!. 1 



EauT* t 



Hint* on Etic[uetto and tha 

taji. 8vo, b. M.' 
HoUand— Kadlcal 5atM and 
Reflan om ^ ^''■^■''.'? "'JS'iyLl: 

air B Holland ■ Chapters on 

Menial PhJ-j^BJ ^rtf^lrS'°Jjot™ 
u^ RtfUottotu FoatS HB,Od. 

Hookar — Saw Bardeai ; or, a 



Bookei and Amott* Britlah 
Flora cumprUiiig tha FhiBno^mout 
or Flowartnir Ftuta, ud Iba Fanii. 
Savgntb KSUaiLiilA Addlttoiu wd 
LometlgBii and nniBania PWDiaa 
lUunntln ortliaUmlMlUftnMB tiaaala. 
the CompaUa PloB. Uh Biaiga). aad 

wiUi tha FlUia nhnind, tli. 
Eome ! Introdnction to t1i« 



Bonie.-^A Compendimu Intro- 
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KBW WOBK8 AKD SEW SPITIOKS 



Howitt (A. M.)— All Art-Stu- 
dent in Munich. By AWi. Hjlbt 
Howixx. 2 vols, post 8vo. 148. 

Howitt.— The Children*! Tear. 

By Mabt Howitt. With Four lllas- 
fcntions. Sqoare 16mo. Ss. 

Howitt.^ Tallangetta, the 

Bquatter'B Home : A Story of Austra- 
lian Life. By William Howitt. 
2 TOls. post 8vo. 18s. 

Howitt. ^ Land, Labonr, and 

Gold : or. Two Years in Victoria : With 
Visit to Sydney and Van Diemen's 
Land. By Wiluah Howitt. Second 
Edition. 2 vols, crown 8vo. 10s. 

W.Howitt'sVisits toBemarkable 

Places : Old Halls, Battle-Fields, and 
Scenes illustrative of Striking Passages 
in English History and Poetry. With 
about 80 Wood Engravings. New Edi- 
tion, 2 vols, square crown 8vo. 25s. 

William Howitt's Boy's Coun- 
try Book : Beiuf; the Beal Life of a 
Country Bov, written by himself ; ex- 
hibiting all tiie Amusements, Pleasures, 
and Pursuits of Children in the Coun- 
try. With 40 Woodcuto. Fcp.8vo.Gs. 

William Howitt^s Bnral Life of 

England. With Woodcuts by Bewick 
and Williams. Medium 8vo. 21s. 

The Abbe' Hue's Work on the 

Chinese Empire, founded on Fourteen 
Tears' Travel and Bcsidence in China. 
People's Edition, with 2 Woodcut 
Illustrations. Crown Svo. 5b. 

Hue. — Christianity in China, 
Tartary, and Tliibet. By M. I'Abbtf 
Hue. formerly Missionary Apostolic 
in Cmna. Vols. I. and II. 8vo. 21s. ; 
and Vol. Ill l08.6d. 

Hudson's Executor's Ouide. 

Xew and improved Edition ; with the 
Statutes enacted, and the Judicial 
Decisions pronounced since the last 
Edition incorix>rated. Fcp. Svo. 6s. 

Hudson's Plain Directions for 

Makuig Wills in conformity with the 
Law. Mew Edition, corrected and re- 
vised by the Author; and practically 
illustrated by Specimens of wills con- 
tidning many varieties of Bequests, 
also Notes or Cases judicially decided 
since the Wills Act came into opera- 
tion. Fcp. Svo. 2s. 6d. 



Hudson and Kennedy's Aseent 

of Mont Blano by a New Route and 
WiUiout Guides. Second BdUion.yRiiXL 
Plate and Map. Post Svo. 6s. 60. 

Humboldt's Cosmos. Translated, 

with the Author's authority, by Mrs. 
Sabi^tb. Vols. I. and 11. 16mo. 
Half-arCrown each, sewed ; 8s. 6d. each, 
cloth ; or in post svo. 12s. each, cloth. 
Vol. III. post Svo. 128. 6d. doth : or 
in 16mo. Part I. 2s. 6d. sewed, 8s. 6d. 
cloth : and Part II. 3s. sewed. 4s. cloth. 
Vol. IV. Pi.BT I. post Svo. ISs. doth ; 
16mo. 7s. 6d. cloth. 

Humboldt's Aspects of Kature. 

Translated, with the Author's autho- 
rity, by Mrs. Sabhtb. 16mo. price 68. : 
or in 2 vols. Ss. 6d. eadi, doth; 2s. 6d. 
each, sewed. 

Humphreys.— Parables of Our 

Lord, illuminated and ornamented In 
the style of the Missals of the Kenals- 
sauoe by H.N. Udicphbbtb. Squaie \ 
fbp. Svo. 21 9.in massive carved covers ; > 
or SOs. bound in morocco, by HaydiUT* 

Hunt (Capt.).— The Horse and 

his Master : With Hints on Breeding, 
Breaking, Stable-Management^ Train- 
ing, Elementary Horsemanship, Riding 
to Hounds, &c. By Vebb D. Hukt, 
Esq., Ute 109th Kegt. Co. Dublin 
Militia. Fcp. 8vo. with Frontispiece, 
price Ss. 

Hunt.— Besearches on Light in 

its Chemical Relations ; embracing a 
Consideration of all the Photographic 
Processes. By Robbbt Hunt. F.K.S. 
Second Edition, with Plate and Wood- 
cuts. Svo. 10s. 6d. 

Hutchinson. — Impressions of 

Western Africa : With a Report on the 
Peculiarities of Trade up the Rivers in 
the Bisht of Blafra. By J. T. HinccHor- 
soir, Esq., British Consul for the Bight 
of Blafra and the Island of Fernando 
Po. Post Svo. Ss. 6d. 

Idle.— Hints on Shooting, Fish- 
ing. Acm botti on Sea and Land, and 
in the Fresh-Water Lochs of Scotland: 
Being the Experiences of C.Islx, Esq. 
Fcp. Svo. Ss. 

Mrs. Jameson's Two Lectures on 

the Social Employments of Women, 
SMert of Charity and the Communiou 
of Labour. New Edition, with a 
Prefatory Letter on the Present Condi- 
tion and Requirements of the Women 
of England. Fcp. Svo. 2b. 
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Mn. Jameaon's Logendi of fha 

Saints and Martyrs, as represented in 
Christian Art : Forming the Pibst 
SsjUBB of Saered and Leoendanf Art. 
Third Edition : with 17 Etchings and 
upwards of 180 Woodcuts. 2 vols, 
square cro^^n 8vo. Sis. 6d. 

Mrs. Jameioii*8 Legendi of the 

Monastic Orders, as represented in 
Cliristian Art. Forming the Skcohd 
Sesibs of Saered and Legendary Art. 
Second Edition, enlarged: with U 
Etchings by the Author and 88 Wood- 
cuts. Square crown 8vo. 28s. 

Mrs. Jameson's Legends of the 

Madonna, as represented in Christian 
Art : Forming the Thibd Sbbibs of 
Saend and Legendary Art, Second 
Edition, corrected and enlarged; with 
27 Etchings and 16^ood Engravings. 
Square crown 8vo. ws, 

Mrs. Jameson's Commonplace- 

Book of Thoughts, Memories, and Fan- 
cies, Original and Selected. Second 
Edition^ revised and conected ; with 
Etchings and Woodcuts. Crown 8vo. 
price 1^ 

Jaquemet's Compendinm of 

Chronolcny : Containing the most im- 
portant Dates of General History, Po- 
litical, Ecclesiastical, and Literary, 
from the Creation of tlie World to the 
end of the Year 185i. Post 8vo. 7s. 6d. 

Jaquemet's Chronology for 

Schools : Containing Uie most impor- 
tant Dates of General History, Politi- 
cal, Ecclesiastical, and Literary, firom 
the Creation of the World to the end of 
the Year 1857. Fcp. 8vo. Ss. Gd. 

Lord Jefflrey's Contributions to 

The Edinburgh Review. A New Edi- 
tion, complete iu One Volume, with 
Portrait and Vignette. Square crown 
8vo. 21s. doth; or 90s. calf.— Or iu 
3 vols. 8vo. price ^s. 

Bishop Jeremy Taylor's Entire 

Works : With Life by Bishop Hbbbb. 
Revised and ooireoted by the Rev. 
CHi.BLBS Pagb Edbit, Fcllow of Oriel 
College, Oxford. Now complete in 10 
vols. 8vo. 10a. 6d. each. 

Kane.^-Wanderings of an Artist 

among the Indians pf North America: 
from Canada to Vancouver's Island 
and Oregon, through the Hudson's Bay 
Company's Territory, and back again. 
By Paul Kane. With Map. Illustrar 
tions in Colours, and Wooci Engrav- 
ings. 8vo. 2l8. 



Kemble.— >The Saxons in Eng- 
land : A History of the English Com- 
monwealth till the Conquest. Uy J. M. 
Kbicblb. M.A. 2 vob. 8vo, 28a. 

Keith Johnston's Diotionary of 

Geography. Descriutive. Physical, Sta- 
tistical, and Historical : Forming a com- 
?lete General Gaietteer of the World. 
*ikinl EditUm, rectified to May 1850. 
In 1 vol. of 1,880 pages, comprising 
about 60,000 Names of Phices, 8vo. 9i%, 
doth ; 01 half-lxnmd in russia, 85s. 

Kesteven.^A Mannal of the 

Domestic Practice of Medicine. By 
W. B. KB8TBVBV, FJLCSJi.. Ac 
Square poet 8vo. 7s. 6d. 

Xirby and Spenee*s Introdnotion 

to Entomology; or. Elements of the 
Natural History of Insects : . Compris- 
ing an Account of Noxious and UsefVil 
Insects, of their Metamorphoses, Food, 
Stratagems, Habitations, Societies, 
Motions, Noises, Hybernation, Instinct, 
ftc. Seventh Bditton. with an Apiien- 
dlx relative to the Origin and Progress 
of the work. Crown 8vo. Ss. 

A Lady's Tonr ronnd Monte 

Rosa : with Visits to the Italian Valleys 
of Anzasca, Mastalone, Camasco, Sesia, 
Lys, Challant, Aosta, and Cogue : In a 
Series of Excursions in the Years 1850, 
1856. 1858. With Map, 4 Iliuatrations 
in Colours from Sketches by Mr. G. 
Barnard, and b Wood Engravings. Post 
8vo. 14s. 

Lardner's Cabinet CyclopsBdia of 

History, Biography, Literature, the 
Arts and Sciences, Natural History, 
and Manufactures. A Series of Original 
Works by Kkikbkt Wbitbbs. Com- 

?lete in i;ffi vols. fop. 8vo. with Vignette 
'ities, price £19. 10s. cloth lettered. 

The Works eeparately. in single 
Volumes or Sets, price 8s. 6d. each 
Volume, doth letteied. 

Mrs. B. Lee's Elements of Ka* 

tural History ; or, First Principles of 
Zoology : Comprising the Prindples of 
ClassUlcntion, interspersed with amus- 
ing and instructive Accounts of the 
most remarkable Anhnals. New Edi- 
tion i Woodcuts. Fcp. 8vo. 7s. 6d. 

The Letters of a Betrothed. 

Fcp. 8vo. price 53. cloth. 

Letters to my Unknown Friends. 

By a Laj)T, Author of Letiere on Hap- 
pinese. Fourth BdUion. Fcp.6vo. Se. 
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LJLL. — 'XlM Poetieal Works of 

Letitia Elizabeth Landon; oomprisiog 
the Tmprovigairiee, the Venetian Brace- 
lett the Golden Violet, the Troubadour, 
and Poetical Remains. 2 vols. 16mo. 
lOs. doth ; morocco, 21s. 

Dr. Joha Lindley's Theory aad 

Practice of Horticaltare; or, an At- 
tempt to explain the prlndpal Opera- 
tions of GardeniMf noon Physiological 
Oronnds : Being the Seeond Edition of 
the Theortf of JlortieuUtire, much en- 
larged : with 9S Woodcuts. 8vo. 218. 

Dr. Jolui Lindley's Introduction 

to Botany. New Button, with correc- 
tions and copious Additions. 2 vols. 
8vo. with Plates and Woodeuts, 21s. 

Dr. John Lindley's Synopsis of 

the British Flora arranged according to 
the Natural Orders; containing Vas- 
cular es or Flowerii]«_ Plants. TMrd 
Edition (reprinted). Tcp. 8vo. 6s. 

Linwood. — Antliologia Oxoni- 

en«iB. sive Florilegittm e Lusibus poet- 
icis diversornm Oxoniensinm Orsecis 
et Latinis decerptnm. Curante Gtnu- 
XLKO Liirwoos. M.A. 8vo. 140. 

Lorimer's letters to a Yonng 

Master Mariner dh some Subjects con- 
nected with his Calling. Fcp. 8ro. 
price 58. 6d. 

London's SnoydopsMUa of Gar- 
dening: Comprising the Theory and 
Practice of Horticulture. Floriculture, 
Aboriculture, and Landscape-Garden- 
ing. With 1,000 Woodcuts. Sro.Sls.6d. 

Loudon's I!noyolop«Bdia of Trees 

and Shrubs, or Arboretum et Fruetiee- 



tmnJIritonnicwm abridged: Containing 
the Hardy Trees and Shrubs of Oreati 
Britain, Native and Foreisn, Scienti- 
fically and Popularly Described. With 
about S^OOOWoodouts. 8vo.60b. 

London's EnoydopsBdia of ilgri- 

culture: Comprising the Theory and 
Practice of the Valuation, Transfer, 
Laying -out. Improvement, and Ifta- 
nagement or Landed Property, and of 
the Cultivation and Economy of the 
Animal and Yeaetable Productions of 
Agriculture. With 1,100 Woodeuts. 
8vo. 81s. dd. 



Lemdon^sEnraclopaediaofPUnts: 

Comprising we Specific Character, 
Description. Culture, History, Appliea- 
tiou in the Arts, and everv other de- 
sirable Particular respecting all the 
Plants found in Great Britdn. With 
upwards of 12,000 Woodcuts. 8to. 
price £3. ISe. 6d. 

London's Eneyelopsdia of Cot- 
tage, Farm, and Villa Architecture and 
Fumitui'e. New Edition, e^ted by- 
Mrs. LouDOV; with more than 2,000 
Woodcuts. 8V0.63B. 

London's Hortns Brttannicns ; 

or. Catalogue of all the Plants found in 
Great Britain. New Edition, oovrected 
by Mrs. LovJDOzr. 8vo. 8U.6d, 

Krs. London's Lady's Conntry 

Companion: or. How to Enioy a 
._- ,^,. *v_..-__.,-.^ Fomth 



Country 
Edition. 



Life Rationally. 
Fcp. 8vo. &s. 



Mrs. London's Amatenr Gar- 
dener's Calendar, or Monthlv Guide to 
what should be avoided ana done in a 
Garden. Second Edition, revised. 
Crown 8vo. with Woodcuts, 7s. 6d. 

Low's Slements of Praetioal 

Agriculture ! comprehending the Cul- 
tivation of Plants, the Husbandry of 
the Domestic Animals, and the Eco- 
nomy of the Farm. New Edition; 
with 200 Woodcuts. 8ro. 21s. 

llCacanlay. — flpeeclies mt the 

lUght Hon. Lord MACAViaT. Comcted 
byHucBBLF. 8vo. 128. 

Kaoanlay. -« The HUtory of 

England from the Accession of James 
II. By the Kight Hon. Lord Ma- 
CAULAT. New Edition. Vols. Laud 
II. 8vo. 82b. : Vols. UI. and IV. 86s. 

Lord Kaoaulay's History of Eng- 
land from the Accession of James II. 
New Edition of the first Four Volumes 
of the Octavo Edition, revised and 
corrected. 7 vols, post 8vo. Ss. each. 

Lord Maoanlay's Critioal and 

Historical Essays contributed to The 
Edinburgh Review. Four Editions :— 

1. A Library Edition (the Eighth), in 

8 vols. 6vo. price 38«. 

2. Compkte in On% VoLtma, iritb Por- 

trait and Vignette. Square crown 
8vo. price 2Ia. cluth ; or 308. calf. 

S. Another New BDmoH, in3 toU. Scf. 
8to. price 21a. cloth. 

4. The Pboplb'8 EsirtoK. in 2 vols, 
crown 8to. price Be. dotli. 
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Maeanlay. ^ Lays of Axicient 

Borne, with A»Y and the .Armada. By 
the Bl^t Hon. Lord Macaulat. 
New Baitkm. 10mo. price 4e. 6d. elotb ; 
or 10s. M. bocmd in morocco. 

LordMaeanlay'B Lays of Ancient 

Borne. With nnmerous IIlustrationB, 
Ortetnal and from the Antique, drawn 
on Wood by George Scharf, jun. Fcp. 
4to. 21b. boardB; or 420. bound m 
morocco. 

Mae DoaalfL— Poems. By 6e<»ge 

Mao Dohald, Author of WUkin and 
WUkomt, Fcpi.8vew7eb 

Mac Donald. — > WltUn - and 

WUhovt: A Dramatio Ftoem. By 
GjknmubICaoDovald. Fcp.8vo.4«.6a. 

Mao Bengali. — > The Theory of 

War illustrated by numerous Examples 
from History. "By Lientenant<?olonel 
Mac Douoall, Commandant of the 
Staff CoUege. Aoond JMMbii, reviaed. 
Post 870. with Plans, 10s. 6d. 

Mac Boneall. — The Campaigns 

of Hannibal, axrani^d and critloally 
oonsidered, expressly for the use of Stu- 
dents of Military History. By Lieut.- 
Col. P. L. Mac Douoall, Commandant 
of the Staff College. Poet 8vo. 7b. 6d. 

M'Bongall. — The Eventfal 

Voyageof JGr.Jf.Di«cQWfV Ship Resolute 
to the ArcMe Retfiona in search €f 9fr 
John FramMin and the Missing Omm 
of HM. Discovery Ships Erebus and 
Terror, 1862, 1863, 1854. ByGBOBOBF. 
M'DoneALE., Master. With a coloured 
Chart, Illustrations in Lithography, 
and WoodoutB. 8?o.2l8. 

Sir James Mackintosh's Miscel- 

laaeoue Works : Including his Contri- 
butions to The Edinburgh Beview. 
Complete in One Yoluma ; with Por- 
trait and Tignette. Square crown Svo. 
21b. cloth ; or SOs. boand In oalf : or in 
8 vols. fcp. 8vo. 21a. 

Sir James Mackintosh's History 

of Eftgland from the Earliest Times to 
the final Establishment of the Bafonn- 
ation. 2 vols. 8vo. 21s, 

M<Calloch*s Dictionary, Prac- 
tical, Theoretical, and Historical, of 
Commerce, and Commercial Navi- 
mtion. IilastEated with Maps and 
Plans. Kew Edition,, revised and 
adapted to the Present Time. 

IJust readti. 



M<Calloch*s Dictionary, Geo- 
graphical, statistical, and RlatoricaL 
of the various Coinimes, Places, ana 

Eindpal Natural OMeets in the World, 
luatrated with Six large Maps. New 
Edition, revised. 2 vols. 8vo. 68s. 

Magtdre. — Borne; its Bnler 

and its Institutions. ByJoHirFaAjrcxfl 
Maouibx, M.P. Second Edition, en- 
-larged J with a new Portrait of Poos 
Piusli. Post8vo.lfls.8d. 



Mrs. Mareet's Cenvetsations on 

Natiaral PkBosophy, In which theffie> 
ments of that Selence are flunUiarly ex- 
plained. Thirteenth Edition, enlaraed 
and corrected; with 84 Plates. Fcp. 
8vo. iNiee lOs. 6d. 

Mrs.Marcet*s CsgavorsatioBis on 
Chsmistiy, in which tiie Elements of 
ttiat Science are flHoailiarly explained 
and illustrated by Experiments. New 
Edition, improved, ftvols. ftsp. Svo. Us. 

Marshman.— Tholdfs and Times 

of Carey, Marsbman, and Ward : Em- 
bracing tne History of the Serampore 
Mission. By Johk Clask Masbhmav. 
2 vols. 8vo. 258. 

Martinean. — Studies of Chris- 
tianity: A Series of Original Papers, 
now nrst collected, or New. By Jamsb 
MAJtsuTBAU. Crown 8vo. 78. 6d. 

Martinean. — Endeavonrs after 

the Christian Life: Discourses. By 
Jakbs Mabtutbau. 2 vols, poet 8vo. 
prioe 7s. 6d. eadh. 

Martinean.^ SLymns for the 

Christian Church and Home. Col- 
lected and edited by Jakbb M abtixtb au. 
Eleventh Edition, 12mo. Ss. 6d. cloth, 
or 5s. calf; Fifth Edttsou, 88mo. Is. 4d. 
doth, or Is. 8a. roan. 

Martinean.— Miscellanies: Com- 
prising Essays chiefly religious and 
controversial. By Jamba Mabxiitbau. 
Crown 8vo. 9b, 

Mannder^s Sdentiflo and Lite- 
rary Treasury : A new and popular 
Encyclopedia of Science and the BelieS" 
Lettres; including all Branches of 
Science, and every snl^ect connected 
with Literature and Art. F(9.8vo.lOs. 
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NEW WOBES AND NEW SDITIOITS 



Kaonder^t Biograpliical Trea- 

sotT ; oonsistiiiKOf Memoirs, SketcheB, 
and brief Notices of above 12.000 Emi- 
nent Persons of All Ages and Nations, 
from the Earliest Penod of History : 
FiMrming a complete Dictionary of Uni> 
verml Biography. Eleventh Edition, 
oorrected and extended in a Supplement 
to the Present Time. Fcp.Svo. lOs. 

Maimder*8 Treasury of Know- 
ledge, and Library of Reference ; com- 
prising an English Dictionary and 
Grammar, a Universal Gazetteer, a 
Classical IMcttonary, a Chronology, a 
Law Dictionary, a Synopsis oi the 
Peerage, nomeroos useful Tables, &c. 
New Edition, reconstructed by B. B. 
WoonwABD. B.A.; assisted by J. 
MoBBU, SoUcltor, and W. Uugkxs, 
F.R.G.S. Fcp.Svo. lOs. 

]Caimder*8 Treaniry of Natural 

History; or, a Popular Dictionary of 
I Animated Nature: In which the 
Zoological Characteristics that dis- 
tinsuish the different Classes. Genera, 
ana Species, are combined with a 
variety oFinteresting Information illns- 
i trative of the Halnts, Instincts, and 
General Economy of the Animal King- 
dom. With 900 Woodcuts. Fcp.lOs. 

Maonder's Historical Treasury ; 

comprising a General Introductory 
Outune of^Universal History, Ancient 
and Modem, and a Series of Separate 
Histories of every principal Nation 
that exists; their Rise, Progress, and 
Present Condition^ the Moral and Social 
Character of their respective Inhabi- 
tants, Uieir Religion, Manners, and 
Customs, Ac. Fcp. 8vo. lOs. 

Haonder's Treasury of Oeogra< 

pby. Physical, Historical, Descriptive, 
and Political ; containing asuocinct Ac- 
count of Every Country in the World : 
Preceded by an Introductory OuUiue 
of the History of Geography ; a Fami- 
liar Inquiry into the Varieties of Race 
and Language exhibited by different 
Naticms ; and a View of the Relations 
of Geography to Astronomy and the 
Physical Sciences. Completed by 
WiLLLOC HuGHSS, F.R.G.S. With 7 
Maps and 16 Steel Plates. Fcp. 8vo. lOs. 

Kerivale (Miss). — Christian 

Records : A Short History of Apostolic 
Axe. By L. A. Mbkiyai^. Fcp. 8vo. 
price 7b. 6d. 

Merivale. ^ The FaU of the 

Roman Republic : A Short History of 
Last Century of the Commonwealth. 
By Rev. C. Mxbivalb. 12mo. 7s. 6d. 



KeriTale. — A History of the 

Romans under tiie Empire. By tlie 
Bev. Chablxs Mbbivalx, B.D., late 
Fellowof St. John's College, Cambridge. 
8vo. with Maps. 

Vols. I and II. eompridiig tbe HisiorT to 
tbeFaUof/uUiMCteMr. Second Edition. 28«. 

Vol. III. to the EsUblUhmeat of the Mon- 
archy by Auifuttu$. Second Edition Us. 

VoL<. IV. and V. from Attgtuhuta CXmkUHt, 
B.C. 27 to ▲.». 51 S2e. 

Vol. TI. from the Reign of Nero, *.d. 54, to 
the FaU of Jenualnn, AJt. 70. 16s. 

Mildred Korman the Kaxarene. 

By a WoBKXKO Mur. Crown 8vo. 5s. 

Miles.— The Horse's Foot and 

How to Keep it Sound. EiahthSdUionj 
with an Appendix on Shoeingingeneral, 
and Hunters in particnlar. Is PUtea 
and 12 WoodcuU. By W.MiLBS,Esq. 
Imperial 8vo. 12s. 6d. 

Miles*s Plain Treatise on Horse- 
Shoeing. With Plates and Woodcuts. 
Second Edition. Po8t8vo.2s. 

Milner's History of the Choroh 

of Christ. With Additions bv the late 
Rev. Isaac Militeb, D.D., F.R.S. A 
New Edition, revised, with additional 
Notes by the Rev. T. Gbavthax, B.D. 
4 vols. 8vo. 52s. 

MintnxiL^From Kew York to 

Delhi by way of Bio de Janeiro, Aus- 
tralia, and China. By Robbbt B. 
MiirruBV, Jun. With coloured Route- 
Map of India. Post 8vo. 7s. 6d. 

Mollhansen.*-J)iary of a Jour- 
ney ft-om the Mississippi to the Coasts 
of the Pacific, with a United States 
Govenmient Expedition. By B. MOUr 
HAUSBir, Topographical Draughtsman 
and Naturalist to the Eicpedition. With 
an Introduction by Baron Humboldt; 
Map, coloured Illustrations,and Wood- 
cuts. 2 vols. 8vo. aOs. 

James Montgomery's Poetieal 

Works : Collective Edition ; with the 
Author's Autobiozraphical Prefaces, 
complete in One Volume ; with Portrait 
and Vignette. Square crown 6vo. 
lOs. 6d. cloth ; morocco, 21s.— Or, in 4 
vols. fcp. 6vo. with Plates, 14s. 

Moore.— The Power of the Soul 

over the Body, considered in relation 
to Health and Morals. By Georgb 
MooBB, M.D. Fcp. 8vo. 6s. 
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HooredP-JCan and lus XotiTei. 

ByGBOBOxMooBX.M.D. Fq[>.8vo.6ii. 

Moore.— The^se of the Body in 

relation to the Mind. By Q. Moobb, 
U.D. Fcp.8TO.66. 

Moore.«-He]]ioirs, Journal, and 

Correspondence of Thoxnaa Moore. 
Edited by the Right Hon. Losd John 
RussBLL, M.P. With Portraits and 
Vignettes. 8 vols, poet 8vo. £4. 4s. 

Thomas Moore's Poetical Works : 

Comprising the Author's Autobiograp 
phical Prefaces, latest Corrections, and 
Kotes. Various Editions of the sepa- 
rate Poems and complete Poetical 
Works, as follows ;— 

a. d. 

L A.LLA ROOKH, S2mo. ruby trpe .... 1 

LALLA ROOKH. 16ino. Vignette .... 3 6 

LALLA. &OOK.I1, Bquare crown 8vo. 
Plates 15 

IjALLA ROOKH, fcp.4to. with Wood- 
cat lllMatrations by Tenkiel, in the press. 

laittH MELODIES, 82mo. ruby type.. 1 

IRISH MELODIES, l6mo. Vignette ..2 6 

IRISH MELODIES, square crown 8to. 
Plates 21 

IRISH MELODIES.iUostrAtedbyMAC- 
LI8B, snper-royalbTO 31 6 

SONGS, BALLADS, and SACRED 
SONGS, 32mo. ruby type 2 C 

SONGS, BALLADS, and SACRED 
SONGS, I6mo. Vignette 5 

POETICAL WORKS, People's Edition, 
10 Parts, each 1 

POETICAL WORKS, Cabinet Edition, 
lOVoLS.each 3 6 

POETICAL WORKS, TrareUer's Edi- 
tion, crown 8to 12 6 

POETICAL WORKS, Library Edition, 
mediumSvo 21 

SELECTIONS, entitled «' POETRY 
and PICTURES from THOMAS 
MOORE," fcp. 4to. with Wood En- 
gravings 21 

MOORFS EPICUREAN, 16mo. Vig- 
nette S 

Editions printed with the Mtuie. 

IRISH MELODIES, People's Edition, 

small ito 12 

IRISH MBLODIES,imperial8To.amaU 

musicsize 51 6 

HARMONISED AIRS from IRISH 

MELODIES, imperial 8to 15 

NATIONAL AIRS, People's Edition, 

lONos.each i 

NATIONAL AIRS, imperial 8vo. smaU 

music sin 31 6 

SACKED SONGS and SONGS Jrom 

SCRIPTURE, imperial 8\o 16 

\ Xo Edition of Thomas Moore's Poetical 
i Works, or any separate Poem of Moore's, 

can be published complete except by 

Messrs. Lokghak and Co. 



Morell. — Elemeats of Piycho- 

logy : Past I., containing the Analysis 
or the Intellectual Powers. By J. D. 
MoBBLi., M.A.. One of Her MiJ^ty's 
Inspectors of SchoolB. Poflt8TO.7s.6d. 

Morning Cloads. By the Anther 

of The Afternoon qfLife, Second Edi- 
tion, revised throughout. Fcp. 8to. 5s. 

Morris (I*. 0.)— Anecdotes in 

Natural History. By the Ber. F. 0. 
Mossis, B.A.. Bector of Nuuburu- 
holme, Yorkshire, Author of** Histonr 
of the Nests and Eggs of British 
Birds," &c. Fcp.Svo. [JuU ready, 

Morris (J.)«The Life and 

Martyrdom of St. Thomas Becket, 
Ardibishop of Canterbury and Legate 
of t^ Holy See. By JoHir Mobkis, 
Canon of 14 orthampton. Post 8vo. 9b. 

Morton.^Ihe Sesonroes of Es- 
tates : A Treatise on the Agricultural 
Improvement and General Manage- 
ment of Landed Property. By JoHir 
LocKHABT Mossox, CivU and Agri- 
cultural Engiuefir ; Author of Thirteen 
Highland and Agricultural Prize Ks- 
says. With 25 jQthogiaphic Illustra- 
tions. Boyal 8vo. Sis. 6d. 

Moseley's Mechanical Principles 

of Engineering and Architecture. Se- 
cond Edition, enlarged ; with numerous 
Woodcuts. 8vo. 21s. 

Memoirs and Letters of the late 

Colonel Abmiitb MouNTAur. Aide- 
de-Camjp to the Queen, and Acuutant- 
General of Her Majesty's Forces in 
India. Edited by Mrs. Mocntaik. 
Second Edition, Portrait. Fcp. 8vo. 6s. 

Mnre.— A Critical History of the 

Language and Literature of Ancient 
Greece. By Williah Mube, of 
Caldwell. Vols. I. to III. 8vo. price 
S6s.; Vol. IV. ISs.; and Vol. V. l8s. 

Murray's Encyclop»dia of Geo- 
graphy, comprising a complete I>escrip- 
tion of the Earth : Exhibiting iu Rela- 
tion to the Heavenly Bodies, its Phy- 
sical Structure, the Natural History of 
each Country, and the Industry. Com- 
merce, Political Institutions, and Civil, 
and Social State of All Nations. Second 
Edition ; with 82 Maps, and upwards of 
1,000 other Woodcuts. 8vo.60s. 

Neale.— The Closing Scene; or, 

Christianity and Infidelity contranted 
in the Last Hours of Uerrmrkable Per- 
sons. By the liev. Ebsxxkb Nbalx. 
M.A. 2 vols. fcp. 8vo. 6fl. each. 
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VSW W0BK8 AND VSW SDIXIOVS 



Honttaaby (Masqvis ef).— A 

Tear of Reroluttcm. From a Journal 
kept in Pari* In th« Tear IMS. B j the 
Maxqvis o* If oxxJLsrBfr, K.G. S vols. 
8ro.2te. 

OnlTM.— The ][aiiter-Biiild«r*i 

Plan: or, the Prineiplee of OrRonic 
Arohitectore as indicated in tlM Typi- 
cal Forms of Animals. By Gbosgb 
Ooii.Tix,M.D. Poet 8 vo. with 72 Wood- 
cuts, price 6s. 6d. 

Oldaere.— >The Last of the Old 

Squires. A Sketch. By Cxdbio 
Oldacss, Esq., of Sax-Normanbury. 
Crown 8vo. 9s. 6a. 

Osborn. — Qnedah; or, Btray 

Leanres from a Journal in Malayan 
Waters. By Captain SHXXAxsOsBOBir, 
RN., C.B. With a ooloored Chart and 
tinted mnstraHoas. Post 8vo. lOs. 6d. 

OaboriL^nM Useevery of the 

North'West Passage fey H.M.8. Jimms- 
Hoator, Captain R. M'Clttbb, 1860-IBM. 
Edited hy Captain Shsbaxd Osbobn, 
C.B. Tliird Edition; with Portxait, 
Clufft, and Ulustrations. Svo. ISs. 

ProfeMor Owen's Leetores on 

the Comparative Anatomy and Physio- 
logy of the Invertebrate Animals, do* 
liveredatthe Royal College of dureeons. 
Second Edition, with &6 Woodcuts. 
8vo. 2is. 

Profossor Owen's Lectures on 

the Comparative Anatomv' and Phy- 
siology or the Vertebrate Animals, oe- 
Mverad at the Royal College of Sni^eons 
in 18M and 1846. Tox.. 1. 8yo. 14s. 

Memoirs of Admiral Parry, the 

Arctic Navigator. By his Son, the Rev. 
E. Pakxt, H. a.. Domestic Chaplain to 
the Bishop of London. Sixth Edition : 
with a Portrait and coloured Chart of 
the North-West Passage. Fcp. 8vo. 58. 



Pattison.— The Sarth and the 

Word : or. Geology for Bible Students. 
By S. R. PATTisoir, P.G.S. Pep. 8vo. 
with coloured Map, Ss. 6d. 

Peahs, Passes, and Olaeiers: a 

Series of Ezonrsions by Members of 
the Alpine Club. Edited by Johk 
Ball. M.R.I.A.. F.L.S., President of 
the Alpine Club. Second BdUion; 
with numerous Maps, coloured Illus- 
trations, and Engravings on Wood. 
Square crown 8vo. 2l8. — The Eioht 
Swiss Maps, accompanied by a Table 
of the HxioHTS of MouirTAizrs, may 
be had separately, price 3a. 6d. 



Dr. Porolra^s laemeat* of Kate* 

rla Medica and TherapeatleB. TMtd 
Edition, enlarged and improved from 
the Author's lUtwialft by A. S. Tat- 
Lox, M.D., and O. O. Hbbs, M.D. 
Vol. I. 8vo. 28s. ; VoL U. Part 1. 21*. ; 
Vol. II. Part IL 26a. 

Br. Pereira*8 Lectnres on Polar- 
ised Light, togetiier with a Lecture on 
the Microscope. 2d Edition, enlarged 
frvrm the Author's Materials by Rev. 
B. Powxxx, M.A. Fcp. 8vo. Woodcuts, 
price 7s. 

Perry .^-The Franks, from their 

First Appearance in HbiCory to the 
Death of King Pepin. By Wax.txx C. 
Pxbxt, BorrtsCer-at'Iiaw. 8vo.l2«.6d. 

Pesehers Slemonts of Physios. 

Translated from the German, with 
Notes, by B. WxsT. With Diagrams 
and Woodcuts. 8 vols. fcp. 8vo. 21s. 

Phillips's Elementary Introdne- 

tion to Mineralorar. A Now Edition, 
with extensive AlterationB and Addi- 
tions, by H. J. Bkookb, P.R.8., F.G.8.; 
and ^. H. MiLLXB, M.A., F.O.8. With 
numerous Woodcuts. Post 8vo. ISs. 

Phillips.^A Gnide tO Geology. 

By JoHir PBrriLirt- M.A, F.R.8., 
F.a.S.,&c Fourth EdIttoB, corrected; 
with 4 Plates. Fcp. 8vo. 5s. 

Piesse's Chymieal, ITatural, and 

Physical Magic, for the Instroction 
and Entertainment of Juveniles daring 
the Holiday Vacation: with SO Wood- 
cuts and an Invisible Portrait of the 
Author. Fcp. 8vo. 8s. 6d. 

Piesse*s Art of Perfomery, and 

Method of Obtaining the Odours of 
Plants : with Instructions for the Ma- 
nufacture of Peifumes for the Hand- 
kerchief, Scented Powders, Odorous 
Vinegars, Dentifrices, Pomatums, Co» 
m^tiques. Perfumed soap, &c : and an 
Appendix on the Colours of Flowers, 
Artificial Fruit Eseenees, ate. Second 
BdUkm; Woodcuts. Crown 8vo. 8s. 6d. 

Pitt^Eow to Brew Good Boer : 

A complete Guide to the Art of Brew- 
ing Ale. Bitter Ale, Table Altf, Brown 
Stout, Porter, and Table Beer. To 
which are added Practical InstvocUons 
for Making Malt. By JoHir Prsg^ 
Butler to Star William B. P. Cfeaxy, 
Bart. Fop. 8vo. 4s. 6d» 
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Porttr.— iHiftory of tiM Ksiglitf 

of Malta, or Um Ord«r of tlM Homltal 
of St. John of JenuAlem. By Mi||or 
Wbttwowvh Pobtbs, Royal Enxi- 
neera. With 5 maatntiom. 2 vob. 
8vo.ai8. 

PowelLp-JSaiajs on tii« Spirit of 

the Inductive Philosophy, the Unity 
of Worlds, and the Philosophy of Crea- 
tion. By the Bey. Basxv Powsll, 
M.A., Ae. Crown 8to. Woodcuts, 12s. 6d. 

FowelL — Christianity without 

Judaism : A Second Series of Essays 
ou the Unity of Worlds and of Nature. 
By the Rev. Badbk Powill, 1I.A., Ac. 
Grown Svo. 7t. 6d. 

" TbU rolame contains the pith of Profetior 
Powell'a argument urged often and nowerrullj 
againKt the Judaic tpirit among Christians. 
....Upon the theological part of Profeecor 
Poweirt a-gument we offer no opinion; we 
amply desir* to make known the nature of 
hie Dock, and to Mcuce for it the respect and 
attention it dceervea." Ezaxznee. 

FowelL— The Ordor ef Nature 

considered in reference to the Claims of 
Revelation : A Third Series of Essays 
on the Unity of Worlds and of Nature. 
By the Rev. Bassv Powbu. M.A. 
Crown 8vo. 12b. 

Pyoroft.— The CoIIeffian's Onide ; 

or. Recollections of College Days : Set- 
ting forth the Advantages and Temp- 
tatioris of a University Education. By 
the Rev. J. Ptcboit, B.A. Second 
Bditton, Fcp. Svo. 6b. 

Pjoroff 8 Ck>iir8e of English 

Bendisff ; «r, How and What to Read : 
Adapted to every taste and capacity. 
With Literary Anecdotes. Fop. Bvo.fiB. 

PyoroftHi Crieket-Field ; or, the 

Science and History of the Game of 
Cricket. Third Bdition: Plates and 
Woodents. Fcp.8vo.5s. 

Qnatre&ges (A. De).— Bamhlee 

of a Naturalist on the Coaste of France, 
Spain, and Sicily. By A. Db QuAtmt- 
FAOXS, Memb. Inst. Tvaaslated by 
£. C. OxTB'. 2vol8. poBt8vo. 15fl. 

BaikM (T.)— Portion of the Jour- 
nal kej^ by Thokas Raizxs, Esq., 
flram 1831 to 1847 : Comprising Reml- 
niacencas of Social and Political Life 
in London and Paria during that pe- 
rio«t. New Edition, complete in 2 vols, 
crown 8vo. price 128. 



Bich'8 Illustrated Companion to 

the Latin DicUonarv and Greek Lexi- 
cod; Forming a Glosaaiy of all the 
Worda reprasenting Visible Ol^ecta 
connected with the Arts. Hanalhctures, 
and Every-Day Life or the Andenta. 
With about 2.000 Woodcuts fi-om the 
Antique. Post 8vo. 21s. 

Siehardson.— Vonrteen Tears* 

Snerience of Cold Water: Its Uses 
and Abuses. By Captain M. Rxchasd- 
Bov. Poet 8vo. Woodcuts. 6a. 

Horsemanship; or, the Art of 

Riding and Managing a Horse. adm>ted 
to the Quidauce of Lisdlea and Geiitle- 
men on the Road and In the Field: 
With Inatmctions fbr Breaklng-ln Colts 
and Tonng Horses. By Captain Rich- 
▲BDBOir . late of the 4th Light Dragoons. 
With 6 Plates. Square crown 8yo. lis. 

Biddle*s Complete Latin-English 

and English-Latin Diotionary, for the 
use of CoUeges and Schoda. Ifew BtH- 
tiofi, revised and corrected. 8vo. Sis. 



Kiddle's Diamond Latin-English 

Dictionary. A Guide to the Meaning. 

Quality, and right Accentuation of 

ktin Classical ^rda. Royal S2mo. is. 



Out 
Lat 



Biddle's Copions and Critical 

Latin-English Lexicon, founded on the 
German-Latin Dictionaries of Dr. Wil- 
liam Freund. Postito. SlB.Sd. 

Eivers's Bose-Amatenr^s Onide; 

containing ample Descriptions of all 
the fino leading variety of Roaea^regn- 
lart}' claeaed in their reapective Fami- 
lies : their History and Mode of Culture. 
Sixth Edition. Fcp. 8vo. 88. 6d. 

Dr. E. Bobinson's Greek and 

EngUsh Lexicon to the Greek Testa- 
ment. A New Edition, revised and in 
great part r»*written. 8vo. 18s. 

Hr. Henry Bogers's Essays se- 
lected finom Contribatiotta to the JBdtn- 
burgh Review. Second Edition, with 
Additiona. S vols. fcp. 8vo. 21s. 

Samael Bogers's BecoUections 

of Personal and Conversaticmal Inter- 
course with Charles James Fox, Ed- 
mund Burke, Henry Grattan, Richard 
Poraon, John Home Tooke, Prince 
TalleyrandL Lord Erskhne, Sir Walter 
Scott, Lord Grenville, and the Duke of 
WeUington. Seoond EdUion, Fop. 
8vo. 68. 



Dr. KogwVi Ttwisnrai of Eng- 

llita Wocdi ud PbTU» cUHidad ud 
unoged K » to bi^luu tha Bipcsi- 
^on <4 liUu and utlit Ld Liurery 
Comra^IlDii. EiitLtta EdlUon, nTlHd 



Bonald*'! Fly-FidLw'i Entomo- 
logy : With iwlounil RoimunUUon 
oTlbe Malural ud ArtUicl^ lii»ai, 

Uoni on Trout mil Gnyllng l^btiis. 

Bowton'i Debater : A aeriet ol 

wd''<^«tUma for "Dl^'uiDn? >ril)S 
InRirmaUoii. Fcp. BT<t,6fl. 
Dr. G. W. Busasll'l Life of Cardl- 



BcherMr,— Travel ■ 



I the Frse 



SohimmelFeimiiick (Urs.) ^ 

Life af Muy Anne SoblidTnulPAEmbiek 



SoIiinimelFenDiiiak't (Hri.) Se- 
lect Uemoln ol Port Royal. FVn 



SohimmeU'fliminck' 


(Mr».)Ppiii- 
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Btoffmi (]>r.)-^Pnij»oUl» Wao- 

»□> or War and Ei[doaliH Compmndi. 
FrofeHOr or ChfoiilCry iii tbe A^dln- 



Sonlor.— ^onmal kept In Turkey 



SeweU (Kill).— Vow Edition of 



AMT HERBERT M.M. 

GERTRUDE 

The EARL'S DAUGHTER.. 

The EXPERIE*iCKofI.lFE..l». 6d, 

CLEVE HALL 

IVORS, onheTwoConsiKa 
KATHARINE A9HTON .... 
MARGARET FERCIVAL .. 
LANETON PARSONAGE .. 



Hlitoiy of tbe Eariy Ctmroh: 

(torn thBFirvtPreEcMnEortheQoipet 
tolheCoimdlarNlisB. IBuMkla.tH. 

Helf-Eumlnatian hefoTe Coaflr- 



BotUtingc (or a Konth prepu*- 

tory to Conflnnatlon : OompUed from 
r the EogliBh Church. Fcp. &ro. 4b. 



J^lt^ 
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Sharp's New British Gazetteer, 

or Topographical Dictionary of the 
British IsIaDds and narrow Seas: Com* 

8 rising concise Descriptions of about 
[>,Ono Places, Scats, Natural Features, 
and ObriectR of Note, founded on the 
best authorities. 2 vols. 8vo. £2. 16b. 

Short Whist ; its Bise, Progress, 

and Laws : With Observations to make 
any one a Whist-Player. Containing 
also the Laws of Piquet, Cassiuo, 
Ecart^, Cribbage, Backgammon. By 
Miuor A. New Edition ; with Precepts 
for Tyros, by Mrs. B. Fcp. 8vo. Ss. 

8impson."-Handbook of BizLing ; 

or. How to Dine, theoretically, philo- 
sophica'ly, and historically considered: 
Based chiefly upon the PhjfHoloffis du 
OoAt of Brillat>8avarin. By Lbonavd 
Vrakcib Simpson, M.R.S.L. Fcp. 
8vo. &s. 

Sinclair. — The Journey of Life. 

By Cathemitb Sinclair, Author ot 
The Btmnen ofI4fe. Fcp. 8vo. 5s. 

Sir Boger Be Coverley. From 

the Spectator. With Notes and nins- 
trations. by W. Hbnbt Wills ; and 18 
Wood Engravings from Designs by F. 
Tatlbb. Crown 8vo. lOs. 6d. ; or 21s. 
in morocco by Hayd^y. 

The Sketches : Three Tales. By 

the Authors of Amy Herbert ^ The Old 
Man's Home^ and Haiokstone. Fcp. 
8vo. price 4s. 6d. 

Smee's Elements of Electro- 
Metallurgy. Third Edition, revised; 
with Electrotypes and numerous Wood- 
cuts. Pott 8vo. 10s. 6d. 

Smith (0.)— History of Wes- 

leyan Methodism. By Georgb Smith, 
F.A.S., Author of Saered Annaie^ &c. 
Vol. I. Weelev and Me Times; Vol. II. 
The Middle Ape of Methodism^ from 
1791 to 1816. Crown 8vo. lOs. 6d. each. 

Smith (J.) — The Voyage and 

Shipwreck of St. Paul: With Disser- 
tations on the Life and Writings of St. 
Luke, and the Ships and Navigation 
of the Ancients. By Jambs Smith, 
F.R.S. With Charts, Views, and 
Woodcuts. Crown 8vo. 8b. 6d. 

A Hemoir of the Bev. Sydney 
Smith. By his Daughter, Lady Hol- 
land, with a Selection from his 
Letters, edited by Mrs. Austin. New 
Edition, 2 vols. 8vo. 28s. 



The Bev. Sydney Smith's Kis- 

oellaneous Works : Including his Con- 
tributions to The Edinburgh Review. 
Four Editions : — 

1. A T.IB11AV.Y Edition (the Tourth), In 9 

vols. 8to. with Portrait, 36a. 

2. Complete in 0ns Volcmc, with Por- 

trait and Viiirnettc. Square crown, 8to. 
21s. cloth ; or 80«. bound in calf. 

9. Another Nzw Edition, in 9 vols. fcp. 
8vo. 2U. 

4. The People's Edition, In 2 vol*, crown 
8to. price Sa. cloth. 

The Bev. Sydney Smith's Ele- 
mentary Sketches of Moral Philosophy, 
delivered at the Royal Institution m 
the Years 1801 to 1806. Fcp.Svo. 7s. 

Snow. —Two Years^ Cruise off 

Ticrra del Fuego, the Falkland Islands, 
Patagonia, and in the River Plate : A 
Narrative of Life in the Southern Seas. 
By W. Pabkxb SNOW,late Commander 
of the Mission Yacht Allen Oardiner. 
With Charts and Illustrations. 2 vols, 
post 8vo. 21s. 

Bobert Sonthey's Complete Poet- 
ical Works: containing all the Author's 
last Introductions and Notes. The 
lAbrary Edition^ complete in One Vo- 
lume, with Portraits and Vignette. 
Medium 8vo. 21s. cloth ; 428. oound 
in morocco.— Also, the F»r»<«>/^itfd 
Edition, in 10 vols. fcp. 8vo. with Por- 
trait and 19 Vignettes, price S5s. 

Southey's Doctor, complete in 

One Volume. Edited by the Rev. 
J. W. Wabteb, B.D. With Portrait. 
Vignette, Bust, and coloured Plate. 
Square crown 8vo. 21s. 

Southey's Life of Wesley; and 

Rise and Progress of Methodism. 
Fourth Edition, edited by Rev. C. C. 
SouTHST, M.A. 2 vols, crown 8vo. 12s. 

Spencer.— ^Essays, Scientific, Po- 
litical, and Speculative. B^ Hbbbbbt 
Spbncbb. Author of Soctal Statics. 
Reprinted chiefly from Quarterly Re- 
xleifa. 8vo. 12s. cloth. 

Spencer. »- The Principles of 

Psychology. By Hbbbbbt Spbnceb, 
Author of Sociai Statics. 8vo. 16b. 

Stephen. »- Lectures on the His- 
tory of France. By the Right Hon. 
Sir Javbs Stbphbn, K.C.B., LL.D. 
Third Edition. 2 vols. 8vo. 248. 



22 



IfBW WOBXS A3SI> XBW XDITIOVS 



BtephsA. — Eiia js in EooleiUs- 

Ual Biography : from The Ediubonrh 
Beriew. By the Right Hou. Bir 
Jaicss Stkphxv, K.C.B.. UiJ>. 
Third Edition. 2 vols. 8to. Ms. 

Stonehenge.— TheBog in Health 

aiid Disease : Ckimprisinic the various 
Modes of Breaking and using him for 
Hunting, Coursing, SliooUnt;, &c. : and 
including the Points or Characteristics 
of Toy Dogs. By STOWBHBiroB. With 
about 70 Illustrations engraved on 
Wood. Square crown Bvo. price 15s. 
half-bound. 

Stonelienge's Work on the Grey- 

honnd : Being a Treatise on the Art of 
Breeding. Bearing, and Training Grey- 
hounds for Public Running; their 
Diseases and Treatment: Containing 
also Rules for the Management of 
Coursing Meetings, and for the Deci- 
sion of Courses, with Prontispieoe and 
Woodeota. Square crown 8to. 21s. 

Btow's Training Bjntem, Moral 

Tr^ning School, and Normal Semi- 
nary for preparing Schoolmasters and 
Goremesses. Eleventh Edition ; Plates 
and Woodcuts. Post 8vo. 6s. 6d. 

8trie1dand."-LiTe8 of the Qneens 

of England. By Aeirxs Stkioklajti). 
Dedicated, by express permission, to 
HerMaiesty. Embellished with Por- 
traits of tsvery Queen, engraved from 
the most authentic sources. Complete 
in 8 vols, post 8vo. 7s. Od. each. 

Symond8.-i«1[«moirs of the Life 

and Services of Bear-Admiral Sir 
William Symonds. late Survmror of 
the Navy. Edifeed by J. A. Shaxp. 
8vo. with Illustrations, pi ice 21s. 

Taylors-Loyola: and Jesoltiem 

In its Rudiments. By Ibaao TaxIiOX. 
Post 8vo. Medallion, lOs. 6d. 

Taylor.— Wesley and Method- 
ism. By Isaac TatIiOK. Post 9vo. 
PortTBit, 10s. 6d. 

Tennent.— Ceylon : An Aoeonnt 

of the Island, Physleal, Historical, and 
Topographical : wiUi Copioos Notices 
of lU Natural History, Antiquities, and 
Productions. Illustrated by 7 Maps, 
17 Plans and Charts, and lOt Engrav- 
ings on Wood. By Sir J. Bnaxaov 
Tannan. K.C.S.. LhJ>„ Jko. 2 toIs. 
8vo. prloa Ms. 



Biihop Thirlwall*! History of 

Greece. Library Edition ; with Mane. 
8 vols.8vo.£8.— An Edition in8v<d8. 
fcp. 8vo. with Vignette Titles, SBs. 

Thomson's Seasons. Edited by 

BoLTOK CoxirxT, Esq. Illustrated 
with 77 fine Wood Engravings from 
Designs by Members <h the JBtdiing 
Club. Square crown 8vo. 21s. doth ; 
or 80b. bound in mofxxxo. 

Thomson (the Bev. Dr.)— An 

Outline of the necessary Laws of 
ThouGfht : A Treatise on Pure and Ap- 
plied Logic. By W1LI.IAM THOicaoir, 
D.D. l^w Edition. F<9. 8vo. 7s. Od. 

Thomson's Tables of Interest, 

at Three, Four, Foor4md<«-Hal( and 
Five per Cent., flnom One Pound to 
Ten Thousand, and from 1 to 866 Days, 
in a regular progression of sin^ Days : 
with Interest iS aU the above Batoa. 
from One to Twelve Months, and fhnn 
One to Ten Years. Also, numerous 
other Tables of Exchange, Time, and 
Discounts. The Seventeenth Edition, 
thoroughly revised tod stereotyped. 
12mo.8s.6d. 

The Thumb Bible ; or, Verbnm 

Sempitemnm. ByJ. TATI.OK. Being 
an Kjpitome of the Old and New Testa- 
ments in English Verse. Reprinted 
from the Edition of 1068. 6ftmo.l8.0d. 

Todd (Br.)— The CyclopsBdia of 

Anatomy and Physiolonry. . Edited by 
BoBXBT B. Todd, M.D., F.R.S., *c.. 
Physician to King's College UoMital: 
late Professor of General and MorUd 
Anatomy in King's College, London. 
Now complete In o vols. 8vo. pp. 6,SS0, 
illustrated with 2,858 Woodcuts, pries 
£6. 6b. doth. 

Tooke.»-History of Prices, and 

of the State of the Cirenlatian, during 
the Nine Years from 1848 to 18S6 indu- 
sive. Forming Vols. V. and VI. of 
Tooke's Hittory qf Priee$; and com- 
prislBg a copious Index to the whole 
work. By Thomas Tooxb. F.B.S. 
and WiiiLEAK Kbwmabobu S vols. 
8vo. 62s. Od. 

Trevelyan (Sir C.)» Original 

Papers Ulustrating the Hirtory of the 
Application of tlie Roman Alphabet to 
the l^angnages of India. Edited br 
Movxxb W1LXIAJI8, MJL, lata Pro- 
feseor of Sanskrit in the East*india 
College, Haileybury. 8vo. with Map, 
price 18b. 
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TbA TrftTtUer'f library: A Col- 

leetfon of erigiiial Works ««U adapted for 
Travetlert 9.nd Bmiffrant; for Bekool-room 
Lihraria, the Librariea 0/ MedMnica' In- ' 
$tihUion$, Toung Uen't Libraritt, the 
Ubr0ri$t ^ 8hip$, and ■imilar purpoMt. 
The teparate rolomes are enlted for School 
Priam, FrMMtt* to Toutt§ PoopU, and for 
general instruction and entertainment. 
The Series comprises fourteen of the most 
popular of liord llAcanlay's tiuay*, and 
his 8p«edu$ on Parliamentar7 Reform. 
The department of Travels contains some 
account of eight of the principal countries of 
Europe, as well as trsTels in four districts 
of itfrica, In four of America, and in three of 
Asia. Madame Pfeiflfer's Fint Journey 
round tJu World is included ; and a general 
account of the iliw<rafiati Obtoni^s. In Bio- 
graphj and Historj will be found Lord Ma- 
caulay'B Bioi;raphical SVetches of Warren 
Stutinga, Cliv«, Pitt^ Walpole, Bneott, and 
ethers; besides Memoiti of Wettington, Tu- 
remtt, F. Aro§Of Ac. ; an Essay on the Life 
•nd Qenius of Thomas FtMtr, with Selec- 
tions from his Writings, by Mr. Henry 
Kogers ; and a history of the Xe^pste Oum- 
paiffn, by Mr. Gleif,— which is the only 
separate account of this remarkable cam- 
paign. Works of Fiction d id not come within 
the plan of the Tratbller's Librart ; but 
the Confunont <^a Working Man, bTSou- 
vestre, which is indeed a ftcuon founded on 
fact, has been included, and has been read 
w ith unusual in tercet by many of the work- 
ing classes, for whose use it is espeeiall|[ rc- 
eommendeo. Dumas's stooy of tne Mnttra- 
d^Arm*$, thensh in form a work of Action, 

Ses R striking picture of an episode in the 
tory of RusaiA. Amongst toe works on 
Science and Natural Philosophy, a general 
Tiew of Creation is embodied in Dr. Kemp's 
JftUuriU Siatory 0, Cremtion ; and in nis ' 
JndieaUona qf Intthiet remarkable facts in 
natural history are collected. Ur. Wilson 
has contributed a popular account of the 
XUetrie Telegraph. In the Tolumes on the 
Ooal-Fields, and on the Tin and other 
MinhKg Districts of OortncaU, is nvtn an 
account of the mineral wealth of England, 
tiie habits and manners of the miners, and 
the scenery of the surrounding country. It 
only remains to add, that among the Mis- 
cellaneous Works are a Selection of the best 
Writings of the Bev. Sydnnr Smith; Lord 
Carlialrs Leehtree emd AdSreBUt; an ac- 
count of Mamwniim. by ths Rev. W. J. 
Conybeare ; an exposition of Merihtmg ma- 
nagement and mismanagement by Mr. Her- 
bert Spencer J an account of the Origin and 
Praotioe of Printing, by Mr. Stark ; and sn 
aooount of hvnduH, by Mr. M^Culloch.— To 
bt had, in ceMfi<<l« Set* only, at tf. 9%. per 
Sot, bound in doth and lettered. . 

be had as originally iasned in 102 parts, 
la. aadi, ftmauig 50 yoIb. Sa. 6d. each ; or 
any separate parts (nr Tolumes. 



TroUope.— The Wardmi, a Vov«l. 

B7 AKTHomr TuoVLOv^. New and 
cheaper Edition. Crown 8vo. Ss. M. 

TroUope's Burehetter Towen, 

a Sequel to The Warden. New and 
cheaper Edition, complete iu One 
VoLume. Crown 6vo. &s. 

Sharon Tnmer^s History \)f the 
Aiudo-Saxons, firom the Sarlieet Period 
to UM Norman Conquest. 3 toIb. 86s. 

Dr. Turton's Kannal of the Land 

and Fresh-Water Shells of Great ' 
Britain : With Fiffures of each of the 
kinds. New Edition, with Additions 
by Dr. J. £. Oeat. F.ll.8., &c., Keeper 
of the Zoological Collection in the 
British Museum. Crown 8vo. with 
IS coloured Plates, price ISs. cloth. 

Dr. Ure's Dietionary of Arte, 

Manufactures, and Mines : Containing 
a dear Bzpontion of their Principles 
and Practice. New Edition, chiefly 
rewritten and greatly eulanted ; with 
nearly £.000 Woodcuts. Edited by 
BoBEBT Huirr, F.B.S., F.s.S., Keeper 
of Mining Becords. Jn course of pub- 
lication m 14 Parts, price 5s. each, 
forming S toIb. 8vo. 

UwinB. i^ memoir and Coxree- 

pondenoe of Thomas Uwiks. B. A., late 
keeper of the Boyal aallaries and of the 
National Gallery, Ac. Edited by Mrs. 
Uwurs. a vols, post 8vo. 18e. 

Van der Hoeyen*e Handbook of 

Zoology. Translated ^ the Bey. Wiir 
LiAK Clabk. M.D..F.B.S., Professor 
ot Anatomy in the Universitgr of Cam- 
bridge. 2 yols. 8vo. with 24 Plates of 
Figures, price aos. cloth ; or separately. 
Vol. I. Invertebratat 80b.. and vol. n. 
VerUbrata, 80s. 

Vehse.— Memoirs of the Court, 

Aristocracy .and Diplomacy of Austria. 
By Dr. E. Vbhsb. Translated firosn 
the German by Fbaxz Dbxxlsb. 2 
yols. post 8yo. 21s. 

Yon Tempsky.— mtla ; or. In- 
cidents and Personal Adyentures on a 
Journey in Mezioo, Guatemala, and 
Salvador in the Years 1868 to 1856. 
By G. F, Voir Txmpskt. With nu- 
merous Illustrations. 8yo. 18e. 

Wade.«-Xn|rland*8 Qreatnen: 

' ItsBlaeand Frogress in Qoyemment, 
Laws, Religion, and Social Life; Agri- 
culture, Commerce, and Manufactures ; 
Science, Literature and Arts, firom the 
Earliest Period to the Peace of Paris. 
By JoHir Wadb, Author of the Cabinet 
Lawyer, &c Post 8yo. 10s. 6d. 
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WMMl«riiin In the Land of 

Ham. Br > Didshih of Jatut. 
Pon Bra. 8«. M. 

WatwtoiL— ^ewyt m Hatoral 

Hirtorr. chitflj Ornllbrfntj. Br C. 

Ohy of Iba AutfaoT, mi vtevi of 
jmHalL lyoU.fcp.STO.Si.Mdi. 

WaterWn'a Zsaayi on Katn™l 

Hlltory. Tmn sum ; wilh ■ Con- 
llnuitfnn n( llie AntoMcsmjhy, and ■ 
J'OTtr^t nf Ibe AuthDt. Fc^, Bio. Sa. 

W>t*on. — Cybels Britannlea ; 

tlb^Cttl ReUllDUft. Ry Hiwarr Cot- 
w auh td]. K^ATJLtdlr, ^ce lOl. 0d. 

Webb. — CeleitUI Object! tor 

Coinnion Telnconsi. Uy tli# Rev. 
tn he» n dLaoifte n^nk ed cm bu« 

Webster and Farke* i Euerola- 



Weld - 



< Tha TTreneea Weit 



Drmrtngt by h A Poa 8 

Welds TeeaUen Tour in the 

United SMlet ua Cuudii. lOi. td. 

Weld'i Vaeatiaiii in Inland. 
■mUidi'i 



iHMluM. and Chniub Pnpn^. ti^ 
■ml nnw, Ao^ With nnS^i ad- 
dMiMj T« li l «> -< li niitoal. ArtroMml- 
(^ TrinaoMlical, CdDvoon and 
Hni«*iSB GiwiUinu! Conrtant., 



WiMot:i Abridgment of Black- 

rSW to hia Daughter. 12n». «l 8d. 
Wilwn'f BryolD^Britanniea: 

trallvo Platea. Being a' Ntw EdtUon. 
enlareed and illaredT of the Uxicola. 
^lor. 8VD. lij. J or, ni'tll tbe PlaUa 

Tonge.— A Rew Eogluh Greek 

Worda juad by Wrilerm oTfrood aulhn- 



Kew LaUn Chradns : 

ig Brarr Won] naad bj lh> 

. ~~-j ocffood anuwribr. Portbeuaaof 
sum. nntmlaatar, fllm^Hter, Har- 
row and Bo^ B^iDolaj KlnK*! ca- 
le^ London; and HarlborDogb OoU 



Tonntt I Work on the Horte : ' 

W h 1 TrciliM on Dranghl. Haw 
Edid vised and enlarged tiy B. ff. , 

Ob »I.R,C.S.. C.V,8„ Becrelary 

rati n hlafly ftom ^eal^^na by W. 
Harrei Bvo, priro 10a. fld, doUl. 

Tonatt —The Di%. By William 

roni EDeraviiin, from De^gna by W. 



Tonng^The Kyatary ; or, Evil 



n iPOTTinwOODS ± to. Mo-naan n 
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